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INTRODUCTION 

Part  II  of  the  Text  Book  of  the  Institute  of  Actuaries,  dealing 
with  the  Theory  of  Life  Contingencies,  was  first  issued  in  1887. 
This  work,  for  which  the  Institute  must  ever  be  indebted  to  its 
distinguished  author  Mr  George  King,  did  more  than  simplify  the 
progress  of  the  actuarial  student  to  his  desired  goal;  it  syste- 
matised  and  co-ordinated  the  presentation  of  the  complex  theory 
with  which  it  dealt,  thus  elevating  to  the  status  of  a  definite 
branch  of  scientific  knowledge  a  subject  which,  though  fully  ripe 
for  such  recognition,  had  up  to  that  time  suffered  from  the  dis- 
advantage of  comparative  inaccessibility. 

During  the  long  period  which  has  elapsed  since  the  Text  Book 
was  first  published  considerable  changes  have  been  made  in  the 
educational  course  prescribed  by  the  Institute ;  in  particular  the 
value  to  the  actuarial  student  of  a  competent  knowledge  of  the 
elements  of  the  Differential  and  Integral  Calculus  has  been  more 
fully  realised  and  these  subjects  are  now  included  in  the  mathe- 
matical course  with  which  the  training  of  the  student  begins.  To 
secure  a  consistent  educational  scheme  it  has  therefore  been  found 
necessary  to  re-arrange  the  volume  hitherto  entitled  Part  II  of  the 
Text  Book  and  to  bring  into  greater  prominence  those  mathematical 
demonstrations  which  were  formerly  treated  as  subjects  of  optional 
study.  The  theoretical  basis  of  these  demonstrations  is  now  included 
in  the  mathematical  text  book  which  is  issued  as  a  separate  work, 
and  certain  chapters  of  the  old  Text  Book,  Part  II,  are  omitted 
from  the  present  Volume  which  thus  deals  exclusively  with  the 
theory  of  actuarial  science  so  far  as  relates  to  Life  Contingencies. 

These  are  the  principal  changes  introduced,  but  the  oppor- 
tunity has  also  been  taken  to  make  certain  alterations  which 
bring  the  work  more  fully  into  conformity  with  modern  require- 
ments. At  the  request  of  the  Council  the  compilation  of  the 
new  treatise  was  undertaken  by  Mr  E.  F.  Spurgeon  who  brought 
to  his  task  the  indispensable  qualifications  of  long  experience 
as  a  Tutor  and  a  conspicuous  gift  of  exposition.  The  resulting 
Volume  is  issued  by  the  Council  in  the  belief  that  it  will  fully 
meet  the  needs  of  students  and  promote  the  attainment  of  those 
high  professional  qualifications  which  are  connoted  by  the  Fellow- 
ship of  the  Institute  of  Actuaries. 

A.  W.  W. 

May  1922. 


AUTHOR'S  PREFACE 

In  the  preparation  of  this  Volume  and  in  determining  the  order 
in  which  the  various  subjects  should  be  dealt  with,  special  atten- 
tion has  been  directed  to  the  following  considerations,  namely, 
(i)     That  the  student  should,  at  an  early  stage  of  his  work, 
acquire  a  sound  knowledge  of  the  principles  of  the  con- 
struction of  Mortality  Tables,  and  of  the  evaluation  of 
Annuities  and  Assurances,  on  the  simplest  possible  basis. 
(ii)   That  in  applying  these  principles  to  the  more  intricate 
parts  of  his  work,  the  student  should  automatically  revise 
his  knowledge  of  the  earlier  portions,  on  a  sound  grasp  of 
which  so  much  depends- 
(iii)  That  such  information  on  practical  points  as  will  be  of 
assistance  to  the  student  in  his  more  advanced   studies 
should,  where   possible,  be   given,  even  though  at  times 
these  may  not  be  strictly  within  the  limits  of  Part  II  of 
the  Institute  Examinations. 

The  Book  has  been  divided  into  three  parts: — Part  I  deals 
with  Mortality  Tables  and  Single-Life  Functions;  Part  II  with 
Functions  involving  two  or  more  lives;  and  Part  III  with  those 
subjects  which  could  not  conveniently  be  fitted  into  either  of  the 
earlier  parts. 

In  Part  I  it  was  essential  that  the  first  subject  dealt  with 
should  be  the  Mortality  Table,  and  in  the  second  chapter  it  was 
deemed  advisable  to  proceed  directly  to  Mortality  Tables  con- 
structed from  Life  Assurance  Statistics,  with  particular  reference 
to  Select  Tables.  This  enables  us,  in  Chapter  III,  to  deal  at  once 
with  Single-Life  Annuities  payable  annually,  Single-Life  Assur- 
ances payable  at  the  end  of  the  year  of  death  and  Annual  Premiums 
based  on  Select  Tables.  In  Chapter  IV,  Premium  Conversion 
Tables  are  dealt  with ;  and  in  Chapter  V,  varying  Annuities  and 
Assurances  and  Premiums  for  special  classes  of  assurances  with 
reference  to  many  practical  points.  Chapter  VI  deals  with  the 
values  of  Single-Life  Policies  subject  to  annual  Premiums. 
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It  will  be  seen  that  by  taking  the  subjects  in  this  order  the 
student  will,  by  the  end  of  Chapter  VI,  have  acquired  a  knowledge 
of  all  the  principles  involved  in  the  calculation  of  probabilities  and 
in  the  evaluation  of  Annuities  and  Assurances,  on  the  basis  of 
Single  Life  Annual  Functions,  all  the  later  work  being  an  exten- 
sion or  modification  of  the  matters  dealt  with  in  these  Chapters. 
As  a  result  of  this  arrangement,  we  are  able  in  a  single  chapter 
(Chapter  VII)  to  dispose  of  Annuities  and  Premiums  payable  more 
frequently  than  once  a  year,  together  with  the  values  of  policies 
subject  to  such  premiums.  In  Chapters  VIII  and  IX  Assurances 
payable  at  the  moment  of  death  and  Complete  Single-Life  An- 
nuities are  discussed. 

Chapter  X,  dealing  with  Life  Office  Valuations,  has  been  in- 
cluded in  order  to  avoid  the  difficulty  which  Part  II  students  have 
met  with  in  the  past,  namely,  that  they  have  acquired  a  knowledge 
of  Policy  Values  only  to  find  that  in  their  later  work  Policy  Values, 
as  such,  are  seldom  used. 

In  order  to  prepare  for  subjects  included  in  Part  II  of  the  Book 
it  now  becomes  necessary,  in  Chapter  XI,  to  consider  Makeham's 
Law  of  Mortality,  and  in  Chapter  XII  to  deal  with  statistical 
applications  of  the  Mortality  Table  and  the  Expectation  of  Life. 

In  Part  II,  when  considering  Joint-Life  and  Contingent  Proba- 
bilities, Joint-Life  and  Last-Survivor  Annuities  and  Assurances, 
and  Contingent  Assurances,  the  student  will  be  merely  extending 
the  principles  studied  in  the  first  few  chapters. 

Part  III  consists  of  two  chapters  only.  In  Chapter  XX  (Con- 
struction of  Tables)  the  advantage  of  the  Arithmometer  has  been 
emphasised  and  it  has  been  considered  necessary  again  to  include 
a  plate  of  a  machine  showing  a  particular  calculation,  the  descrip- 
tion of  the  machine  being  taken  word  for  word  from  the  old  Text 
Book.  In  Chapter  XXI  the  question  of  Tables  involving  two  or 
more  causes  of  decrement  has  been  introduced  in  the  simplest 
possible  manner. 

At  the  end  of  the  Volume  it  was  considered  advisable  to  include, 
firstly,  a  Mortality  Table  based  on  population  data  (The  English  Life 
Table,  No.  8),  secondly,  a  Select  Life  Table  (The  0[NM])  and  thirdly, 
the  HM  Table  (Makeham  Graduation)  because  of  its  value  for 
instructional  purposes.  The  Tables  of  Monetary  Functions  on  the 
basis  of  the  English  Life  Table,  No.  8,  which  have  not  previously 
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been  published,  have  been  supplied  entirely  by  the  Prudential 
Assurance  Company;  the  Tables  based  on  the  0[NM1  experience 
have  been  taken  from  those  published  by  the  Institute  of  Actuaries 
and  Faculty  of  Actuaries  jointly ;  and  those  based  on  the  HM  ex- 
perience from  the  old  Text  Book  Part  II. 

It  has  been  a  distinct  advantage  to  have  a  great  part  of  the 
work  already  mapped  out  by  Mr  George  King  in  the  old  Text 
Book,  and  to  have  been  able  to  make  use  of  his  collection  of 
symbols  and  expressions  in  such  chapters  as  that  relating  to 
Compound  Survivorship  Annuities  and  Assurances.  It  would 
have  added  very  materially  to  the  work  of  preparation  of  the 
present  volume  had  these  not  been  available. 

In  conclusion  I  wish  to  express  my  high  appreciation  of  the 
very  valuable  assistance  rendered  to  me  by  Messrs  W.  W. 
Williamson,  F.I.A.,  and  C.  C.  Barrett,  F.I.A.,  both  in  criticising 
my  manuscript  and  in  reading  the  proofs.  If  this  book  prove  of 
the  value  to  students  and  to  the  profession  which  I  hope,  their  ex- 
ceedingly helpful  criticisms  and  suggestions  will  have  contributed 
thereto  in  no  small  degree. 

E.  F.  S. 
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CHAPTER  I 

THE  MORTALITY  TABLE.    MORTALITY  TABLES 
CONSTRUCTED  PROM  POPULATION  STATISTICS 

1.  The  Mortality  Table  is  the  instrument  by  means  of  which  are 
measured  the  probabilities  of  life  and  the  probabilities  of  death.  It 
is  the  object  of  this  chapter  to  give  a  clear  idea  of  the  formation 
of  such  a  table,  the  first  step  being  an  explanation  of  the  functions 
the  values  of  which  it  contains  and  of  the  symbols  employed  to 
represent  these  functions. 

The  English  Life  Table  No.  8,  printed  on  pages  396-397,  consists 
of  a  mortality  table  with  the  addition  of  columns  of  the  values  of 
certain  functions  not  essential  to  the  calculation  of  the  probabilities 
of  life  and  death,  though  useful  in  other  directions.  Reference 
should  be  made  to  this  table  as  each  function  is  discussed. 

,  2.  The  number  living.  lx  represents  the  number  of  persons 
who,  according  to  the  mortality  table,  attain  precise  age  x  in  any 
year  of  time.  This  number  is  not  obtained  by  actual  enumeration 
of  persons  who  reach  age  x,  but  is  calculated  on  the  basis  of  obser- 
vations (in  the  manner  described  in  paragraph  7)  so  that  the  values 
of  lx,  for  all  values  of  x  included  in  the  table,  bear  the  proper 
relation  to  each  other. 

In  this  chapter  a  table  based  on  the  experience  of  the  general 
population,  commencing  with  an  assumed  number  of  births,  l0, 
occurring  in  any  year  of  time  (which,  for  convenience,  will  be 
taken  as  a  calendar  year),  will  alone  be  considered. 

In  the  suffix  of  I,  it  is  convenient  to  limit  the  use  of  x  to 
integral  ages,  and  to  employ  another  letter,  such  as  t  or  n,  where 
required,  to  denote  the  addition  of  either  an  integral  or  fractional 
number  of  years  of  age.  Thus  lx+t  will  denote  the  number  of 
persons  who  in  any  year  attain  precise  age  x  +  t,  x  being  an 
integer  and  t  either  an  integer  or  a  fraction.  These  lx+t  persons 
are  the  survivors  of  those  born  in  a  year  x  + 1  years  ago ;  they  are 
also  the  survivors  of  the  lx+t-i  persons  who  attained  age  x  +  t—1 
b.  1 
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in  the  previous  year,  or  of  the  i«+«_a  persons  who  attained  age 
as  + t  —  2  two  years  previously,  and  so  on. 

3.  ^  represents  the  number  living  between  ages  x  and  x  + 1 
as  disclosed  by  an  enumeration  of  the  assumed  population  repre- 
sented in  the  Mortality  Table  at  a  certain  moment  of  time  (e.g. 
midnight  on  a  specified  date). 

As  the  basis  of  all  calculations  dependent  on  the  mortality 
table,  the  assumption  is  made  that  the  births  occurring  in  any 
year  are  uniformly  distributed  over  that  year.  If,  therefore,  a  very 
large  number  (l0)  of  births  occur  in  a  year,  the  number  occurring 
in  a  moment  of  time  (dt)  will  be  l0dt. 

Similarly,  if  l0  births  have  occurred  every  year  over  a  large 
number  of  years,  aud  the  number  and  distribution  of  the  deaths 
have  been  the  same  throughout  that  period,  there  will  at  any 
moment  of  time  be  lx+tdt  persons  living  of  precise  age  x  +  t,  these 
being  the  survivors  of  the  l0dt  births  which  occurred  exactly  x  +  t 
years  before. 

A  census  of  the  assumed  population  taken  at  a  moment  of  time 
will  disclose  a  number  of  persons  of  every  fractional  age,  the 

number  living  between  ages  x  and  x  + 1  being      lx+tdt,  which,  as 

Jo 

has  been  stated  above,  is  represented  by  L^.   Thus 


-to™     ■ 

Jo 


h+tdt (1). 


4.  Deaths.  dx  represents  the  number,  out  of  lx  persons  attain- 
ing precise  age  x,  who  die  before  reaching  age  x+1.   Thus 

dx  =  lx  —  l>x±i  (2). 

5.  Rate  of  Mortality.  qx  represents  the  probability  that  a 
person  of  exact  age  x  will  die  within  one  year  following  the 
attainment  of  that  age.   This  is  called  the  Rate  of  Mortality. 

Since,  out  of  lx  persons  who  attain  precise  age  x,  dx  die  before 
reaching  age  x+  1,  it  follows  that 

ff.-£     <3>- 

6.  From  the  relationship  1^=  /  lx+tdt,  if  lx  followed  a  definite 

Jo 

mathematical  law,  for  example,  if  lx  were  known  to  be  a  function 
of  the  wth  degree,  Jjx  could  be  evaluated  exactly. 
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As  a  rule  lx  does  not  follow  directly  any  law  of  this  nature,  but 
if  the  assumption  be  made  that  the  deaths  in  the  year  of  age  x  to 
x  +  1  are  equally  distributed  over  that  year  of  age,  it  will  be  seen 
that 


Jo 


<>x+tdt 
0 


=  |  (lx-tdx)dt 
Jo 

—  I  —liJ 

) (4). 


=  lx+b 


=  5  ('a;  +  's+i)  - 

This  relationship  is  of  great  importance.  As  will  be  seen  later, 
the  employment  of  the  infinitesimal  calculus  materially  facilitates 
the  solving  of  problems  involving  life  contingencies,  but  owing  to 
lx  not  following  any  definite  mathematical  law,  it  is  generally 
necessary,  for  the  purpose  of  actual  evaluation,  to  fall  back  on  the 
assumption  that  L^  =  lx+^  =  £  (lx  +  lx+i). 

7.  From  the  definition  of  a  Mortality  Table  given  in  the  first 
paragraph,  it  follows  that  the  value  of  such  a  table  depends  on  its 
ability  to  supply  the  necessary  ratios  representing  such  proba- 
bilities of  life  and  death  as  may  be  required.  The  actual  numbers 
in  the  lx  and  dx  columns  are  only  of  importance  in  so  far  as  they 
bear  the  correct  proportion  to  each  other  and  facilitate  the  calcu- 
lation of  probabilities  of  life  and  death  and  of  the  values  of 
monetary  functions  dependent  thereon. 

If,  therefore,  we  have  the  value  of  qx  for  every  age  from  0  up- 
wards, we  can  commence  with  any  convenient  radix,  say  100,000 
births  (=  l0),  and  multiply  this  number  by  q0,  so  obtaining  l0q0  =  d0 
the  number  of  deaths  between  ages  0  and  1, 

Subtracting  the  value  of  d0  from  l0,  we  obtain  llt  the  number  out 
of  the  100,000  births  who  survive  to  age  1 ;  and  again  multiplying 
^1  by  qu  the  value  of  dx  is  obtained. 

Subtracting  dx  from  lx,  the  value  of  l2  is  obtained :  and  so  on,  until 
we  reach  an  age  a,  where  Zu  =  0,  to  being  used  in  this  connection 
to  represent  the  limiting  age  of  the  table ;  that  is,  the  year  of  age 
on  which  the  last  survivor  enters  but  does  not  complete. 

The  radix  of  a  mortality  table  is  the  number  of  persons  assumed 
to  be  alive  at  some  age  convenient  for  the  purpose  of  constructing 

1—2 


4  THE  MORTALITY  TABLE  [i  7 

the  lx  and  other  columns  by  means  of  the  ratios  derived  from  actual 
observations.  It  is  generally  most  convenient  that  this  age  should 
be  the  youngest  age  in  the  table,  though  this  is  not  essential.  In 
the  English  Life  Table  No.  8  (see  page  396)  the  radix  is  1,000,000 
births;  in  the  O™  Table  (see  page 438)  100,000 living  at  age  20, 
the  youngest  age  in  the  table ;  but  in  the  case  of  the  HM  Table 
(as  printed  on  page  408)  the  radix  is  100,000  at  age  10,  though 
the  table  was  afterwards  taken  back  to  age  0. 

8.  In  practice,  when  dealing  with  the  mortality  experience  of 
the  population  of  a  country  or  district,  the  data  available  consist 
generally  of 

(a)  Census  returns  giving  the  number  of  persons  living  at  the 
time  of  the  census  in  each  year  of  age.  In  some  instances  this 
number  may  be  available  only  for  groups  of  ages. 

(b)  The  number  of  deaths  occurring  in  each  year  of  age  in  each 
calendar  year  as  shown  by  the  death  registers. 

The  returns  of  one  or  more  censuses  may  be  employed,  the 
simplest  case  and  the  only  one  that  need  be  considered  here  being 
that  in  which  the  returns  of  one  census  only  are  utilised  to  give 
the  values  of  Ux,  and  the  death  registers  for  a  small  and  equal 
number  of  years  on  either  side  of  the  date  of  the  census  utilised 
to  give  a  value  of  d'x  for  each  age,  these  symbols  being  accented 
to  indicate  that  the  numbers  they  represent  are  not  the  numbers 
finally  appearing  in  the  Mortality  Table. 

The  death  registers  will  give  the  number  of  deaths  in  the  year 
of  age  x  to  x  + 1  occurring  in  a  year,  but  neither  the  death  registers 
nor  the  census  returns  will  give  directly  the  number  of  persons 
attaining  precise  age  x  amongst  whom  these  deaths  occurred. 

It  thus  becomes  necessary  to  utilise  the  ratio  ^  which  is  called 

the  Central  Death  Rate  and  is  represented  by  mx. 

Making  the  assumption  referred  to  in  paragraph  6,  that  the  deaths 
in  the  year  of  age  x  to  x  +  1  are  uniformly  spread  over  that  year 
of  age,  we  have 

dx 

m*=t w 

dx 

lx  ~  2  dx 
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29* 


or 


?«  =  ; 


2-?, 

2mx 


.(6). 


2  +  mx 

If,  therefore,  the  values  of  m,  at  each  age  be  obtained  from  the 
data  supplied  by  the  census  returns  and  the  death  registers,  the 
value  of  qx  can  be  derived  therefrom  for  each  age ;  and  commencing 
with  any  convenient  number  for  l„,  the  values  of  lx  and  dx  for  all 
ages  can  be  obtained  in  the  manner  indicated  in  paragraph  7. 

The  table  is  thus  constructed  from  actual  observations  of  as 
recent  a  date  as  possible,  and,  for  the  purpose  of  employing  it  in 
connection  with  various  actuarial  problems,  the  assumption  is  made 
that  the  conditions  disclosed  will  for  practical  purposes  be  suffi- 
ciently accurate  as  a  guide  to  the  future. 

9.  Probability  of  surviving  one  year.  The  probability  that  a 
person  of  exact  age  x  will  survive  one  year  is  represented  by  px. 

Out  of  lx  persons  of  exact  age  x,  lx+1  survive  to  age  x  +  1 :  there- 
fore 

P*  =  ljf    (7). 

•'X 

Since  a  person  aged  x  must  either  survive  one  year  or  die  within 
that  year,  px  +  qx  =  1. 

On  the  assumption  that  the  deaths  in  the  year  of  age  x  to  x  + 1 
are  uniformly  spread  over  that  year, 

I'x+i  ~  5  dx 


Px- 

(«)■ 


lx+b  +  \dx 
2-m~ 


2  +  mx 

It  will  therefore  be  seen  that,  given  the  value  of  mx  at  each  age, 
the  value  of  px  (instead  of  qx)  can  be  obtained.  Commencing  at 
age  0  with  a  radix  of  l0  we  can  then  take  l0  x  p0  =  ^,  Zx  x  px  =  l2  and 
so  on,  thus  constructing  a  table  of  lx.  The  values  of  dx  can  then  be 
ascertained  by  means  of  the  relation  dx  =  lx  —  lx+i  • 

10.  From  the  foregoing  discussion  it  will  be  realised  that  in  the 
construction  of  a  Mortality  Table  it  is  necessary,  having  given  the 
number  of  deaths  in  any  year  of  age  x  to  x  +  1,  that  some  means 
be  found  of  ascertaining,  or  estimating,  the  number  of  persons  who 
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reached  age  x  amongst  whom  these  deaths  occurred :  in  other  words, 
we  must  have  both  dx  and  lx  (or  dx  and  L^)  derived  from  observa- 
tions, in  order  to  obtain  the  ratio  j^  =  qx- 

tx 

In  the  Mortality  Table  the  lx  and  dx  columns  are  so  related  that 
one  can  be  found  from  the  other,  and  this  in  the  past  led  some  in- 
vestigators into  the  error  of  enumerating  the  deaths  in  a  community 
in  each  year  of  age,  during  a  period  of  one  year  or  a  number  of 
years,  and,  by  successive  addition  from  the  oldest  to  the  youngest 
age,  constructing  therefrom  a  column  intended  to  represent  the 
number  living  at  each  age  corresponding  to  the  tabulated  number 
of  deaths. 

The  fallacy  in  this  method  can  be  seen  by  taking  an  extreme 
case  and  assuming  that  for  some  special  reason,  as  for  example  the 
opening  of  a  Home  of  Rest,  there  is  such  an  influx  of  old  lives  into 
a  district  that  there  are  at  some  particular  period  100  persons  01 
each  age  from  85  to  90,  that  at  age  91  the  number  living  is  10, 
and  that  the  numbers  at  higher  ages  are  approximately  those  which 
would  be  obtained  by  multiplying  successively  by  pn,p92...  etc.  as 
shown  by  the  English  Life  Table  No.  8.  It  will  be  assumed  that 
these  are  the  numbers  at  exact  ages  and  that  the  mortality  ex- 
perience in  the  district,  including  the  recent  immigrants,  is  during 
the  following  year  in  agreement  with  that  shown  by  the  English 
Life  Table  No.  8. 

The  following  table  shows  the  number  living  at  each  age  at  the 
commencement  of  the  year,  the  number  of  deaths  in  a  year  and 
the  result  of  constructing  a  table  by  enumeration  of  the  deaths 
only  without  regard  to  the  number  of  persons  amongst  whom  these 
deaths  occurred. 


Age 

Actual 

number 

living 

Deaths 

Assumed  lx 

by  adding 

actual 

deaths 

Besultant  gx 
col.  (3) -r  col.  (4) 

Actual  qx 
English  Life 
Table  No.  8 

(1) 

(2) 

(3) 

W 

(5) 

(6) 

85 

100 

20 

151 

•13245 

■19911 

86 

100 

21 

131 

■16031 

■21196 

87 

100 

23 

110 

■20909 

■22626 

88 

100 

24 

87 

•27586 

■24208 

89 

100 

26 

63 

■41270 

•25840 

90 

100 

27 

37 

•72973 

•27395 

91  &  upwards 

28 

10 

— 

— 

— 
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It  is  evident  from  this  extreme  case  that  migration  alone  must 
render  a  table  based  solely  on  the  enumeration  of  deaths  valueless. 

Moreover,  even  if  there  were  no  migration,  the  number  of  births 
is  not  the  same  in  successive  years.  Suppose,  for  example,  the 
number  of  births  during  the  last  year  prior  to  the  extraction  of  the 
particulars  of  deaths  was  double  the  number  fifty  years  previously. 
It  is  evident  that  the  number  of  deaths  at  the  infantile  ages  cannot 
be  taken  in  conjunction  with  the  numbers  at  ages  over  50,  which 
occur  amongst  the  survivors  from  the  births  of  over  50  years 
ago. 

The  construction  of  a  table  from  death  registers  alone  could,  in 
fact,  only  be  correct  provided  the  population  had  been  stationary 
over  a  period  at  least  equal  to  the  age  of  the  oldest  survivor:  that 
is,  provided  that  over  that  period  the  number  and  distribution  of 
the  deaths  had  been  the  same  each  year,  the  number  of  deaths  each 
year  being  equal  to  the  number  of  births,  and  that  the  population 
had  not  been  disturbed  by  migration.  It  is  clear  that  no  com- 
munity in  existence  satisfies  these  conditions. 

11.  In  the  practical  compilation  of  a  mortality  table  it  is  often 
found  that  the  rates  of  mortality  disclosed  by  the  observations  are 
very  irregular  from  age  to  age  and  that  errors  frequently  occur  in 
statements  of  ages.  It  consequently  becomes  necessary  to  review 
the  data  very  carefully  and  to  adopt  a  system  of  graduation  of  the 
results  in  order  to  secure  a  more  uniform  progression  of  the  rates 
of  mortality,  while  at  the  same  time  retaining  any  outstanding 
features  disclosed  by  the  statistics.  This  graduation  may  be  de- 
scribed as  the  endeavour  to  arrive  at  the  true  law  of  mortality 
underlying  the  rough  results  disclosed  by  the  data. 

It  is  beyond  the  scope  of  this  work  to  discuss  the  various  methods 
of  graduation  which  can  be  employed,  and  reference  is  only  made 
to  it  in  order  that  the  student  shall  not  form  the  opinion  that  this 
chapter  deals  with  anything  more  than  the  bare  principles  of  the 
compilation  of  a  mortality  table  from  census  returns  and  death 
registers. 

12.  The  English  Life  Table  No.  8— Males— (see  p.  396)  was  con- 
structed from  data  supplied  by  census  returns  and  death  registers 
in  England  and  Wales.  The  enumeration  of  the  population  as 
disclosed  by  the  census  of  1911  (2nd  April  1911)  was  employed  in 
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conjunction  with  the  particulars  of  deaths  obtained  from  the  death 
registers  for  the  years  1910  to  1912  inclusive. 

The  central  point  of  the  three  years  1910,  1911  and  1912  is 
1st  July  1911,  and  an  adjustment  was  made  to  determine  the 
corresponding  population  at  that  date,  this  adjustment  being  based 
on  the  rate  of  increase  or  decrease  of  the  population  in  quinquennial 
age  groups  as  disclosed  by  a  comparison  of  the  census  of  1911  with 
that  of  1901. 

By  taking,  in  quinquennial  age  groups,  the  ratio  of  the  number 

of  deaths  per  annum  to  the  population,  the  value  of  mx  was  obtained 

for  the  central  age  of  each  group,  and  thence  the  rate  of  mortality 

2m 
by  means  of  the  formula  qx  =  „ —  .   The  intervening  values  of  qx 

were  then  obtained  by  interpolation. 

The  enumeration  of  the  number  living  during  the  first  six  years 
of  life  was  found  to  be  unreliable  and  for  these  ages  special  methods 
had  to  be  employed. 

Full  details  of  the  methods  adopted  are  given  in  the  "Supple- 
ment to  the  Seventy-Fifth  Annual  Report  of  the  Registrar-General 
of  Births,  Deaths  and  Marriages  in  England  and  Wales — Part  I 
Life  Tables." 

13.  Having  explained  the  functions,  the  values  of  which  are 
given  in  the  Mortality  Table,  we  can  now  proceed  to  the  calculation 
of  various  probabilities  of  survival  or  death  of  a  single  life.  Numerical 
examples  are  given  on  page  17. 

(i)  nPx  represents  the  probability  that  a  person  of  exact  age  x 
will  survive  n  years.  Since  out  of  lx  persons  of  exact  age  x,  lx+n 
survive  to  age  x  +  n;  we  have 

(9). 


v  =ix+n 

nfx          7         •  *  • 

It  will  also  be  seen  that 

„  —  !2±J  v  W*     lx+s 

njfx  —     1           J             7              " 

'x             ''X+l          VX+2 

„    ''x+n 
..  X 

''x+n— i 

=  PxXPx+i><Px+2X  ■■ 

•  ^  Px+n—i  • 

Again,          n+tPx  =  lx+;+t 

''x+n  ^  "x+n+t 

~    1              1 

°x            "x+n 

=  nP x  X  tPx+w 
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(ii)  7i|<fe  represents  the  probability  that  a  person  of  exact  age  x 
will  die  in  the  (n  +  l)th  year  from  the  present  time.  Out  of 
lx  persons  aged  x,  dx+n  die  between  ages  x  +  n  and  x  +  n  +  1 : 
therefore 

n\qx  =  ^    (10). 

lx 

Or  we  may  argue  as  follows :  the  probability  that  a  person  now 
aged  x  will  survive  n  years  is  npx ',  and  the  probability  that,  having 
reached  that  age,  he  will  die  within  one  year  is  qx+n-  The  proba- 
bility that  a  person  aged  x  will  die  in  the  (n  +l)th  year  is,  therefore, 

''x+n     &x+n dx+n 

nPx  *  qx+n 7      •   1  —      1 

lx       <>x+n  "x 

as  before. 

Again,  the  probability  in  question  is  evidently  the  difference 
between  the  probability  that  a  person  aged  x  will  survive  n  years 
and  the  probability  that  he  will  survive  n+  1  years. 

That  is,  n\qx  =  nPx~  n+iPx 

I'x+n       ''x+n+l  Qx+n 

Lx  i/x 

(iii)  The  probability  that  a  person  aged  x  will  die  within  n  years 
from  the  present  time  is  represented  by  the  symbol  \nQx.  Of  lx 
persons  aged  x,  l^n  survive  to  age  x  +  n  and  the  number  who  die 
before  reaching  that  age  is  lx-  lx+n.   It  follows,  therefore,  that 


\w%x  — 


"as  ~~  ''x+n 


lx 
=  l-nPx  (11). 

the  latter  form  being  obviously  correct  since  a  person  must  either 
survive  n  years  or  die  within  that- period. 
It  is  evident  also  that 

t  =  n-l 

\nQx  =      %     tkx 
t=0 


1    t=n-l 
l>x     t=0 


j-       «     wx+t 
t>x 


'iC  ''X 

as  before. 


"x+n       I'x+n+m 
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(iv)  n\mQx  represents  the  probability  that  a  person  aged  x  will 
*flie  during  a  period  of  m  years,  which  period  commences  to  run  on 
the  expiration  of  n  years  from  the  present  time. 

Out  of  lx  persons  now  aged  x,  lx+n  survive  to  age  x  +  n  and  of 
these  lx+n  -  lx+n+m  die  during  the  following  m  years ;  the  probability 
required  is,  therefore, 

n\mQx  =  lx-  I        (12). 

=  nP%      n+mPx 

This  probability  also  can  be  obtained  from  the  product  of  two 
separate  probabilities;  since,  npx  being  the  probability  that  a 
person  now  aged  x  will  survive  n  years,  and  \mQx+n  the  probability 
that  a  person  who  has  reached  age  x+n  will  die  within  m  years,  it 
follows  that 

I     /")  v  I     D         —    x+n      %+n  ~  "x+n+m  _  ''x+n  ~  <>x+n+m 

n\m/%x  —  nP%  *  \mStx+n  —  ~j       •  j  ~  j 

"x  bx+n  bx 

as  before. 

t=n+m— 1 

Again  n\mQx=       S      t\qx 

—  y       ^      dx+t 

"x        t=n 

'a;+?i  ~  ^x+n+m. 

lx 

14.  The  notation  employed  in  connection  with  these  probabilities 
should  be  carefully  considered. 

When  the  term  to  which  the  probability  relates  is  one  year 
this  is  not  specifically  indicated  in  the  symbol.  Thus  we  write  npx 
for  all  values  of  n  other  than  unity  (whether  integral  or  fractional), 
but  simply  px  when  we  wish  to  denote  the  probability  of  surviving 
one  year. 

Similarly,  in  the  case  of  n\qx,  since  the  probability  refers  to  death 
occurring  in  one  year  (i.e.  the  (n  +  l)th),  the  figure  "  1 "  is  omitted 
from  the  symbol;  but  here  the  bar  after  the  "n"  indicates  that  the 
period  of  one  year  is  deferred  n  years. 

The  use  of  the  symbol  q  is  limited  to  "one-year"  probabilities, 
the  symbol  Q  being  employed  to  denote  probabilities  of  death 
occurring  in  periods  other  than  one  year. 

It  is  convenient  to  represent  the  phrase  "a  person  aged  x"  by 
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(x),  and  this  will  be  adopted  throughout  the  remainder  of  this 
volume. 

15.  The  Force  of  Mortality.  Before  proceeding  further  it  is 
necessary  that  the  function  known  as  the  Force  of  Mortality,  a  most 
important  function  in  connection  with  the  subject  of  Life  Contin- 
gencies, shall  be  considered. 

Out  of  lx  persons  aged  x,  lx+i  survive  to  age  x  +  — ,  the  number 

'«  m 

dying  in  the  first  —  th  part  of  a  year  following  age  x  being 

lz—  lz+±,  and  the  probability  of  a  person  aged  x  dying  in  that  — th 

.       lx-lx+l 
part  of  a  year  being — '" . 

'x 

If  this  probability  be  multiplied  by  m,  the  result  will  be  a  nomi- 
nal annual  rate  of  mortality  based  on  the  assumption  that  during 

each  — th  part  of  the  year  the  probability  of  death  was  exactly  the 

same.   This  nominal  annual  rate  is 


x  m  =  < 


lx  1  7      ' 

If  now  m  be  indefinitely  increased  so  that  —  approaches  the  limit 

"0,"  the  limiting  value  of  this  last  expression  will  be  —  y  .  -p. 

This  limiting  value  is  called  the  Force  of  Mortality,  and  is  repre- 
sented by  fix.   Thus 

1    dlx 


"X 


.(13). 


d\ogelx 
dx 

The  force  of  mortality,  /u,x,  is  thus  the  nominal  annual  rate  of 
mortality  based  on  the  assumption  that  the  intensity  of  mortality 
remained  the  same  at  every  moment  during  the  year  of  age  x  to 
x  +  1  as  it  was  during  the  moment  following  the  attainment  of 
age  x. 

A  year  is  taken  as  the  most  convenient  unit  of  time  for  measuring 
this  force:  the  function  really  employed  in  actual  calculations  is  the 
probability  of  death  occurring  at  each  successive  moment  of  time. 


(15). 
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16.    Since  ux  =  —  -p  ,  ~ .  it  follows  that 
lx   dx ' 

—  dlx  =  lx/u.xdx  represents  the  number  of  deaths  occurring  in  tl 
moment  of  time  following  the  attainment  of  age 
(out  of  lx  persons  alive  at  that  age) ; 

31 

— Y~  =fj.xdx      represents  the  probability  that  a  person  of  exa 
lx 

age  x  will  die  at  that  moment. 

Similarly,  Jx+tfico+tdt  represents  the  number  of  deaths  occurrir 
at  moment  of  age  x  + 1,  whence  dx  being  the  number  of  deatl 
occurring  between  ages  x  and  x  +  1,  it  follows  that 

dx=      Ix+tPx+tdt (14), 

JO 

If1  ~\ 

and  1x  =  t       ls+tfix+tdt, 

hJ  o 

=      tPxVz+tdt 
Jo 

Equations  (14)  and  (15)  can  easily  be  seen  to  be  correct  algi 
braically  by  writing  lx+t^x+tdt  =  -dlx+t. 

Equation  (14)  was  arrived  at  in  the  first  place  by  general  reasoi 
ing,  and  equation  (15)  can  be  obtained  in  the  same  way. 

The  probability  that  a  person  aged  x  will  survive  to  time  t  bein 
tpx,  and  the  probability  that,  having  reached  age  x  + 1,  he  will  di 
at  that  moment  of  age  being  fix+tdt,  it  follows  that  the  probabilit 
that  (x)  will  die  at  moment  of  age  x  + 1  is  tpxpx+tdt.  Integratin 
this  expression  within  the  limits  t=0  and  t  =  l,  the  result  is  th 
probability  that  (x)  will  die  within  one  year.   That  is, 

<lx=\   tPx^x+tdt 
Jo 
as  before. 

If  the  function  tPxf^x+tdt  be  integrated  between  the  limits  0  an 

oo ,  the  result  is  the  total  probability  that  (x)  will  die,  which  is 

certainty.   Thus 

Qx=\     tPx^x+tdt=l. 

Jo 
Beyond  the  "  limiting  age  "  there  are  no  survivors  (according  t 
the  table)  and  the  value  of  tpx  where  x  + 1  i  a>  is  accordingly  zen 
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It  is,  therefore,  immaterial  whether  the  integral  for  the  value  of  Qx 

r<*>  [<•>-* 

be  written      tpx/j,x+tdt  or      tPxf>x+tdt. 
Jo  Jo 

If  the  limits  be  taken  a,st  =  ntot  =  n  +  l  the  result  is 

»l?=r=  I         tPxf'x+tdt 
J  n 

'dt 


"x  J  n         dt 
"x+n       <*x+n+\ 

~ix~ 

&x+n 


I* 

as  in  equation  (10),  and  if  the  integration  be  from  t  =  nto  t  =  n  +  m, 

rn+m 

n\mQx=  I  tPxpx+tdt 

J  n 

_  "x+n       ''x+n+m 
lx 

as  in  equation  (12).  • 

17.   Various  formulae  can  be  obtained  for  the  approximate  value 
of  \ix  in  terms  of  the  functions  lx  and  dx. 

Employing  the  approximate  form  of  the  differential  coefficient 

d^l  =  i{f(x  +  l)-f(x-l)}, 
we  have  fix 


- 

1   dh 
lx'  dx 

lx- 

-1  —  i'x+\ 

2lx 

dx-!  +  dx 

..(16) 
•(IV), 


%x       •••• 

which  formulae  assume  lx  to  be  a  function  of  the  second  degree. 

Assuming  lx  to  be  a  function  of  the  fourth  degree,  the  value  of 
/ix  can  be  expressed  as  follows : 

Let  lx  —  a  +  bx  +  ex2  +  dx3  +  ex*, 

where  a,  b,  c,  d  and  e  are  constants. 

Then  ^  =  b  +  2cx  +  3dx*  +  4,ea?, 

dx 
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dl0     7 
and  when  x  =  0,         j-  =  »• 

Also  Lx  =  a-     6+   c-     d  +     c, 

Z+1  =  a  +     6  +   c  +     d  +     e, 

...     L,-J+l«    -    26         -   2d  (a). 

l_2  =  a-   2b +  4,0-   8d  +  16e, 
l+2  =  a+   26  +  4c  +   8d  +  16e, 

...     L3-Z+3=    -   46         -16d  (£). 

Multiplying  (a)  by  8, 

8(U-Z+i)=    -166         -16d  (7) 

and  subtracting  (/3)  from  (7) 
8(U-l+1)-(l-2-l+*)=    -126. 
1  d/„ 


Whence  *°=-T-fc 


8  (L.  -  l+1)  -  (L2  -  Z+a) 
12Z„ 

7  (d_,  +  d0)  -  (d_2  +  d+l) 


12l0 
Therefore,  also, 


8  (lx—l  —  '»+l)  —  ('«-2  —  'aH-2)  /l  o\ 

^ 125 (18) 


7  ((4-!  +  d,.)  -  (d^  +  4+i) 

12L 


.(19). 


Other  approximate  expressions  can  be  obtained  from  the  relation 

^="^-£    =-J(A4-|A^  +  iA^-...), 
or  from 

11.  =  -^^  — (Alog.l.-iA«log.t+lA»logi «.-...) 

=  cologcpa;-|Acologepa;  +  JA2cologe^a;-..., 
stopping,  in  either  case,  at  any  selected  order  of  differences. 
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18.   Another  form  of  the  relationship  between  oology  and  the 
force  of  mortality  is  the  following : 

d  \ogelx 


fix  =  - 


dx     ' 

l°gA  =  -  I  fixdx^.  C<r<- 
colog^  =  log,  lx  -  log,  lx+1 
=  J  Px+tdt  I 


.(20). 


=  Px+i  approx.  ; 
If,  therefore,  it  be  assumed  that  /ix+i  =  %(fix  +  /ix+l),  it  is  a  simple 
matter  to  find  any  required  value  of  px  or  qx  from  a  table  of  values 
of  fix. 

For  example,  in  the  HM  Table  (Makeham  Graduation) 
/*50=  -01542  and  fi51  =  -01631. 
Taking  fim  =  \  (Mbo  +  fi51)  =  -01 587, 

we  have  fimh  =  cologe^50  =  '01587, 

.  • .  to  the  base  "  10,"     colog^50  =  "01587  x  -4343 

=  -00688, 
.-.     log  p50  =  1-99312 
p50  =  -98428 
qm=  -01572 
which  is  the  value  in  the  table. 

19.  A  point  that  may  present  some  difficulty  at  first  sight  is  that 
the  force  of  mortality  at  certain  ages  is,  in  some  tables  (the  0[NMI 
Ultimate  Table  on  pages  446-447  is  an  example),  shown  as  unity 
or  greater  than  unity  and  yet  persons  survive  to  older  ages.  The 
difficulty  arises  from  the  fact  that  /j,x  is  a  purely  nominal  annual 
measure  and  may  (and  does)  exceed  unity  while  the  effective  rate 
of  mortality  is  still  less  than  unity. 

Using  again  the  approximation  /ix+i  =  cologepx,  if  we  write 
fix+±  =  1,  we  shall  find  that  qx  =  -63212  only.  If  qx  =  1,  any  life  sur- 
viving at  age  x  is,  on  the  basis  of  the  mortality  table,  certain  to  die 
within  the  following  year. 

In  the  last  year  of  age  shown  in  the  mortality  table,  when  qx  =  l, 
all  the  survivors  at  the  beginning  of  the  year  of  age  die  in  a  period 
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of  less  than  one  year,  and  the  nominal  annual  rate  of  mortalil 
based  on  that  period  must  be  greater  than  unity.  Similarly,  thei 
must  be  a  time  in  that  year  when  the  force  of  mortality  exceec 
unity. 

Again,  at  age  0,  if  the  number  dying  each  day  continued  th 
same  as  during  the  first  day  succeeding  birth,  all  the  children  bor 
would  have  died  long  before  a  year  had  elapsed.  If,  therefore,  w 
take  as  an  approximation  to  the  force  of  mortality  at  age  0, 

A*o  = -^7-^x365, 

it  is  clear  that  this  force  (in  this  case,  the  nominal  annual  rate  c 
mortality  based  on  the  assumption  that  the  risk  of  dying  on  eac 
day  from  age  0  to  age  1  remained  the  same)  will  exceed  unity. 

20.    Considering  the  differential  coefficient  of  Tix  we  have 


«/,       <',xj0lx+tdt 


dxj0 

Jo \dx  ' 


mx=. 


■x+t  i  dt 
o  \ux         J 

=  -dx (21), 

whence  it  follows  that 

dx 

--£■£ w 

If  La,  be  taken  as  equal  to  fc+j ,  we  have 

=  Mx+i  (23). 

We  thus  arrive  at  the  conclusion  that  approximately 
co\ogepx  =  mx  =  fj,x+i. 

It  will  be  observed  that,  in  accordance  with  formula  (20),  we  hav< 
also 


4u-i     dx 


cologe  npx  =      fl^tdt, 
Jo 

■  f  /**+«<" 

•>  0 


nPx  —  6 
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21.   It  is  interesting  to  compare  the  results  of  differentiating 
the  function  tpx  with  regard  to  each  of  the  variables  x  and  t : 

dtpx  =  d  lx+t 
dx       dx  lx 

lx~dx~~t^tdx' 


=  tPx(fJ>x-Px+t) (24), 

and  dJp_x=ldlx+t 

dt       lx'   dt 

=  -tPxt*x+t     (25). 

Formulae  (24)  and  (25)  (particularly  the  former)  are  of  great 
practical  value  in  the  later  work. 


EXAMPLES 

The  following  are  examples  of  the  application  of  Mortality  Tables. 

Ex.  1.    On  the  basis  of  the  English  Life  Table  No.  8  find  the 
probability  that  a  man  aged  30  will 

(a)  survive  to  age  40 ; 

(6)  die  before  reaching  age  50 ; 

(c)  die  in  his  50th  year  (i.e.  between  ages  49  and  50) ; 

(d)  die  between  ages  40  and  50. 

li0     716727  . 

(o)       ^30  =  ^  =  762227=  94°31' 

(b)      LQso  =  1  -  20P30  =  1  ~  762227  =  '15598 ' 
(o)      ..k--|=S-°1190; 
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Ex.  2.   Find  the  value  of  /j.i0  by  means  of  the  values  given  in  the 
lx  column  of  the  English  Life  Table  No.  8. — Males. 

"89         "41 


/*40  =  - 


2k 


722284-710914 
2(716727) 

=  -00793, 

8  (l3a  —  Ig)  —  (tag  —  642) 

40 

8  (722284  -  710914)  -  (727603  -  704817) 
12(716727) 

=  -00793. 


or    ^  =      m 


CHAPTER  II 

MORTALITY  TABLES  CONSTRUCTED  FROM  LIFE 
ASSURANCE  STATISTICS.     SELECT  LIFE  TABLES 

1.  la  the  first  chapter  the  mortality  table  considered  was  one 
constructed  from  data  supplied  by  census  returns  and  death  registers 
of  the  general  population  of  a  Country  or  District,  but  for  purposes 
of  Life  Assurance,  as  a  basis  for  the  calculation  of  premiums,  the 
valuation  of  life  assurance  contracts,  and  other  kindred  purposes, 
mortality  tables  are  constructed  from  the  experience  of  assured 
lives. 

Such  tables  can  be  constructed  by  a  process  similar  to  that  em- 
ployed in  the  first  chapter,  but  in  order  to  bring  out  clearly  the 
special  features  of  tables  based  on  assurance  data  different  methods 
will  now  be  described. 

2.  With  the  information  available  in  a  Life  Office,  by  assuming 
an  exact  age  (whether  integral  or  fractional)  for  each  life  at  entry 
into  the  experience  (such  as,  for  example,  that  a  person's  nearest 
integral  age  at  the  date  he  effects  a  policy  of  life  assurance  is  his 
exact  age  at  that  date),  the  rate  of  mortality,  qx,  can  be  obtained 
directly  from  the  data  without  the  employment  of  the  function  mx. 

3.  The  experience  on  which  the  table  is  based  should  be  such  as 
is  most  likely  to  represent  the  experience  of  the  future,  and  should, 
therefore,  be  limited  to  a  recent  period  consisting  of  a  comparatively 
small  number  of  years. 

The  table  can  be  constructed  from  the  records  of  one  or  of  several 
Life  Offices,  and  can  be  based  on  the  experience  of  one  or  of  several 
classes  of  Life  Assurance.  In  order  to  simplify  the  discussion  of  the 
principles  on  which  such  a  table  could  be  compiled,  the  following 
conditions  will  be  assumed  : 

(i)    That  the  records  of  a  single  Life  Office  only  are  utilised. 

(ii)  That  the  experience  is  limited  to  Whole-Life  Assurances, 
that  is,  assurances  under  which  the  sums  assured  are  payable  at 

death  only. 

2—2 


20  MORTALITY  TABLES  [il  3 

(iii)  That  the  observations  are  limited  to  a  period  of  20  years, 
which  period  will  be  referred  to  as  the  "  period  of  observations." 

(iv)  That  the  nearest  integral  age  of  the  life  assured  at  the  time 
the  contract  of  assurance  is  entered  into  is  assumed  to  be  the  exact 
age  at  that  date. 

(v)  That  there  are  no  terminations  of  assurances  otherwise  than 
by  death :  that  is,  that  every  person  entering  into  the  experience 
is  under  observation  until  the  end  of  the  period  of  observations  or 
until  death  if  occurring  during  that  period. 

(vi)  That  the  youngest  age  for  which  the  experience  is  to  be 
extracted  is  age  20. 

4.  The  books  of  the  Office  will  supply  the  number  of  assurances 
effected  at  each  (assumed)  exact  age  and  will  also  show  the  number 
of  deaths  occurring  in  any  year  of  assurance — that  is,  in  any  year 
dating  from  the  date  of  the  assurance  contract — and  the  number 
of  persons  who  survive  each  such  year.  The  age  at  entry  being  the 
(assumed)  exact  age  the  assumed  life  years  will  coincide  with  the 
"Assurance"  or  "Policy''  years. 

5.  In  compiling  the  table  the  number  living  at  age  x  employed 
in  the  calculation  of  qx  is  known  as  the  number  "  exposed  to  risk  " 
and  is  represented  by  Ex.  The  number  of  deaths  between  ages  x 
and  x  + 1  disclosed  by  the  observations  is  represented  by  6X. 

6.  Since  the  object  in  view  is  the  ascertainment  of  the  value  qx 
— the  probability  that  a  person  aged  x  will  die  within  a  year 
following  the  attainment  of  that  age — only  those  lives  which 
reached  age  x  during  the  period  of  observations  with  the  chance 
of  surviving  a  full  year  during  that  period  will  be  included  in 
the  experience.  In  other  words,  Ex  will  be  the  number  of  persons 
who  reached  age  x  during  but  not  later  than  twelve  months 
before  the  expiration  of  the  period  of  observations,  and  dx  must  be 
the  number  of  deaths  occurring  amongst  these  Ex  persons  within 
twelve  months  after  attainment  of  age  x.   Then 

n  6* 

7.  This  method  will  be  employed  separately  for  each  age  from 
20  upwards.   Assuming  q„  to  have  been  obtained,  E21  will  be  the 
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number  of  persons  who  attained  age  21  at  any  time  during  but  not 
later  than  twelve  months  before  the  end  of  the  period  of  observa- 
tions, and  6a  will  be  the  number  of  deaths  occurring  between  ages 
21  and  22  amongst  these  E21  persons.   Then 


q-a- 


6g 

E2\ 


8.  It  will  be  observed  that  E21  is  not  the  number  of  survivors 
at  the  end  of  a  year  of  the  Ew  persons  aged  20  dealt  with  in  the 
calculation  of  q2a.  Persons  who  attained  age  21  in  the  first  year  of 
the  period  of  observations  and  those  who  effected  policies  at  age 
21  during  that  period  are  included  in  the  group  Ea  but  are  not 
included  in  E20 :  and,  on  the  other  hand,  those  who  were  included 
in  Ew  but  who  attained  age  21  during  the  last  year  of  the  period 
of  observations  are  excluded  from  the  number  exposed  to  risk  at 
age  21. 

Similarly,  in  dealing  with  age  22,  E21  will  not  represent  the 
number  of  survivors  from  the  Ew  and  E2l  persons  observed  at  ages 
20  and  21. 

At  this  stage  we  are  only  concerned  with  the  calculation  of  the 
values  of  qx,  and  so  long  as  the  essential  condition  that  0X  and  Ex 
bear  the  proper  relation  to  each  other  is  satisfied,  it  is  not  necessary 
that  Ex,  Ex+1,  etc.,  should  be  related  in  any  way,  though  it  is 
evident  that  the  great  majority  of  the  persons  under  observation 
will  be  included  in  two  or  more  of  these  groups. 

9.  Having  in  this  manner  ascertained  the  value  of  qx  for  each 
age  from  20  onwards,  any  convenient  radix  for  lw  (100,000  say) 
can  be  assumed,  and  by  means  of  the  values  of  qx  the  entire 
mortality  table  can  be  constructed  in  the  manner  indicated  in 
Chap.  I  7. 

10.  Tables  constructed  in  this  manner,  in  which  all  the  lives  of 
a  given  attained  age  are  grouped  together  for  the  purpose  of 
ascertaining  their  Mortality  experience,  are  known  as  Aggregate 
Tables. 

11.  Select  Life  Tables.  In  practice,  lives  assured  under  Whole- 
Life  policies  are  medically  examined  at  the  time  of  proposing  for 
assurance,  and  are  thus  selected  or  "  select "  lives  from  that  point 
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of  view.  This  selection  results  in  the  exclusion  of  unhealthy  lives 
and  in  the  selection  of  a  body  of  lives  which,  for  the  first  few  years 
after  entry,  experience,  as  a  whole,  lighter  mortality  than  would 
be  experienced  by  a  more  general  body  of  lives. 

Tables  of  mortality  known  as  Select  Life  Tables  are  accordingly 
constructed  to  show  the  effect  of  this  selection. 

12.  Select  Tables  show  the  mortality  experienced  in  each  year 
from  entry  (i.e.  from  the  date  of  assurance)  amongst  persons  of  a 
particular  age  at  entry,  the  age  at  entry  being  distinguished  by 
being  enclosed  in  square  brackets :  thus  [x].  The  number  of  years 
elapsed  since  entry  is  denoted  by  an  addition  to  the  suffix  not 
enclosed  in  brackets :  thus  [x]  + 1. 

13.  Bearing  in  mind  the  conditions  laid  down  in  paragraph  6, 
in  the  compilation  of  the  mortality  table  based  on  the  experience 
of  Select  Lives, 

E[X]  represents  the  number  of  persons  who  entered  at  age  x  as 
select  lives,  at  such  time  that  the  whole  of  the  first  year  of  assur- 
ance must  fall  within  the  period  of  observations, 

I?[«]+i  represents  the  number  of  persons  who  entered  at  age  x, 
and  who  completed  their  first  year  of  assurance  at  such  time  that 
the  whole  of  the  second  year  of  assurance  must  fall  within  the 
period  of  observations, 
and  generally, 

E[x\+t  represents  the  number  of  persons  who  entered  at  age  x, 
and  who  completed  their  tth  year  of  assurance  at  such  time  that 
the  whole  of  the  (i  +  l)th  year  must  fall  within  the  period  of 
observations. 

Similarly,  the  numbers  of  deaths  occurring  in  the  first,  second 
...(«  +  l)th  years  after  entry,  amongst  the  E[xh  E[x]+1 . . .  E[x]+t 
exposed  to  risk  in  the  first, second  ...(t  +  l)th years, are  represented 
by  8[xh  <Wi  •••  fyxi+t  respectively,  and  the  corresponding  rates  of 
mortality  by  q[xh  q[x]+1 . . ,  qlx]+l  respectively.  Then 


?M+«  '■ 


Ai 


Wi+t 


14.  The  records  of  the  Office  will  give  the  number  of  persons 
who  effected  whole-life  assurances  at  age  x  and  the  number  of 
those  who  died  in  the  first,  second  . . .  years  of  assurance. 
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If  the  observations  be  limited  as  before  to  a  period  of  20  years, 
the  number  of  lives  who  entered  at  age  x  during  but  not  later  than 
twelve  months  before  the  end  of  that  period  will  give  E[x\ ;  and  the 
number  of  these  who  died  in  the  first  year  of  assurance,  6[X}.   Then 

n       -  ^M 
J*tx\ 

15.  The  number  of  persons  who  entered  at  age  x,  whether  during 
the  period  of  observations  or  in  the  year  before,  but  who  completed 
one  year  of  assurance  during  but  not  later  than  twelve  months 
before  the  end  of  that  period,  will  give  E[X^+1  ;  and  the  number  of 
these  who  died  in  the  second  year  of  assurance,  6[X]+l.   Then 

_  0[a]+i 

Here,  also,  EiX]+1  does  not  represent  the  number  of  survivors  out 
of  the  E[X]  employed  to  obtain  q^. 

As  in  the  case  of  Aggregate  Tables,  however,  this  is  of  no  im- 
portance, since  all  we  are  concerned  with  at  the  moment  is  to  obtain 
the  proper  values  of  q^,  q^+i  •  ■•  etc.,  and  this  will  be  effected  if  we 
ensure  that  the  numerator  of  the  fraction  (6)  is  in  each  case  the 
number  of  deaths  in  one  year  amongst  the  lives  included  in  the 
denominator  (E),  and  that  each  life  included  in  the  denominator 
had,  at  the  commencement  of  the  year  of  assurance  under  consider- 
ation, a  chance  of  completing  that  year  before  the  termination  of 
the  period  of  observations. 

16.  To  obtain  qw+2,  ^lx]+z  wu^  include  all  those  who  effected 
assurances  at  age  x  whether  during  or  before  the  period  of  observa- 
tions, and  who  completed  the  second  year  of  assurance  during  but 
not  less  than  twelve  months  before  the  end  of  that  period ;  and 
#M+2>  the  number  of  these  E[x]+2  persons  who  died  in  the  third  year 
of  assurance ;  and  so  on. 

17.  It  is  found  that  the  effect  of  selection,  so  far  as  improving 
the  mortality  experience  of  a  body  of  selected  lives  is  concerned, 
wears  off  after  a  small  number  of  years,  and  after  the  end  of  this 
period  the  lives  may  be  considered  to  be  subject  to  a  rate  of 
mortality  dependent  only  on  the  age  attained. 

Taking  the  period  during  which  selection  has  some  effect  on  the 
mortality  experience  (which  will  be  referred  to  as  the  "Select 
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Period")  as  n  years,  the  rate  of  mortality  will  be  found  in  the 
manner  indicated  in  paragraphs  13  to  16  for  each  of  the  first  n 
years  in  respect  of  each  age  at  entry ;  that  is,  q[X],  q[X]+i  ■■■  ffM+n-i- 

18.  The  lives  which  remain  in  insurance  n  years  or  more  will 
then  be  grouped  together  according  to  attained  ages,  regardless  of 
their  ages  at  entry  or  the  duration  of  their  assurances,  and,  on  the 
basis  of  their  experience  after  n  years  of  assurance,  a  mortality  table 
will  be  constructed  in  the  manner  explained  in  paragraphs  6  to  10 
in  connection  with  Aggregate  Tables. 

This  table  excluding  the  experience  of  the  "  Select  Period  "  is 
called  the  Ultimate  Table. 

If  the  "  Select  Period  "  be  taken  as  five  years,  the  youngest  age 
at  entry  being  20,  the  first  age  in  the  Ultimate  Table  will  be  25. 

19.  For  the  Ultimate  Table,  therefore,  following  the  method 
laid  down  in  paragraphs  6  to  10,  the  number  who  attained  each 
integral  age  during  but  not  later  than  twelve  months  before  the 
end  of  the  period  of  observations  will  give  E&,  Ew  ...  etc.,  the 
number  of  deaths  amongst  these  lives  in  each  year  of  age  will  give 
#25»  #26  ••■)  aQd  the  values  of  q^,  qw  ...  will  then  be  obtained  from 
the  equations 

_  "25  "26         1 

925  —  ~Et~~  >        ?26 £T~~   •  •  ■  &"£■• 

■&2B  -C<26 

It  will  be  seen  that  the  Ew  to  be  utilised  in  connection  with 
the  calculation  of  qw  will  consist  of  survivors  of  entrants  at  ages 
not  exceeding  20 ;  Em  will  consist  of  survivors  of  entrants  at  ages 
not  exceeding  21 ;  EB  of  entrants  at  ages  up  to  22 ;  and  so  on. .  As 
in  the  other  instances  EB,  for  example,  does  not  consist  of  the  sur- 
vivors of  the  Em  and  Ew  persons  exposed  to  risk  at  ages  25  and  26. 

Since  the  values  in  the  Ultimate  Table  depend  only  on  the  age 
attained  without  reference  to  the  age  of  selection,  square  brackets 
do  not  appear  in  the  suffixes. 

20.  Having  obtained  all  the  rates  of  mortality  required  for  the 
construction  of  the  table,  the  youngest  age  at  entry  being  20,  a 
convenient  radix  for  Z[20]  (100,000  say)  is  assumed,  and  the  entire 
mortality  table  for  entrants  at  this  age  is  constructed  by  means  of 
the  values  of  q[W],  (fcoi+i  •••  qw+*  derived  from  "Select"  data,  and 
of  q?s>  qw-  etc.  derived  from  the  " Ultimate "  data. 
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21.  Proceeding  to  age  at  entry  21,  it  is  necessary  that  the  number 
of  survivors  at  the  end  of  five  years  from  the  assumed  number 
of  entrants  at  this  age  shall  be  lw  as  shown  by  the  "  Ultimate  " 
Table. 

This  is  effected  by  working  backwards  from  l^  with  the  aid  of 
the  values  of^[21]+4,  pm+s ...  pm.   Thus 

7  _        ^26       .      7  '[2l]+4   .  7  '[2l]+l 

t[2l]+4  —  ~  )      '[2l]+3  - ,      •  •  •   '[21]  -  — • 

i>[2l]+4  P[!B]+8  Pm 

In  this  way  a  number  is  obtained  for  l[2ii  such  that,  after  the  end 
of  five  years  of  assurance,  the  figures  in  the  "  Ultimate ''  Table  can 
be  utilised  for  all  purposes. 

A  similar  plan  is  then  followed  for  age  [22]  at  entry,  working 
backwards  from  l„,  and  so  on  for  other  ages. 

The  advantages  of  such  an  arrangement  will  become  apparent 
in  the  chapters  dealing  with  monetary  values  based  on  Select 
Tables. 

22.  The  entire  "I"  column  being  thus  constructed,  the  "  d" 
column  is  obtained  by  differencing  the  values  of  "  I."   Thus 

d[x]+i  =  M>]+i  —  na]+2) 


When  the  "  Select  Period  "  is  taken  as  five  years, 
and  in  the  Ultimate  Table 

">x+n  =  I'x+n       "x+n+i  • 

The  mistake  is  sometimes  made  of  taking  d[X)  as  equal  to  the 
difference  between  \X]  and  l[x+^,  but  as  £[:c+1]  bears  no  direct  relation 
to  l[X]  this  is  clearly  incorrect. 

The  final  arrangement  of  the  columns  will  be  seen  by  reference 
to  the  tables  printed  on  pages  438  and  440. 

23.  It  is  beyond  the  scope  of  this  chapter  to  discuss  the  various 
methods  which  can  be  employed  in  the  extraction  and  compilation 
of  the  mortality  experience  of  assured  lives;  all  that  has  been 
attempted  is  to  take  the  simplest  possible  method  and  on  this 
basis  to  give  a  clear  idea  of  the  qualities  of  such  tables,  particularly 
of  "Select  "Tables. 
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In  order,  however,  to  avoid  confusion  in  later  work,  it  may  be 
remarked  that  the  manner  in  which  the  entry  age  is  dealt  with 
and  the  assumptions  arising  therefrom  must  vary  according  to  the 
nature  of  the  data  available,  and  actuaries  may  hold  different 
opinions  as  to  the  most  suitable  method  of  handling  the  data. 
Moreover,  in  practice,  withdrawals  occur  during  the  period  of  ob- 
servations through  the  lapse  or  surrender  of  policies,  and  a  certain 
number  of  lapsed  policies  are  revived.  All  these  cases  require 
special  treatment  which  will  vary  according  to  the  information 
available  as  regards  date  of  lapse,  surrender,  etc. ;  and  the  results 
obtained  from  the  original  data  will  require  graduation.  These 
points,  however,  do  not  affect  the  principles  which  have  alone  been 
dealt  with  in  this  chapter. 

24.  In  1893  the  Institute  of  Actuaries  and  the  Faculty  of 
Actuaries  in  Scotland  formed  a  Joint  Committee  for  the  purpose 
of  compiling  the  experience  of  a  number  of  British  Offices.  The 
experience  dealt  with  was  limited  to  the  thirty  years  1863  to  1893, 
and  the  resulting  tables  were  published  at  various  times  from  1899 
to  1903,  since  when  additional  useful  tables  have  been  prepared  and 
published  by  various  actuaries. 

The  details  of  the  methods  employed  in  the  construction  of 
these  tables  are  set  out  in  the  volume  "  British  Office  Life  Tables 
1893 — Account  of  Principles  and  Methods"  published  in  1903.  It 
is  only  necessary  here  to  make  brief  reference  to  the  more  import- 
ant tables  representing  the  mortality  experience  of  assured  lives. 

The  aggregate  table  based  on  the  experience  of  the  whole-life 
participating  assurances  (that  is,  assurances  with  a  right  to  share 
in  the  profits)  is  known  as  the  0M  Table,  and  the  Select  Table 
based  on  the  same  experience  as  the  0[M1. 

A  second  aggregate  table,  the  0M(5),  was  also  constructed  on  the 
basis  of  the  experience  of  this  body  of  lives,  but  excluding  the  first 
five  years  of  assurance.  This  table,  which  is  known  as  a  "  Truncated 
Table,"  differs  from  an  Ultimate  Table  in  that,  in  its  construction, 
a  life  was  only  included  once  in  respect  of  each  period  of  observa- 
tion, but  for  the  Select  and  Ultimate  Tables,  each  life  insured 
under  two  or  more  policies  was  included  once  in  respect  of  each  age 
at  entry. 

In  the  0[M)  Table  the  "  Select  Period  "  was  taken  as  ten  years, 
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and  it  has  been  found  more  convenient  for  the  purposes  of  this 
volume  to  include  the  0[NM]  Table,  based  on  the  experience  of  non- 
participating  whole-life  assurances,  in  connection  with  which  the 
"  Select  Period  "  was  taken  as  five  years.  This  table  is  printed  on 
pages  438  to  445  and  the  values  of  monetary  functions  dependent 
thereon  on  the  following  pages. 

25.  In  the  lx  column  of  the  0[NM]  Table  the  last  few  values  are 
less  than  unity :  which,  at  first  sight,  would  appear  to  suggest  that 
a  fraction  of  a  person  was  living  at  each  of  the  ages  102  to  105. 
This,  however,  should  not  cause  any  difficulty  if  it  be  borne  in  mind 
that  lx  is  in  reality  only  a  commutation  function,  that  is,  a  function 
which  enables  us  to  commute  the  values  of  other  functions,  and 
that  it  is  of  no  importance  whether  it  is  represented  by  a  whole 
number  or  a  fraction  so  long  as  it  bears  the  proper  ratio  to  the 
other  numbers  in  the  column. 

At  ages  102  to  105  the  values  of  fix  are  greater  than  unity,  an 
example  of  the  point  referred  to  in  Chap.  119. 

26.  Reference  should  also  be  made  here  to  the  "Institute  of 
Actuaries  Life  Tables"  published  by  the  Institute  of  Actuaries 
under  this  title  in  1872.  These  tables  are  based  on  the  experience 
of  twenty  British  Offices  to  the  end  of  1863,  the  most  important 
table  being  the  HM  (Healthy  Males) — Aggregate  Table — which, 
as  regraduated  by  Mr  George  King  for  the  earlier  Text-book  on 
Life  Contingencies,  appears  on  pages  408-409  of  this  volume.  This 
table  which  is  referred  to  in  this  book  as  the  HM  Table  (Makeham 
Graduation)  differs  slightly  from  the  original  owing  to  the  different 
methods  of  graduation  adopted. 

27.  Practical  Application  of  Select  Tables.  When  using 
Select  Tables  it  is  evident  that  as  the  lives  entering  at  age  [%]  first 
come  under  observation  at  that  age,  it  is  not  possible  to  use  any 
formula  which  includes  a  term  with  a  suffix  such  as  [x]  —  n.  Such 
a  suffix  has  no  meaning  since  there  are  no  data  available  prior  to 
age  [>]• 

Such  formulae  as  (16)  to  (19)  of  Chapter  I  for  the  force  of 
mortality  cannot,  therefore,  be  employed  to  ascertain  the  value 
of  /Hxi- 
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Approximate  values  of  /*M  can  be  obtained  by  means  of  the 
relation 

J_  <ZZm 
^         fa  dx 

=  -  -  (Afe]  - 1  AHlx]  +  $  A»fo  -...), 

d\ogel[X] 
or        ^  =  -~d^- 

=  ^.  (colog10  p[X]  -  \  A  colog10  ;pw  +  £  A2  cologI0  p[x]  -...), 

where  ikf  is  the  modulus  of  the  common  logarithms  and  =  "43429448. 
A  more  satisfactory  method  would  be  to  ascertain  the  number  of 
lives  select  at  age  x  dying,  say,  within  one  week  of  effecting  their 
assurances,  and  to  take  the  value  of  /t^]  as  approximately 


k*\  -  Wi-A- 


x52. 


kx\ 

As  the  lives  were  examined  at  the  time,  or  shortly  before,  the 
policies  were  issued,  it  is  evident  that  m_X]  must  be  very  small,  and 
the  approximation  to  its  value  based  on  the  risk  of  death  during 
the  first  week  after  selection  will  be  greater  than  the  true  value. 

28.  When  dealing  with  probabilities  of  survival  or  death,  the 
"Select  Period"  being  assumed  to  be  five  years,  the  values  of 
functions  employed  with  a  duration  of  less  than  five  years  must  all 
relate  to  the  same  age  at  entry :  when  the  duration  is  five  years  or 
more  the  ultimate  values  are  employed.   Thus 

»«*]  =  ¥*  if  n<  5  or  ^  if  nS5, 


^ifn<5or% 


B|gbt]  =  ^ifn<5or^ifnS5, 


I.Qw  =  ^S-[-~  if  ^  <  5  or  *Mfi*±?  if  „  >  5, 
Hx\  hx] 

\mQlx]  =  j        if  w  +  m  <  5 

kx\ 


hxl+n       ''x+n+m  • 


if  n  <  5  and  n  +  ml 


[x] 


,  k+»  -  **+*+■»  if  w>  5. 
kx] 
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EXAMPLES 
Ex.  1.   By  means  of  the  values  of  I  in  the  0[NM]  Table,  find 
approximate  values  of /i[40],  /i[40]+1  and  fiiw\+i- 

It  will  be  advisable  first  to  set  out  the  differences  of  440],  ^io]+i  etc. 


A 

A- 

A3 

A* 

Z[40]  =  84188 

-   549 

-166 

38 

-7 

lm+1  =  83639 

-    715 

-128 

31 

1 

Z[40]+2  =  82924 

-    843 

-    97 

32 

Z[40]+3  =  82081 

-    940 

-   65 

^0]+4  =  81141 

-1005 

la  =  80136 

Formulae  involving  the  differences  of  I  as  far  as  the  third  will 
be  the  most  suitable. 

MM  =  -  7—  (M«fl  -  i  A2  km  +  i  A3Z[40]) 
'r4oi 


'[40] 

1 

: 84188 
=  •00538 


(549  -  83  - 13) 


M[40]+l  =  —  7 (M«>]+1  -  \  A2J[40]+1  +  \ A3£[40]+i) 

'[40]+l 

1    7715-64-10) 


83639 
=  -00766. 
If  formula  (16)  of  Chapter  I  be  employed  the  result  is 

_  ^[40]  ~  n4o]+a 

84188  -  82924 
~      2 (83639) 

=  -00756. 
For  /i[4<,]+4  we  can  employ  any  of  the  formulae  of  Chapter  I.   Thus 

^[40]+3  ~  ^45 
/*[40]+4  -        07 

■"''[401+4 

82081  -  80136 
"       2(81141) 

=  •01199, 
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°  ('[40]+3  —  '45)  —  ('[401+2  —  he) 
OT  M[40]+4  -    Y97 

8  (82081  -  80136)  -  (82924  -  79095) 
12(81141) 
=  01204. 

The  values  shown  by  the  table  are  /i[40]  =  "00534,  yU[40]+i  =  "00764 
and  At[4<>]+4  =  "01204.  These  depend  on  a  particular  mathematical 
formula  which  will  be  referred  to  in  Chapter  XI. 

The  suffixes  of  the  terms  employed  should  be  carefully  noted. 
Where  the  duration  is  five  or  more  years,  the  age  attained  is 
inserted  without  reference  to  the  age  at  entry,  in  accordance  with 
the  principles  laid  down  in  this  chapter. 

Ex.  2.  On  the  basis  of  the  OtNM1  Table,  find  the  values  of  the 
following  probabilities : 

(a)  that  a  select  life  aged  30  will  die  before  reaching  age  40 ; 

(6)  that  a  life  which  entered  at  age  30,  and  has  been  assured  for 
exactly  two  years,  will  die  between  ages  34  and  40. 

(°0  I  loQ[30]  =  1  —  10^[30] 

'4(1 


!l-* 


=  1- 


[80] 

84924 


92529 
=  "08219. 
th\     1  n       _n3o]+4— ^40 

\u)      2 1 6"tJ[S0]+2 7 

'[SOl+2 

89991-84924 
91472 
=  "05539. 


CHAPTER  III 

SINGLE-LIFE  ANNUITIES  AND  ASSURANCES. 
ANNUAL  PREMIUMS 

1.  In  the  calculation  of  monetary  values  based  on  the  mortality 
table  the  assumption  is  tacitly  made,  in  every  instance,  that  there 
are  sufficient  cases,  that  is,  sufficient  individuals  or  contracts,  to 
form  an  average. 

2.  Thus,  the  question  "  What  is  the  present  value  of  a  sum  of  1 
payable  to  a  person  now  aged  x  on  his  attaining  age  x  +  tV  is 
equivalent  to  the  question  "  What  is  the  contribution  that  each  of 
lx  persons  now  aged  x  must  make  to  a  fund  which,  accumulated  at 
interest,  will  provide  the  sum  of  1  to  be  paid  to  each  of  the  lx+t 
survivors  t  years  hence  ? " 

In  the  latter  case,  the  amount  payable  t  years  hence  will  be  lx+t, 
and  the  present  value  of  this  is  vllx+t.  The  amount  to  be  con- 
tributed by  each  of  the  lx  persons  is,  therefore, 

if  lx+t  t 

—y±-  or  v{tpx. 

^x 

This  question  can  be  looked  at  in  another  way.  The  present 
value  of  a  sum,  the  payment  of  which  depends  upon  a  contingency, 
is  the  present  value  of  the  sum  taken  as  a  certainty  multiplied  by 
the  probability  of  its  being  received.  The  value  of  1  payable  t 
years  hence  if  (x)  be  then  alive  is  thus  vltpx. 

A  sum  payable  only  in  the  event  of  a  life  surviving  a  definite 
period  is  called  an  Endowment,  or  sometimes  a  Pure  Endowment, 
the  present  value  of  an  endowment  of  1  payable  to  (x)  if  he  survive 
t  years  being  represented  by  JE^  or  A^,  the  "1"  over  the  "~t\  "  in 
the  latter  symbol  denoting  that,  for  the  sum  of  1  to  become  payable, 
the  term  of  t  years  must  end  before  the  death  of  (x). 

Thus  t&x  or  Ax:t\  =  vttpx  (!)• 

3.  Annuities.  A  Life  Annuity,  often  called  simply  an  Annuity, 
is  a  series  of  payments  depending  on  the  continuance  of  a  given 
life  or  combination  of  lives. 
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The  simplest  form  of  annuity  is  that  consisting  of  the  payment 
of  1  at  the  end  of  each  year  of  life  that  (x)  completes ;  the  value 
of  which  is  evidently  the  value  of  a  series  of  endowments  of  1 
payable  at  the  end  of  1,  2,  3,  etc.,  years,  if  (x)  be  alive. 

Using  the  symbol  ax  to  represent  this  value,  we  have,  from  equa- 
tion (1),  giving  t  the  values  1,  2,  3,  etc., 


.(2). 


ax=  t  vltpx 
t=\ 

J    t=ao 

=  T  2  vH^t 

lx  t=\ 

When  the  first  payment  is  to  be  made  at  the  end  of  the  first 
interval,  in  this  case  a  year,  the  annuity  is  said  to  be  an  immediate 
annuity. 

An  annuity-due  is  an  annuity  under  which  a  payment  is  made 
at  the  commencement  of  each  interval  that  (x)  enters  upon,  and  if 
payable  yearly  at  the  rate  of  1  per  annum  for  the  whole  of  the  life 
of  (x)  is  represented  by  &x.   Thus 

&x=  2  v\px 

t=o  >  \o). 

=  l  +  ax     J 

It  will  also  be  seen  that 

ax=  2  i>t+1t+1px 

t=ac 

=  vpx  2  vftpx+1 
t=o 

=  vpxax+1  (4). 

An  annuity  depending  on  a  single  life  is  sometimes  referred  to 

as  a  single-life  annuity  to  distinguish  it  from  one  depending  on  a 

combination  of  two  or  more  lives. 

4.  A  Deferred  Annuity  is  one  the  first  payment  of  which  is 
deferred  for  a  stated  period.  For  example,  "  What  is  the  value  of 
an  annuity  of  1  payable  annually  to  (*),  deferred  n  years  ? " 

Since  under  an  immediate  annuity,  payable  annually,  the  first 
payment  would  be  made  at  the  end  of  the  first  year,  under  the 
annuity  deferred  n  years,  the  first  payment  would  be  made  at  the 
end  of  n  + 1  years,  provided  (x)  be  then  alive.  This  annuity  is 
represented  by  n\ax. 
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Thus  n|Oa=      2     W'jpa; 

t=n+l 

=  r     2    v%+t 

I'x  t  =  n+l 

7  1  £=00 

—  V    —r-  .  j—     .£    fl  tx+n+f 

=  vnnpx.ax+n (5). 

The  last  expression  is  clearly  correct,  since  at  age  x  +  n  the  value 
of  the  annuity  will  be  ax+n,  and  the  deferred  annuity  is  thus  equi- 
valent to  an  endowment  of  ax+n  payable  at  the  end  of  n  years,  if 
(%)  be  then  alive. 

In  this  case  the  annuity  is  said  to  be  entered  upon  at  the  end  of 
n  years. 

5.  For  the  value  of  a  Temporary  Annuity  of  1  for  n  years  pay- 
able annually  to  (x),  which  is  represented  by  \nax  or  ax.^\,  we  have 

t—n 

a%^\  =  2  v\px 

=  j-    2  V%+t 
I'x  t=l 

1      £=00  y        £=00 

=  -2  vHx+t-j-    2    vHx+t 

I'x  £=1  "x  £=«+l 

=  ax-n\ax  (6), 

the  latter  expression  showing,  as  is  self-evident,  that  the  value  of 
this  annuity  is  the  difference  between  the  values  of  the  whole-life 
annuity  and  of  the  deferred  annuity. 

6.  The  value  of  a  Deferred  Temporary  Annuity  can  be  obtained 
in  a  similar  manner;  thus,  the  value  of  an  annuity  payable  during 
the  lifetime  of  (x)  for  a  term  not  exceeding  m  years,  to  be  entered 
upon  at  the  end  of  n  years  from  the  present  time,  is 

£=«+m 

n\max=     2     v\px 

t=n+l 


J  t=n+m 

=  T     2    vHx+t 

lx  t=n+l 


3 


(7). 
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7.   Reverting  to  equation  (2),  if  both  the  numerator  and  deno- 
minator be  multiplied  by  if,  the  resulting  expression  is 

Vis  t=l 


where  Dx  =  vxlx, 


where  N-+,  =  %  D. 


I     t=oo 

Me  t=i 


"iC+l 


Da 


•(8), 


X+l  ~    ■<*   '-'x+t- 

Similarly,  ax+n  —  j —   t  vilx+^t 

J  t=oo 


-    1   1?™%+n+t 


v        "x+n  t=l 

2  Dx+n+t 

x+n  t=l 


Ux+n 


.(9). 


£=00 

8.  By  tabulating  Dx  =  vxlx  and  Nx=  2  ~Dx+t  for  all  ages,  there- 

to 

fore,  we  have  a  convenient  method  of  calculating  the  values  of  any 
single-life  annuities  that  may  be  required. 

The  values  of  D  and  N  are  accordingly  calculated  on  the  basis 
of  all  Mortality  Tables  which  are  used  to  any  extent  in  connection 
with  Life  Assurance  and  Annuity  calculations,  the  values  being 
arranged  in  columns  called  Commutation  Columns  as  in  the  tables 
at  the  end  of  this  volume. 

It  will  be  observed  that  the  values  of  D  and  N  have  no  meaning 
whatever  in  themselves;  they  are  only  aids  to  enable  us  more 
readily  to  calculate  the  values  of  annuities  and  other  benefits. 

9.  Employing  Commutation  Columns  to  ascertain  the  values  of 
the  other  kinds  of  Life  Annuities  already  dealt  with,  it  will  at  once 
be  seen  that 

8.=  ^  2Drt(=^    (10), 

Mb  t=0  M* 

In—   —    ?    D        —  S    Ti  "9"n        .  _ 1N|  x+i      ±*  x+n+i 

lnx  ~  d.  t%  u*+t ~ %  h  D*+t  ~ d,  t=t+i  x+t w. 

(11). 
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Iff    —  —     ?     D       _  ^ x+n+i  ,.,„.. 

^x  t=n+l  *->x 

1    t=n+m  TJ  _M 

\    n V       T*        _      x+n+i      i.ix+n+m+1  /io\ 

n\mu'x  —  -r\~      ■&      *-'x+t — fS ( io ). 

Me  <=»+i  yjx 

Also  in  the  case  of  the  Endowment, 

.       i   _  Mc+n. 

A»:S|-  -n~     (!*)• 

J-'a; 

10.  In  paragraph  3  reference  was  made  to  a  single-life  annuity- 
due  payable  for  the  whole  of  life.  In  a  similar  manner  there  can 
be  Temporary  Annuities-due  or  Deferred  Annuities-due. 

A  Temporary  Annuity-due  of  1  per  annum  payable  annually  to 
{x)  for  n  years,  \n&x  or  a^.^],  is  one  under  which  the  first  payment 
is  made  at  once,  the  remaining  n—1  payments  being  made  at  the 
commencement  of  successive  years  provided  (ce)  be  still  alive. 


1 


t=n-\ 


Thus  aa;:^=i=r     1    T>x+t 

^  X  ~~    ™  x+11  /-I  !r\ 

= D (15) 

1Jx 

=  l  +  ax.^z\\   (16). 

In  the  case  of  a  Deferred  Annuity -due,  the  period  of  deferment 
being  n  years,  the  first  payment  is  to  be  made  at  the  commence- 
ment of  the  (n+  l)th  year. 

Thus  n\a,x  =  vnnpx.ax+n 

_  Mc+n      ™x+n 
^x        Me+n 

N 
=  tP    (17), 

which  is  evidently  equal  to  n-Ja^. 

11.   Before  proceeding  further  it  should  be  observed  that  until 

(=00 

comparatively  recent  years  the  function  N^  =  2  T)x+t  was  employed, 

t=\ 

and  where  this  is  tabulated  care  must  be  taken  not  to  confuse  Na 

with  Na. 

3—2 
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N 
For  example  ax  =  %^,  and  it  was  originally  to  make  this  ex- 

pression  symmetrical  that  N^  =  2  L\+<  was  adopted.  When,  how- 
ever, Select  Tables  received  attention  it  was  found  impossible  to 
employ  "N,"  since,  for  the  value  of  an  annuity-due  of  1  payable  to 
a  select  life  aged  an,  this  would  necessitate  using  the  suffix  [a]  - 1, 
whereas  the  life  only  came  under  observation  at  age  [x\.  As  will  be 
seen  later  the  annuity-due  is  very  generally  required  in  connection 
with  problems  of  Life  Assurance. 

Apart  from  the  symbol  at  the  head  of  the  column  it  is  easy  to 
determine  which  form  has  been  employed,  either  by  differencing 
any  two  successive  values  or  by  considering  the  last  value, 

The  form  N  is  generally  known  as  the  "  initial "  form  and  N  as  the 
"  terminal "  form  of  commutation  columns. 

The  most  important  tables  at  the  present  time  in  connection 
with  which  the  older  form  N  was  used  are  the  "Institute  of 
Actuaries  Life  Tables ''  (HM  etc.) ;  the  form  Nx  has  however  been 
adopted  in  the  tables  based  on  the  HM  experience  printed  at  the 
end  of  this  volume.  In  the  later  British  Offices  experience  (0M 
etc.)  the  symbol  N  was  employed  throughout. 

12.  Commutation  Tables  based  on  Select  Tables  are  constructed 
in  precisely  the  same  manner  as  those  dealt  with  in  the  last  few 
paragraphs,  the  age  at  entry  and  number  of  years  elapsed  since 
entry  being  denoted  in  the  suffixes  to  the  symbols  D  and  N  as  in 
the  case  of  I,  d,  q . . .  mentioned  in  Chapter  II. 

Thus,  assuming  the  "  select  period  "  to  be  five  years, 

~DlX)+t  =  ir+tllx]+i  if  t<5, 
L\+t  =  ^+<W«  if«S5, 

NM=  SD^  +  Td^, 


N 


[x]+l 
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n|0[x]: 


or 


£*±!   ifn  +  12  5. 


DM 


13.  The  value  is  frequently  required  of  an  annuity  of  1  per 
annum  to  (x)  under  which  the  first  payment  is  to  be  made  a  frac- 
tion— say  y;th — of  a  year  hence. 

Since  0 1 a^  =  ax  and  1|aB  =  aE-l,ifthe  value  required  be  obtained 
by  first  difference  interpolation,  the  result  is 

,       J    (18). 

=  a*  +  {l-k)} 

This  is  the  formula  most  generally  used  in  practice,  but  a  more 
accurate  one  is  easily  obtained  as  follows  : 

t=°°  .  1 

k  t=0  t+k 

1    t=cc  1 

=f  S/+*W 

"x  t=0  k 

1  «: 


Mr  t=0  ft 


1    * 


ifi-0 


F.,?.LD^+*AD^+n! 


A2D, 


I«"±^"a'.A.Du.+  .. 


I? 

1     M^JMP-1)4'D 
~a*~jfc+  2#     D*  6A?  Bx   + {in 

the  practical  formula  being  obtained  by  neglecting  terms  involving 
AD„A'D,...  etc. 

As  examples  of  the  practical  formula  we  have, 

when&  =  4,  j.\*x=*x  —  :k  =  ax+ I, 

when  k  =  2,  i\&x  =  &x  —  £  =  ««  +  h 
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For  a  temporary  annuity  under  which  the  first  payment  is  to  be 
1 

k 


made  t  of  a  year  hence,  we  have 


1    t-n-\ 

i|a*:a=T7    s   D»+<4 

*  ux     t=0  k 


or,  neglecting  terms  involving  AD^,  A2DS  etc., 


i  |a, 

J; 


a:nl—  &x-.n\  ~  i  (  1  jn      J    (21) 

1 

—  &>x:n\  —  i.  '  az:»l  "I"  ax:n-l\) 

=  fl-^)aa;:si  +  ^aa::^     (22), 

which  again  is  the  expression  most  commonly  used  in  practice. 

Formulae  (20),  (21),  and  (22)  can  also  be  obtained  from  the 
relationship 


L I  aa: :»]  —  J.  I a*  t\       •  1. 1  &x+n- 


Jx+n 
k  k  Aj       k 

As  examples  of  formulae  (21)  and  (22)  we  have, 


when  A  =  4,  i\ax.^=aX:ji\-i(l  -  ^^ 

when&=2,  hK^=&Xi^~  $(l  -  -jy?) 

=  i  (aX:^]+  Oj-si). 

14.  The  following  table  giving  the  expressions  for  the  values  of 
the  various  single-life  annuities  dealt  with  in  this  chapter  is  in- 
cluded for  convenience  of  reference. 
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15.  It  sometimes  happens  in  practice  that  the  value  of  ax  is 
required  at  a  rate  of  interest  for  which  tables  of  annuity-values  are 
not  available,  and  the  question  arises  as  to  which  is  the  best  method 
of  approximating  to  the  required  value  without  undue  labour. 

The  method  generally  employed  is  to  interpolate  by  means  of  a 
finite  difference  formula  between  such  values  of  ax  as  are  known 
or  to  make  use  of  the  ratio  between  annuity- values  based  on  another 
mortality  table.  For  example,  if  the  value  of  a30  be  required  at 
3 \  per  cent,  by  a  mortality  table  for  which  tables  of  ax  are  available 
at  3  per  cent,  and  3£  per  cent.,  an  approximation  to  the  required 
value  might  be  obtained  by  taking  «30(3i7)  =  |(«30(S7)  +  a3o(3i7)):  or 
if  there  should  be  a  second  mortality  table  for  which  ax  is  tabulated 
at  3  per  cent,  and  3£  per  cent.,  the  value  might  be  derived  from 

the  expression  a30/,.M  x  -J°@Ud   where  a'  is  based  on  the  second 

{3U      a  30(37.) 
table. 

An  alternative  method  which  gives  very  good  results  may  be 
explained  as  follows : 

If  it  be  required  to  find  the  value  of  ax  at  rate  i,  find  first  the 
value  of  ri  for  which  at  rate  i'  (=i  —  k  say)  a'x  =  a^  and  the  value 
of  n"  for  which  at  rate  i"(=i  +  h  say)  a"x  =  a^r],  then  the  term  of 
the  annuity-certain  for  which,  at  rate  i,  ax  =  a„\  is 

For  example,  assume  that  the  value  of  aw  by  the  HM  Table 
(Makeham  graduation)  at  3£  per  cent,  is  required,  but  the  tables 
of  ax  are  only  available  at  3  per  cent,  and  4  per  cent. 

Here  <£'•  =  22-064  =  a™, 

<'•  =  18-662  =  c£jfr. 

By  reference  to  tables  of  annuities-certain  it  is  found  by  first  dif- 
ference interpolation  between  the  tabulated  values  that  w'=36-693 
and  n"=  34-990.   Therefore  n=$(n'  +  n")  =  35  843,  and 

#7. 


tt20    °-a  35=8451 

=  20-245, 


which  is  the  true  value. 
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If  we  had  taken  af0°la  =  £  (ajjj'-  +  a^''),  the  result  would  have  been 
20363,  showing  clearly  that  this  method  is  not  satisfactory  when 
the  difference  between  the  rates  of  interest  for  which  ax  is  tabulated 
is  so  great  as  1  per  cent. 

16.  Temporary  and  Whole-Life  Assurances.  A  contract  of 
Life  Assurance  is  one  securing  the  payment  of  a  specified  sum  on 
the  death  of  a  person,  called  the  Life  Assured,  the  simplest  case 
being  one  under  which  the  sum  assured  is  payable  at  the  end  of  a 
year  provided  (x)  has  died  in  that  period. 

In  accordance  with  the  principle  laid  down  in  the  first  paragraph 
of  this  chapter,  the  question  "  What  is  the  value  of  an  assurance 
of  1  payable  at  the  end  of  a  year  if  (x)  die  during  that  year  ? "  is 
equivalent  to  the  problem  "If  an  Office  enter  into  a  contract  to  pay 
a  unit  at  the  end  of  one  year  in  respect  of  each  one  of  lx  persons 
now  aged  x  who  dies  in  the  year,  how  much  must  the  Office  receive 
from  or  in  respect  of  each  of  the  lx  persons  ? " 

The  amount  to  be  provided  at  the  end  of  the  year  is  dx,  its 
present  value  being  vdx,  and  the  amount  to  be  paid  by  each  of  the 

lx  persons  is,  therefore,  -j^  =  vqx. 

''X 

Representing  the  value  of  this  temporary  life  assurance  for  one 
year  by  ^A^  or  A^.y],  we  have 

liA^  or  Al.j]  =  vqx  (23). 

In  this  case  also  the  contract  may  be  looked  at  from  another 
point  of  view.  The  probability  of  the  sum  becoming  payable  in 
respect  of  any  one  of  the  persons  is  qx,  and  the  present  value  of  the 
amount  to  be  paid  taken  as  a  certainty  is  v :  the  value  of  the 
assurance  is,  therefore,  vqx. 

In  the  symbol  A^  the  "1 "  is  placed  over  the  age  to  denote  that 
the  sum  assured  will  only  become  payable  provided  (x)  die  before 
the  expiration  of  the  period. 

17.  Unless  the  contrary  is  expressed  or  implied  it  is  usual  to 
assume,  in  calculating  the  values  of  assurances,  that  the  sum  assured 
is  payable  at  the  end  of  the  year  of  death.  This  is  not  the  condition 
of  practice,  but,  as  will  be  seen  later  (Chap.  VIII),  it  is  a  simple 
matter  to  make  a  sufficiently  accurate  adjustment  to  provide  for 
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payment  at  any  other  time,  as,  for  example,  immediately  on  proof 
of  death. 

18.  If  the  term  of  the  Temporary  life  Assurance  be  n  years,  the 
problem  is  "What  is  the  amount  to  be  received  by  the  Office  from 
each  of  lx  persons  aged  x  to  provide  a  fund  which,  accumulated  at 
interest,  will  enable  a  payment  of  1  to  be  made  at  the  end  of  the 
year  of  death  in  respect  of  each  of  those  persons  who  die  during 
the  n  years  ? " 

The  amount  to  be  provided  at  the  end  of  the  first  year  will  be 
dx ;  at  the  end  of  the  second  year,  dx+i ;  at  the  end  of  the  third 
year,  dx+2,  and  so  on ;  the  amount  at  the  end  of  the  nth  year  being 

t=n-l 

dx+n-i.   The  present  value  of  all  these  payments  is     S    vt+ldx+t, 

t=o 

and  the  amount  to  be  received  from  each  of  the  lx  persons  is,  there- 
in t=n-l 

fore,  r    2    vt+1dx+t. 

I'x     1=0 


•(24), 


I  t=n-i 
Thus  [„A1orir:fl=r    2    vt+1dx+t 

I'x     f=0 
t=n-l 

=     t     vt+\\qx 
t=o 

the  latter  expression  being  again  obtainable  by  considering  the 
value  of  a  sum  the  payment  of  which  is  dependent  on  a  con- 
tingency. 

19.  The  argument  employed  in  the  last  paragraph  can  clearly 
be  extended  to  the  case  of  an  Assurance  of  1  payable  at  the  end 
of  the  year  of  death  of  (x)  whenever  that  may  happen.  This 
is  called  a  Whole-Life  Assurance,  its  value  being  represented 
by  A,,. 

l'S" 

vmax+t  | 

.(25). 


Thus  A,  =  rS  vt+1dx+t 

t=x, 


I'x  t=0 


=  2  vt+>t\qx 
t=o 

20.  Commutation  Columns  similar  to  those  referred  to  in  con- 
nection with  annuities  can  be  employed  to  assist  in  the  calculation 
of  the  values  of  Assurances. 
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Considering  the  value  of  Ax,  multiplying  both  numerator  and 
denominator  of  formula  (25)  by  vx,  we  have 


1     <=oo 

1  * 
where  C9;+<  =  'y!,;+t+IdaH.j, 


0  ix  t=o 


M»  t=0 


=w  W> 

XJx 

where  Mj.=  2  Cx+t. 
t=o 

Expressing   the  values   of  the  temporary   assurances   already 
discussed  by  means  of  these  Commutation  Symbols,  we  have 

ALti  =  &    (27), 

Me 

t=n-\ 


\   t=m-l 


x     t=0 

= d {     }- 

21.   The  value  of  a  Deferred  Whole-Life  Assurance  of  1  payable 
on  the  death  of  (x),  the  period  of  deferment  being  n  years,  is 

m|-A-a;  =  :rr    ^    *~>x+t 
Me  t=-n 

=  ^£±?1     (29), 

Me 

which  formula  can  also  be  obtained  from  the  equation 

Similarly  the  value  of  a  Deferred  Temporary  Assurance,  deferred 
n  years  and  then  to  run  for  m  years,  is 

^    t=n+m-l 
Mb        £=» 


a s     n 

n  I  m-'Ve  —  t-\  ^*        ^-'x+t 

Mb        t=n 


*■»+»       ■Lu-a;+n+m 


Bt-  (30)' 


which  can  be  obtained  from  the  equation 

»|mAs  =  *   nPx  •  \mA-x+n- 
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22.  The  sum,  whether  single  or  periodical,  payable  in  considera- 
tion of  an  assurance  is  usually  called  a  Premium.  Thus  A^,  |„Aa;, 
n\-^x  etc.  are  the  Single  Premiums  for  the  respective  contracts  of 
assurance  of  1  on  the  life  of  (.«). 


23.   When  Select  Tables  are  employed,  assuming  the  "select 
period"  to  be  five  years, 

Cw+t  =  ir+t+1dlx]+t  if  t<5, 

Cx+t  =  v*+*+>d^t    if  *»5, 


[:t]+«  +    S    Ca;+«. 
*=5 


And  the  expressions  for  the  values  of  the  various  assurances  already 
referred  to  are 


»  i         CM 


A[a;];^l  — 


Mr*,  -  M, 


lM 


*+m 


Di 


if  n  <  5, 


ifn£5, 


[*] 


A      _MN 


n|A 


M; 


Ar~i  = 


M 


D, 


[,!,lifn<5, 
if  n  £  5, 


Dm 


[it] 


n  I  m-^-Ia;] 


M, 


[it]+n 


-M» 


Dm 

■M-it+m  —  m.x+n+m    -v  n>  k 


if  w<  5  and  n  +  m  £  5, 


D, 


'[it] 


24.  Endowment  Assurances.  An  Endowment  Assurance  is  one 
under  which  the  sum  assured  is  payable  in  the  event  of  the  death 
of  the  life  assured  during  a  stated  period,  or  at  the  end  of  this 
period  if  the  life  survive  until  that  time.  It  is  thus  a  combination 
of  a  Temporary  Assurance  and  a  Pure  Endowment. 
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Representing  the  value  of,  or  Single  Premium  for,  an  n-year 
Endowment  Assurance  on  (a?)  for  a  sum  of  1  by  Ax.^,  we  have 

1    (t=n-l  \ 

K:^  =  j\      2     Vt+ldx+t  +  Vnlx+n\ 
he  (    t=0  ) 

=bx{  to  c*-'+D-+»/ 

_Mx-Mx+n  +  J)x+n 

D,  


.(31), 


which  expression  could  have  been  obtained  from  the  equation 

A* :  HI  =  A-x  ■.  n\  +  A-x .  ^  by  substituting  for  the  terms  on  the  right-hand 
side  the  values  given  in  formulae  (28)  and  (14)  of  this  chapter. 
On  the  basis  of  Select  Tables 


M<fl:nl  = 


'  M[a!]  -  MM+n  +  ~D[x]+n  -f„^K 

II  71  <.  0, 

M 

II  71  i=  0. 
M 


25.  The  value  of  an  Endowment  Assurance  on  the  life  of  (x) 
deferred  n  years  (n  being  greater  than  the  "  select  period  ")  and 
then  to  run  for  m  years  is 

1      (t=n+m-l  ■) 

n\A[x]--^\=  ^r      -j        Z,       \JX+t  +  Ms+M+m  f 

Ma]  (.       «=»  ) 


Dt-i 

26.  Premiums  based  on  Select  Tables.  In  order  not  to  confuse 
the  arguments  employed  in  arriving  at  the  formulae  for  the  Single 
Premiums  for  Assurances  these  formulae  have  been  obtained  on 
the  basis  of  Aggregate  Tables,  the  expressions  applicable  to  Select 
Tables  being  given  afterwards. 

Calculations  of  premiums  to  be  charged  by  Life  Offices  are  now 
almost  invariably  made  on  the  basis  of  Select  Tables,  and  from  this 
point,  therefore,  the  formulae  will  be  given,  unless  otherwise  stated, 
on  the  assumption  that  such  tables  are  employed.  The  corresponding 
expressions  for  Aggregate  Tables  only  differ  from  those  for  Select 
Tables  by  the  omission  of  the  square  brackets  enclosing  the  age  at 
entry. 
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This  must  not,  however,  be  taken  to  imply  that  all  existing  tables 
of  premiums  appearing  in  the  prospectuses  of  Life  Offices  are  based 
on  Select  Tables.  Many  of  these  have  been  a  long  time  in  operation 
and  were  in  the  first  instance  calculated  on  the  basis  of  Aggregate 
Tables. 

27.  Annual  Premiums.  Instead  of  paying  a  single  premium, 
the  proposer  for  an  assurance  generally  prefers  to  pay  a  smaller 
premium  annually,  or  at  more  frequent  intervals,  the  first  being 
paid  immediately  and  a  further  premium  at  the  commencement  of 
each  succeeding  interval.  It  is  now  proposed  to  deal  with  annual 
premiums. 

In  order  to  calculate  the  net  annual  premium  required  in  any 
particular  case  it  is  necessary  to  bear  in  mind  that  the  value  to  be 
received  by  the  Office  for  the  assurance  must  be  the  same,  on  the 
average,  as  when  a  single  premium  is  paid. 

28.  If  P[i]:si  represent  the  net  annual  premium  to  be  paid  at 
the  commencement  of  each  year  during  which  the  contract  remains 
in  force,  for  a  temporary  assurance  of  1  on  the  life  of  (x)  for  n  years, 
the  value  at  the  outset  of  these  annual  premiums  is  P[£]:^]aM:n]> 
which  must  be  equal  to  the  value  of  the  assurance,  i.e.  the  single 
premium,  A^:^. 

nl  &[:<;]  :nl  =  -°-lx]:nl  > 
a[a;]  :~n\ 


Thus 
whence 


P1 


P[i]:nP 


MM-M[iC]+?.fw<5 

NW  -  Nw+n 

Mw-Mw 


if  wS5 


.(32). 


«[*r 


*%+n 


29.    To  obtain  the  annual  premium,  P^j,  payable  throughout  life 
for  a  whole-life  assurance  of  1  on  the  life  of  (x),  we  have 

aM 


P[s]  = 


.(33). 
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30.  For  a  deferred  assurance  the  annual  premium  is  generally 
payable  from  the  date  of  the  contract  to  the  termination  of  the 
assurance.  Thus,  for  a  temporary  assurance  on  (x)  deferred  n  years 
and  then  to  run  for  m  years,  representing  the  premium  by  P*, 

Pa[d:»+OTl  =  n\-^-lx]:m], 

■p  _n\-&{x]:~m\ 

&[x]:n+m\ 


M, 


[x\+n 


-M 


«[*r 


x+n+m   I     II  W  <  5  ' 

1  x+n+m    Vand  n  +  ml 


M^-M,, 


T+71+7M. 


.(34). 


■^  [x]  ~  ■"  x+n+m 

Similarly,  for  the  deferred  whole-life  assurance,  the  period  of 
deferment  being  n  years, 

Pa[a;]  =  7i|-A-[C1;], 
n\Mx] 


P  =  ' 


=  Mp+niin<5 


.(35). 


M 


P^  ifnS5 


jta 


31.  Representing  the  annual  premium,  payable  throughout  the 
duration  of  the  contract,  for  an  ra-year  endowment  assurance  of  1 
on  the  life  of  (x),  by  PW:S1.  we  have 

P[a;]:»laM:nl=  -»-[x]:nl> 


whence 


?[xl:n\  — 


&lxl:n\ 


x+n 


.(36), 


J*  M  -  ^ 
assuming  nS5. 

The  symbol  for  the  annual  premium  payable  for  n  years  for  a 
pure  endowment  of  1  receivable  by  («)  at  the  end  of  n  years,  if  he 
be  then  alive,  is  Pw4  and  it  follows  that,  assuming  nS5, 

Mc+n 

~~  N[»]  -  Ns+n  J 

*  N.B.  P  (without  suffix)  is  used  as  a  general  symbol  for  the  premium  when  there 
is  no  convenient  symbol  embodying  an  indication  of  the  nature  of  the  assuranoe. 


.(37). 
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From  equation  (36)  it  will  be  seen  that 

p       _,       -".[a]:nl  +Mx\:ni 
rM:^I=  Z. ~ 

—  "[m]:n\  +*[*]:  »I» 

which   again  demonstrates   that  an  endowment  assurance   is  a 
combination  of  a  temporary  assurance  and  a  pure  endowment. 

Endowment  Assurances  are  seldom  granted  for  terms  of  less  than 
ten  years. 

32.  For  an  Endowment  Assurance  deferred  n  years  and  then  to 
run  for  m  years,  the  premium  being  payable  throughout  the  full 
period  of  n  +  m  years,  the  annual  premium  is 

-p         ra|-"-[a;]:'ml 


•(38), 


a[a;]:m+»| 
_  M-[x]+n  ~  -M-aH-m+m  +  JJ-x+n+m 
^M  —  N[a,]+n+m 

assuming  n  <  5  and  n  +  m  —  5.  If  n  S  5  the  square  brackets  en- 
closing the  age  at  entry  would  be  omitted  in  each  term  of  the  latter 
expression  except  N[»j. 

33.  Limited  Payment  Policies.  Assurances  are  frequently 
granted  by  Life  Offices  under  which  the  maximum  number  of 
annual  premiums  payable  is  specified  in  the  contract. 

A  Whole-Life  Assurance,  for  example,  may  be  granted  subject  to 
annual  premiums  limited  to  t  payments,  the  premiums  being  pay- 
able annually  in  advance  during  the  life  of  the  assured,  or  for  the 
period  of  t  years,  whichever  is  the  shorter.  If  the  assured  survive 
beyond  the  t  years  no  further  premiums  are  payable. 

In  calculating  the  amount  of  the  net  annual  premium  to  be 
charged  for  such  a  contract  on  the  life  of  (a),  the  sum  assured  being 
1,  the  principle  indicated  in  paragraph  27  of  this  chapter  must 
be  applied. 

Thus,  employing  Select  Tables  and  representing  the  annual 
premium  by  J*{X],  we  have 


tfw- 


aW:tl 

Nw-Nw+f 


.(39). 
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Limited  Payment  Contracts  are  most  frequent  in  connection 
with  whole-life  assurances  and  for  this  reason  this  class  of  assurance 
has  been  employed  to  demonstrate  the  method  of  calculating  the 
premiums  to  be  charged. 

34.  To  ascertain  the  annual  premiums  limited  to  t  payments 
for  a  temporary  assurance  for  n  years  (t  <  n)  on  the  life  of  (#), 
<P[i]:»]>  and  for  an  endowment  assurance  on  the  life  of  (x)  for  a 
similar  period,  t*P[x\:n\>  we  have 


and 


t  !*£*]:  nl — 


*P[s]:n]  — 


aM:tl 

Afc] :  jfl 
aM;tl 

M6,]-MB+B  +  D1 


•(40), 


x+n 


HxV 


'x+t 


.(41). 


35.   The  tables  of  formulae  for  single  and  annual  premiums  on 
pages  50  and  51  are  added  for  convenience  of  reference. 
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36.   Numerical  Examples  on  the  basis  of  the  HM  Table.   We 

have  shown  mathematically  that  ax  is  the  present  value  of  an 
annuity  on  the  life  of  (x) ;  that  is,  that  if  lx  annuities  be  granted 
on  lives  all  aged  x,  each  at  the  price  ax,  the  fund  so  formed,  with 
its  interest  at  the  assumed  rate,  will  be  sufficient  to  provide  the 
payments  of  the  annuities  as  they  fall  due ;  and  when  the  last  life 
fails,  the  fund  too  will  be  exhausted.  The  mathematical  reasoning 
is  quite  conclusive,  but  a  numerical  example  may  possibly  assist  to 
convey  conviction  to  some  minds.  The  principle  is  the  same  what- 
ever age  we  assume  for  the  lives,  but  the  work  will  be  shortened 
if  we  take  an  advanced  age,  90.  On  the  basis  of  the  HM  Table 
(Makeham  Graduation)  the  value  at  8  per  cent,  interest  of  an 
annuity  on  a  life  aged  90  is  1 '685961,  and  the  number  living  at 
age  90  is  1273.  The  total  fund  at  the  outset  to  provide  the 
annuities  will,  therefore,  be  2146'228. 

The  following  table  shows  the  operation  of  the  fund : 


(1) 

Year 

(2) 

Fund  at  com- 
mencement 
of  year 

(3) 

Interest 

earned  in 

year 

(4) 

Sum  of 
(2)  and  (3) 

(5) 

Amount  paid 

to  surviving 

annuitants 

at  end  of 

year 

(6) 

Fund  at  end 
of  year 

1 

2146-228 

64-387 

2210-615 

871 

1339-615 

2 

1339-615 

40-188 

1379-803 

575 

804-803 

3 

804-803 

24-144 

828-947 

366 

462-947 

4 

462-947 

13-888 

476-835 

222 

254-835 

5 

254-835 

7-645 

262-480 

129 

133-480 

6 

133-480 

4-004 

137-484 

71 

66-484 

7 

66-484 

1-995 

68-479 

37 

31-479 

8 

31-479 

■944 

32-423 

19 

13-423 

9 

13-423 

■403 

13-826 

9 

4-826 

10 

4-826 

•145 

4-971 

4 

•971 

11 

12 

•971 

•029 

1-000 

1 

•000 

The  second  column  of  the  foregoing  table  shows  the  amount  of 
the  fund  at  the  beginning  of  each  year,  and  the  third  column  the 
interest  earned  thereon  in  the  year.  In  column  (4)  appears  the 
amount  of  the  fund  at  the  end  of  the  year  just  before  the  payment 
of  the  annuities  then  due.  The  fifth  column  gives  the  amount  that 
has  to  be  paid  out  at  the  end  of  each  year  in  respect  of  the 
annuities,  and  the  sixth  column  the  remaining  balance  of  the  fund. 
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It  is  seen  that  the  fund  decreases  year  by  year,  until  at  the  end  of 
eleven  years  it  is  completely  exhausted,  the  last  annuitant  living 
eleven  years  to  receive  the  annuity,  but  dying  before  the  end  of 
the  twelfth  year.  In  such  an  example,  where  great  exactitude  is 
required,  it  is  necessary  to  pay  attention  to  the  decimal  places,  and 
the  value  of  the  initial  annuity  has  accordingly  been  carried  to  six 
figures. 

37.  The  two  following  tables  supply  a  similar  illustration  for 
whole-life  assurance  premiums,  the  first  treating  of  single,  and  the 
second  of  annual  premiums. 

In  the  case  of  the  first,  it  is  supposed  that  1273  persons  aged 
90  assure  their  lives  for  1  each  at  a  single  premium  of  "921768. 
The  fund  of  11734107  received  an  annual  increment  of  interest 
at  3  per  cent.,  and  at  the  end  of  each  year  1  has  to  be  paid  out  for 
each  death  that  has  occurred  in  the  year.  It  will  be  seen  that  the 
fund  steadily  diminishes,  until  at  the  end  of  12  years  it  has  become 
completely  exhausted. 

The  second  table  is  very  similar,  but  perhaps  more  instructive. 
Besides  the  increment  of  interest,  the  fund  is  increased  by  an 
annual  income  from  premiums,  each  survivor  having  to  pay  in  a 
premium  of  "34318  at  the  beginning  of  each  year.  In  this  case  it 
will  be  observed  that  the  fund  does  not  diminish  from  the  beginning. 
On  the  contrary,  it  shows  a  tendency  at  the  commencement  to  in- 
crease :  in  fact,  if  we  were  to  prepare  a  table  for  a  young  age  at 
entry,  say  20,  we  should  find  that  for  many  years  the  fund  would 
continue  to  grow,  and  only  when  the  surviving  lives  became  ad- 
vanced in  age  would  the  fund  begin  to  diminish.  This  elementary 
illustration  shows  that  it  is  not  a  proof  that  an  insurance  company 
is  prosperous  when  its  investments  are  accumulating.  Even  with 
growing  funds  it  may  be  steadily  advancing  towards  insolvency, 
because,  although  there  may  be  an  increase  of  assets,  it  may  be 
less  than  that  required  under  normal  conditions  such  as  are  assumed 
in  the  table.  On  the  other  hand,  the  assurance  fund  of  an  old 
company  may  be  dwindling,  and  yet  the  company  may  in  reality 
be  accumulating  surplus  wealth. 
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Sufficiency  of  Single  Premium 
Single  Premium  =  -921768 


(1) 

(2) 

(3) 

(i) 

(5) 

(6) 

.  Year 

Fund  at  com- 
mencement 
of  year 

Interest 
earned 
in  year 

Sum  of 
(2)  and  (3) 

Claims 

Fund  at  end 
of  year 

1 

1173-4107 

35-2023 

1208-6130 

402 

806-6130 

2 

806-6130 

24-1984 

830-8114 

296 

534-8114 

3 

534-8114 

16-0443 

550-8557 

209 

341-8557 

4 

341-8557 

10-2557 

352-1114 

144 

208-1114 

5 

208-1114 

6-2434 

214-3548 

93 

121-3548 

6 

121-3548 

3-6408 

124-9956 

58 

66-9956 

7 

66  9956 

2-0099 

69-0055 

34 

35-0055 

8 

35-0055 

1-0501 

36-0556 

18 

18-0556 

9 

18-0556 

■5417 

18-5973 

10 

8-5973 

10 

8-5973 

■2579 

8-8552 

5 

3-8552 

11 

3-8552 

■1157 

39709 

3 

•9709 

12 

■9709 

■0291 

1-0000 

1 

•0000 

Sufficiency  of  Annual  Premium 
Annual  Premium  =  '34318 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

Fund  at 

Premium 
paid  at 
commence- 
ment of 
year 

Interest 

Fund  at 

Year 

commence- 
ment of 
year 

Sum  of 
(2)  and  (3) 

earned 
in  year 

Sum  of 
(4)  and  (5) 

Claims 

end  of 
year 

1 

ooo-oooo 

436-8681 

436-8681 

131060 

449'9741 

402 

47-9741 

2 

47-9741 

298-9098 

346-8839 

10-4065 

357-2904 

296 

61-2904 

3 

61-2904 

197-3285 

258-6189 

7-7586 

266-3775 

209 

57-3775 

4 

57-3775 

125-6039 

182-9814 

5-4894 

188-4708 

144 

44-4708 

5 

44-4708 

76-1860 

120-6568 

3-6198 

124-2766 

93 

31-2766 

6 

31-2766 

44-2702 

75-5468 

2-2664 

77-8132 

58 

19-8132 

7 

19-8132 

24-3658 

44-1790 

1-3254 

45-5044 

34 

11-5044 

8 

11-5044 

12-6977 

24-2021 

■7262 

24-9283 

18 

6-9283 

9 

6-9283 

6-5204 

13-4487 

•4036 

13-8523 

10 

3-8523 

10 

3-8523 

3-0886 

6-9409 

•2083 

7-1492 

5 

2-1492 

11 

2-1492 

1-3727 

3-5219 

■1057 

36276 

3 

•6276 

12 

•6276 

■3432 

■9708 

•0292 

1-0000 

1 

•0000 
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EXAMPLES 

Ex.  1.   Calculate,  on  the  basis  of  the  0INM1  Table  at  3|  per  cent., 
the  net  annual  premiums  for  the  following  assurances  on  (35): 

(a)  Whole-life  Assurance. 

(b)  Whole-life  Assurance,  premiums  limited  to  15  payments. 

(c)  Endowment  Assurance  for  20  years. 

(d)  Endowment  Assurance  for  20  years,  premiums  limited  to  10 
payments. 

(e)  Deferred  Temporary  Assurance :  the  assurance  to  commence 
at  age  40  and  then  to  continue  for  5  years. 

,„x  P        A[35]     Mw    .  10153-39  _ 

Am__      MM  1015339 

W        »*W  -  &M  -{  ~  Nm  _  Nm     485132  - 187022 

10153-39  = -03406. 


(c)         P[35]:iol 


298110 

=  A[36]:^|  ^  M[35]  -  MM  +  D55 

a[35]:il  N[35]—  N55 

10153-39  -  5943  + 10228  =  14438-39 
485132-126719        ""  358413 
=  -04029. 

_A[35]:m1        M[35]  -  MS5  +  DS8 


(a)      10-t  [3s]:io1  I 


(e) 


1015339  -  5943  + 10228  _  14438-39 
~        485132-264592        ~  220540 

=  -06547. 
I A^.71      M40-  M45  _  9184-11  -  8094-11 
aM:^       N[36]-N46      485132-264592 
1090 


220540 


=  -00493. 


Ex.  2.   Find  the  numbers  living  at  ages  20  to  23  if,  at  4  per  cent., 
a,,  =  18-662,  a21  =  18-520,  a«  =  18-379,  a»=  18-238,  a*  =  18-095, 
and  L.  =  93691. 
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[III 


or 


To  answer  this  question  the  formula  to  be  used  is 

ax=Vpx{\+  Oa+j), 

(1  +  i)  ax 


*•'  1  + 

®%+i 

X 

<** 

(1-04)  ax 

1  +  ax+l 

col.  (3) 
001.(4)""^ 

X      Px 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

20 

18662 

1940848 

19520 

•99429 

96064 

21 

18-520 

19-26080 

19-379 

•99390 

95515 

22 

18-379 

1911416 

19-238 

■99356 

94932 

23 

18-238 

18-96752 

19095 

•99332 

94321 

24 

18-095 

— 

— 

— 

93691 

The  divisions  required  to  complete  columns  (5)  and  (6)  were 
carried  out  on  the  arithmometer.  If  an  arithmometer  were  not 
available,  logarithms  would  be  employed.   Thus 

log^s  =  log  (1-04)  +  log  ax  -  log  (1  +  ax+1), 
the  work  being  arranged  as  follows : 


X 

"x 

log  a,. 

col.  (3) 
+  log  (1-04)    log  (1  +  a^) 

col.  (4) 
-  col.  (5) 

=  *°BPx 
=  Aloglx 

l°Slx 

=l°gI*M 

-  l°g#c 

h 

(1) 

(2) 

(3) 

(4)                   (5) 

(6) 

(7) 

(8) 

Ex.  3.  Supposing  Commutation  Tables  given  at  various  rates  of 
interest,  find  an  expression  for  the  value  of  a30,  on  the  assumption 
that  interest  will  be  at  3|  per  cent,  for  ten  years  and  will  fall  not 
lower  than  2  per  cent,  by  steps  of  \  per  cent,  at  the  end  of  each 
ten  years. 


The  expression  required  is 
D.„  /N\„- 


D, 


D, 


D. 


+  5J..5". 


317. 


37. 


317.    3  7. 


+  '■■ 


217. 
J-mo    -L*so   J-'eo 

•I-'SO     J-,4D     ■'-'SO 

Si  7.   3  7.   217.    27. 

Ex.  4.  The  value  is  required  at  rate  of  interest  i  of  an  annuity- 
due  of  1  per  annum  to  accumulate  during  the  life  of  (x)  at  rate  j. 

This  question  can  be  dealt  with  in  four  different  ways. 

Firstly:  if  (x)  die  in  the  (w  +  l)th  year  from  the  present  time 
the  accumulations  of  the  annuity  payments  will  amount  to 
(1  +j)  Sa+r\yy   The  probability  of  (x)  dying  in  the  (n  +  l)th  year 
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is  n\<lx,  and  the  present  value  of  the  accumulation  of  the  annuity 
payments  conditional  on  his  dying  in  that  year  is 
vn+1n\qx(l+j)s^vh.y 

The  value  of  the  accumulations  of  the  annuity  payments  at  the 
end  of  the  year  of  death  of  (x)  whenever  that  may  happen  is 


2  vn+1n\qx(l+j)s^+ru.) 
,=o  '■" 

=   2  v^n\qx(l+j).^-^-. i 

»=0  J 


=  l^J(A'x-Ax), 

J  X  -4-  i  %  *-*  'i 

where  J  is  such  a  rate  of  interest  that  ■= ^  =  r — =  ,  or  J  =  - — 4 , 

1  +  J     1  +  i '  1+j  ' 

A'x  is  calculated  at  rate  J  and  Ax  at  rate  i. 

If  j  —  i,  that  is,  if  the  annuity  payments  are  to  be  accumulated 

at  the  rate  of  interest  at  which  the  annuity  value  is  calculated,  the 

expression  becomes 

U^(l-Aa)  =  l  +  oB. 

Secondly :  assuming  lx  persons  purchased  such  annuities  at  age 
x,  the  present  value  of  the  accumulations  of  the  annuities  in  respect 
of  the  deaths  in  the  (n  +  l)th  year  will  be 

^+14+n(l+j)«^+nj, 

whence,  by  giving  n  the  values  0  to  oo ,  the  amounts  for  the 
successive  years  are  seen  to  be  as  follow : 

1st  year  vdx(l+j), 

2nd      „       v*dx+1(l+j)s2\     =  v*dx+1{(l+j)  +  (l+j)% 

3rd       „       ^^+2(l+i)s?i     =v3dx+*{(l+j)  +  (l+JT  +  (l+jy} 

(n  +  l)th  „   v»»dx+n(l+j)sz+T\  =  v"+1dx+n{(l+j)  +  (l+jy+... 
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The  sum  of  all  these  expressions  is 

(1+;)  («4  +  zj24+i  +  v3dx+!!  +  ...) 
+  (l+jy(v*dx+1  +  v*dx+z  +  ...) 
+  (l+jf(v°dx+2+...) 
and  so  on, 
whence,  dividing  by  lx,  and  multiplying  both  numerator  and  de- 
nominator by  vx,  we  have  for  the  value  required 

i-  {(1  +  j)  Mx  +  (1  +  jy  Mx+1  +  . . .  +  (1  +  ;)»+>  Mx+n +...}. 

Thirdly :  by  rearranging  the  terms  set  out  in  the  second  method 
we  can  write  the  value  of  the  accumulations  of  the  amounts  thus : 

j-  {(1  +  j)  vdx  +  (1  +  jy  v*dx+1  +  (1  +  jf  v*dx+2  +... 

+  (i  +  j)  v*dx+1  +  (i  +  jy v>dx+2  + ... 
+  (i+i)  v*dx+2  +  ... 

etc.}, 

,  1  +  7  1 

whence,  writing         (1  +  j)  v  =         .  =  -.   ,   j  > 

and  accenting  symbols  involving  rate  of  interest  J,  we  have 


j-  \v  dx  +  v'2e4+i  +  «'8da+a  +  . . . 


+  ^— •  W'2^-,-!  +  T— - J  v'34+2  + 


+  /-■    ■    --\a  '"'34+2  + 


iV'^  +  it,- 
j_ 

0-+JY 

Multiplying  numerator  and  denominator  by  v'x,  the  expression 
becomes 

+(i+j)»+iM'^ +•••}• 

Fourthly :  again  rearranging  the  terms,  we  can  write  the  ex- 
pression as  follows : 

i  {*** + v'*d™  {l  +  iTj) +  v'°d*+>  i1  +  iTj+ (rb2) +  •■ 

=  jy- \G'x  +  G'x+1n,^]  +  G'x+s>a,j\+  ...  +  C  x+n&n+T\+  ••■(■> 
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where  accented  symbols  are  again  calculated  at  rate  J  and  a.j\,  a^ 
etc.  at  rate  j. 

Ex.  5.  If  lx  annuities-due  on  the  lives  of  persons  all  aged  x  be 
allowed  to  accumulate  at  compound  interest  at  rate  i,  and  each 
person  at  his  death  draws  the  accumulated  amount  of  his  particular 
annuity,  what  amount,  on  the  average,  will  be  paid  out  at  each 
death  ? 

Out  of  lx  annuitants  now  aged  x,  there  will  be  dx+n  deaths  in 
the  (n  +  l)th  year,  and  in  respect  of  each  of  these  the  sum  to  be 
paid  out  will  be  (1  +  i)  s^+T].  Giving  n  the  values  0,  1,  2,  etc.,  the 
amounts  to  be  paid  out  will  be  found  to  be,  in  successive  years, 

dx(l+i), 

dx+1{(l+i)  +  (l+i)% 

dx+*{(l  +  i)  +  (l  +  iy  +  (l+i)% 


dx+n  {(1  +»)  +  (!+  if  +  (1  +  03  +  •  ■  •  +  (1  +  i)n+1], 
etc.,  etc., 
the  total  being 

lx(l  +»)  +  Wi(l  +»)'  +  kw(1  +  *')3  +  ■■•  +  k+»(l  +  *T  +  •••  etc- 
Dividing  this  total  by  lx,  the  average  of  the  amounts  paid  out  is 

It  is  evident  that,  if  a  number  of  calculations  of  such  amounts 
had  to  be  made,  it  would  be  a  simple  matter  to  construct  suitable 
commutation  columns  to  assist  in  the  work. 

Ex.  6.  If,  as  in  Ex.  5,  the  lx  annuities-due  are  to  be  accumu- 
lated, but  at  each  death  the  same  amount  is  to  be  paid  out, 
what  will  this  uniform  death  benefit  be  if  the  fund  so  formed  is 
to  be  exactly  exhausted  by  the  payment  on  the  last  death  ? 

Since  a  premium  of  Fx  will  secure  a  payment  of  1  at  the  end 
of  the  year  of  death,  by  simple  proportion  a  payment  of  1  at  the 
commencement  of  each  year  by  each  of  the  lx  persons  still  surviving 

will  allow  the  sum  of  p-  to  be  paid. 


CHAPTEE  IV 

RELATION  BETWEEN  ASSURANCES  AND  ANNUITIES. 
PREMIUM  CONVERSION  TABLES 

1.  In  the  preceding  chapter  Assurances  and  Annuities  were  dealt 
with  separately,  but  it  will  be  advisable  to  consider  the  extent  to 
which  they  depend  upon  each  other,  and  to  demonstrate  various 
formulae  showing  their  relationship,  all  of  which  hold  whether 
Aggregate  or  Select  Tables  are  employed. 

If  there  are  two  annuities,  under  one  of  which  the  sum  of  1  is 
payable  at  the  end  of  each  year  of  life  that  (x)  enters  upon,  and 
under  the  other  the  sum  of  1  is  payable  at  the  end  of  each  year 
that  (x)  completes,  the  difference  between  the  values  of  these  two 
annuities  will  be  the  value  of  the  sum  of  1  payable  at  the  end  of 
the  year  that  (x)  enters  upon  but  does  not  complete ;  i.e.,  A^. 

The  value  of  the  first  annuity  is  mx,  and  of  the  second,  ax.   Thus 

A3  =  v&x  -  ax    (1). 

2.  If  there  are  two  temporary  annuities,  each  of  n  payments, 
under  one  of  which  the  sum  of  1  is  payable  at  the  end  of  each  of 
n  years  that  (x)  enters  upon,  and  under  the  other  that  sum  is 
payable  at  the  end  of  each  of  the  n  years  that  (x)  completes,  the 
difference  between  the  values  of  these  two  annuities  will  be  the 
value  of  1  payable  at  the  end  of  the  year  (x)  enters  upon  but 
does  not  complete,  provided  his  death  occurs  during  the  n  years; 
i.e.,  Aj.jj]. 

Thus  ^l:lH=v&x:^-ax:^\   (2). 

If,  however,  the  second  of  these  annuities  run  for  n  —  1  years 
only,  then  if  (x)  survive  the  n  years  the  unit  will  be  payable  under 
the  first  annuity  and  will  not  be  deducted  under  the  second,  the 
condition  as  regards  payment  in  the  event  of  the  death  of  (x) 
during  the  n  years  being  the  same  as  before.  In  this  case,  there- 
fore, the  difference  between  the  values  of  the  two  annuities  will 
be  Al:^  +  vnnpx  =  Ax:^\. 

Thus  Ax:^\  =  va>x-.n\  -  ax:z=T\ (3). 
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3.  Substituting  in  the  formulae 

P    _  ^2     P1  -i  -  ~^a::"1    and    P     ~i  -  ^a!:"1 
™x  &» :  n\  ™>x;n\ 

the  expressions  for  the  respective  Single  Premiums  found  in  the 
last  two  paragraphs,  corresponding  expressions  for  the  values  of 
the  Annual  Premiums  are  obtained,  namely 

P*  =  *-?  (*), 

ax 

Pi:a  =  «-?^ (5), 

"•x-.m 
Yx:^  =  V-?f^     (6). 

4.  The  relations  between  the  Commutation  Functions  employed 
in  connection  with  Assurances  and  those  employed  in  connection 
with  Annuities  naturally  follow  the  same  general  principles  as  the 
relations  between  the  functions  themselves.   Thus 

Cx=if+ldx 

=  v*+>(lx-lx+1) 

=  vT>x-Dx+1    (7), 

=  2  (vDx+t  -  T>x+t+1) 
t=o 

=  »N.-N1H.1   (8). 

Similarly  for  Select  Tables, 

CiX]  =  vD[X]  —  DM+i, 

MW  =  «NW-NM+1. 

5.  Let  us  now  consider  the  investment  of  a  unit  in  the  purchase 
of  an  annuity  to  (*). 

This  sum  will  purchase  an  annuity-due,  payable  during  the  life 
of  (#),  of  a  year's  interest  payable  in  advance  (i.e.  d),  the  value  of 
which  is  dax ;  and  at  the  end  of  the  year  of  death  of  (%)  the  unit 
will  remain  intact,  no  interest  being  then  due.  The  value  of  a  unit 
payable  at  the  end  of  the  year  of  death  of  {x)  being  Ax,  it  follows 

that 

1  =  dax  +  Ac, 

whence  Ax  =  l-d(l  +  ax)   (9). 
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A  similar  formula  holds  in  the  case  of  endowment  assurances, 
the  equation  being 

Ax.^=l-d(l  +  ax:^zrl)  (10), 

and  in  every  case  in  which  the  sum  assured  is  certainly  payable  at 
the  end  of  one  year  after  the  last  payment  of  the  annuity.  Where, 
however,  this  condition  does  not  hold,  as,  for  example,  in  the  case 
of  temporary  assurances  and  limited  payment  policies,  the  value 
of  the  assurance  cannot  be  expressed  in  this  form. 

Formulae  (9)  and  (10)  are  also  readily  obtainable  from  formulae 
(1)  and  (3). 

6.  Premium  Conversion  Tables.  The  formula  A=l  —d(l  +  a) 
is  of  great  importance.  It  is  independent  of  the  age  of  the  life 
assured  and  of  the  mortality  table  on  which  the  annuity  value  is 
based,  being  dependent  only  on  the  rate  of  interest.  If  we  know 
the  valb^e  of  "  a "  and  the  rate  of  interest,  these  are  all  that  are 
required  to  ascertain  the  corresponding  value  of  the  assurance. 
Moreover,  if  successive  values  of  the  annuity  proceed  by  a  constant 
difference,  Act,  it  is  evident  that  AA  will  be  constant  also :  alge- 
braically, 

A=l-d(l  +  a), 

A  +  AA  =  l-d(l  +  a  +  Aa), 

.'.     AA  =  -a"Aa. 

It  is,  therefore,  a  simple  matter  to  construct  a  table  known  as 
a  "  Single  Premium  Conversion  Table  "  by  means  of  which,  for  a 
given  rate  of  interest,  if  the  value  of  "  a  "  be  known,  the  correspond- 
ing value  of  "A"  can  be  found  by  inspection. 

Starting  with  an  initial  value  of  a  =  0,  and  assuming  Act  =  "01, 
we  have, 

when  a  =  0,        A(01    =  1  —  d  =  v, 

„     a  =  -01,    A,.„i)  =  A(0)  -  -Old, 
„     a  =  -02,    A,.02)  =  A(.01)  -  -Old, 
etc.,  etc., 

where  A(.01),  A^,  etc.  represent  the  assurance  values  corresponding 
to  the  annuity  values  -01,  -02,  etc. 

It  will  be  seen  that  the  method  of  constructing  the  table  is 
exceedingly  simple,  since,  having  determined  the  initial  value, 
if  Aa  =  -01,  all  that  is  required  is  constantly  to  deduct  dAa  =  "Old 


IV  8]  SINGLE  PBEMIUM  CONVERSION  TABLE  63 

It  is,  however,  necessary,  when  a  constant  quantity  is  deducted  at 
each  step  in  this  way,  to  take  precautions  against  an  accumulation 
of  error  occurring  as  a  result  of  the  limitation  in  the  number  of 
places  of  decimals  retained.  For  this  purpose,  it  will  be  sufficient 
to  work  to  two  or  three  places  of  decimals  more  than  are  required 
in  the  final  table,  to  insert  a  check  value  at,  say,  every  10th  or 
15th  value  beforehand  by  means  of  the  fundamental  formula 
A  =  1  —  d  (1  +  a),  and  to  watch  the  value  of  the  figures  discarded 
in  the  final  "  cutting  down  "  to  the  number  of  places  required  in 
the  table. 

7.  Single  Premium  Conversion  Tables  for  rates  of  interest  3,  3|, 
and  4  per  cent.,  commencing  with  a  =  1  and  proceeding  by  a  con- 
stant Aa  =  "1,  are  printed  on  pages  472  to  474.  The  integer  con- 
tained in  the  value  of  the  annuity  is  given  at  the  left-hand  side 
and  the  first  decimal  place  at  the  top. 

The  method  of  using  the  tables  is  precisely  similar  to  the  method 
of  using  tables  of  logarithms,  but  it  may  be  an  advantage  to  give 
the  following  example : 

Let  it  be  required  to  find  at  3£  per  cent,  the  single  premium 
corresponding  to  an  annuity  value  of  16-042.  Reference  to  the 
table  on  page  473  shows  that 

for  annuity  value  16"0  the  Single  Premium  =  '42512 
161  „  =-42174 

A  =  -00338 
•42 


•00142 


therefore,  for  annuity  value  16042  the  Single  Premium  =  -42370. 

It  will  be  found  on  reference  to  the  0[NM1  Table  at  3£  per  cent, 
(page  470)  that  am  =  16042  and  A[4o]  =  -42369. 

8.  Dividing  formulae  (9)  and  (10)  by  the  annuity  values  a*  and 
ax:^]  respectively,  corresponding  expressions  for  the  annual  pre- 
miums are  obtained.   Thus 

l  +  ax 


?x  =  ^-r-d    (11), 


P*:a=l4,    *  -<*       (12)- 
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If,  therefore,  the  value  of  "a"  and  the  rate  of  interest  be  known, 
the  annual  premium  also  can  be  ascertained  without  reference  to 
the  table  of  mortality  or  the  age  of  the  life  assured.  The  differ- 
ences of  P  are,  however,  of  a  more  complex  nature  than  the 
differences  of  "  A,"  for  if  "  a  "  increase  by  Aa,  we  have 

1+a 

1+a+Aa 
whence  AP 


=  A 


1+a+Aa     1  +  a 
1 


1  +  a' 

the  quantities  by  the  successive  addition  of  which  the  values  of  P 
will  be  formed  thus  being  the  differences  of  the  reciprocals  of  1  +  a. 
It  is  not,  however,  a  difficult  matter  to  construct  an  "  Annual 
Premium  Conversion  Table  "  by  means  of  which,  for  a  given  rate 
of  interest,  the  value  of  the  annuity  being  known,  the  corresponding 
annual  premium  can  be  obtained  by  inspection.  If  for  this  table 
we  commence  with  a  =  0,  and,  as  before,  assume  Aa  =  "01,  we  have, 
when  a  =  0,         P(0)  =  1  —  d  =  v, 


a  =  -01,     P,.01,=P(oi  +  (I^I-l)) 
a  =  -02,     Fm  =  P,.01)  +  (^  -  j^jj , 


etc.  etc. 

In  this  case  there  is  no  accumulation  of  error  arising  from  the 
deduction  of  a  constant  quantity,  but  in  order  to  ensure  accuracy 
it  is  advisable  to  insert  periodical  check  values  calculated  by  means 

of  the  original  formula,  P  =  = d,  and  also  to  work  to  at  least 

J.  ~f~  a 

one  place  of  decimals  more  than  are  required  for  the  final  table. 

9.  Annual  Premium  Conversion  Tables  for  rates  of  interest 
3,  3|  and  4  per  cent.,  commencing  with  a  =  1  and  proceeding  by 
a  constant  Aa  =  -1,  are  also  printed  on  pages  472  to  474,  the 
arrangement  and  method  of  use  being  the  same  as  in  the  case  of 
the  Single  Premium  Conversion  Table. 
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The  following  examples  may  be  taken : 

By  the  Ot1™]  Table  at  3£  per  cent,  the  value  of  am  is  17-266, 
and  entering  the  3£  per  cent.  Conversion  Table  we  have, 
when  a  =  17-2,    P=  02113 
„     a  =  17-3,    P  =  -02083 

A  =  -00030 
•66 


•00020 
Therefore,  when  a  =  17-266,  P  =  -02093,  which  is  the  value  of 
P[35]  obtained  in  Chap.  Ill  Ex.  1. 

Again,  by  the  same  table,  at  3|  per  cent. 

_  N[M]+l  —  N65     ,0,n. 
«[35]:wl  = tS =  12-495, 

MSB] 

and  by  reference  to  the  3J  per  cent.  Conversion  Table, 
when  a  =  12-4,    P  = -04081 
„     a  =  12-5,    P=  04026 

A  =  -00055 
•95 


•00052 
Therefore,  when  a  =  12-495,  P  =  -04029,  which  is  the  value  of 
Pp5]:2oi  found  in  Chap.  Ill  Ex.  1. 

10.  It  will  be  noticed  that  as  AP  =  A  = ,  Aa  being  constant, 

the  differences  of  the  annual  premiums  are  independent  of  the 
rate  of  interest,  so  that,  having  been  calculated  for  one  rate,  the 
same  differences  can  be  employed  in  the  construction  of  annual 
premium  conversion  tables  based  on  other  rates  of  interest. 

11.  If  P(i)  and  d(i)  represent  the  annual  premium  and  rate  of 
discount  at  rate  of  interest  i,  and  P^  and  d^  the  annual  premium 
and  rate  of  discount  at  rate  j,  P  in  each  case  being  the  annual 
premium  corresponding  to  an  annuity  value  of  "  a," 


pw  =  n^;  ~  d^> 


1  +  a 

whence  P(0  -  P(j)  =  dy,  -  d{il , 

or  F{it=FU)  +  (dU)-dltl). 

s. 
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If,  therefore,  the  annual  premium  corresponding  to  an  annuity 
value  at  one  rate  of  interest  be  known,  the  annual  premium  corre- 
sponding to  the  same  annuity  value  at  any  other  rate  of  interest 
can  be  found  by  simply  adding  or  deducting  the  difference  between 
the  rates  of  discount.  If  j  >  i,  an  addition  must  be  made  to  Py) 
to  obtain  P(,:) ;  if  j  <  i  a  deduction  must  be  made ;  the  annual 
premium  decreasing  with  an  increase  in  the  rate  of  interest. 

For  example,  if  the  3  per  cent.  Annual  Premium  Conversion  Table 
be  entered  with  17-266,  the  resulting  annual  premium  is  -02562 
which  differs  from  the  3|  per  cent,  premium  by  ('02562  —  -02093) 
•00469,  which  is  also  the  difference  between  the  rate  of  discount 
corresponding  to  a  rate  of  interest  of  3  per  cent.  (-029126)  and 
the  rate  of  discount  corresponding  to  a  rate  of  interest  of  3|  per 
cent.  (-033816). 

12.  Premium  Conversion  Tables  were  first  prepared  by  William 
Orchard  and  printed  in  1856,  but  the  volume  most  used  at  the 
present  time  is  that  published  in  1893  by  Messrs  Rothery  and 
Ryan.  Orchard's  Tables  commence  with  a  =  0,  Rothery  and  Ryan's 
with  a  =  1 ;  both  proceed  on  the  basis  of  Aa  =  -01  and  give  the 
single  or  annual  premium  to  five  places  of  decimals.  The  tables 
printed  on  pages  472  to  474  commence  with  a  =  1  and  proceed  on 
the  basis  of  Aa  =  1. 

The  use  of  Premium  Conversion  Tables  is  not  limited  to  Single- 
Life  Assurances.  They  can  be  utilised  in  connection  with  any 
functions  where  the  argument  and  the  result  are  so  related  that, 

in  the  one  case,  A  =  1  —  d  (1  +  a)  and,  in  the  other,  P  =^ d. 

v         '  1+a 

13.  In  Chap.  Ill  26  it  was  stated  that  premiums  are  now 
practically  always  calculated  on  the  basis  of  Select  Tables,  but 
that  many  tables  of  premiums  appearing  in  the  prospectuses  of 
Life  Offices  are  based  on  Aggregate  Tables.  It  is  of  some  interest, 
therefore,  to  observe  how  the  employment  of  Select  or  Aggregate 
Tables  is  likely  to  affect  the  rates  to  be  charged. 

When  Aggregate  Tables  are  employed,  the  premiums  at  the 
younger  ages  are  reduced  on  account  of  the  rate  of  mortality  at 
older  ages  being  diminished  by  the  inclusion  of  select  lives  enter- 
ing at  those  ages :  the  premiums  at  older  ages  are  higher  through 
the  rate  of  mortality  being  increased  by  the  inclusion  of  lives 
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which  entered  many  years  before,  but  are  now  unhealthy  lives. 
As  compared  with  those  based  on  Select  Tables,  therefore,  premiums 
calculated  by  Aggregate  Tables  are  too  low  at  the  younger  ages 
and  too  high  at  the  older  ages. 

14.  From  formulae  (11)  and  (12)  it  will  be  seen  that  the  values 
of  the  whole-life  and  temporary  annuities-due  can  be  expressed  in 
the  following  convenient  form  : 

&x=V^+d (13)' 

a~*=d^ (14)> 

and  expressing  as  and  a^  in  the  same  formulae  in  terms  of 
D  and  N,  we  have 

P*  =  ^-d (15), 

p-a-ir?N--d (16)- 

■^  *       -^  x+n 


5—2 


CHAPTER  V 

VARYING  SINGLE-LIFE  ANNUITIES  AND  ASSURANCES. 

OFFICE  PREMIUMS  AND  SPECIAL  CLASSES  OF 

ASSURANCES 

1.  In  the  annuities  dealt  with  in  the  preceding  chapters,  each 
payment  was  of  the  same  amount,  and  under  the  assurances  the 
sum  assured  was  uniform  throughout  the  duration  of  each  contract. 
In  this  chapter  it  is  proposed  to  deal  with  annuity  and  assurance 
contracts  under  which  the  annuity  payments  and  the  sums  assured 
vary. 

2.  Dealing  first  with  annuities,  it  is  necessary  to  introduce  a 
new  Commutation  Function,  namely : 

whence  Sx+1  =  2  N^ 

t=\ 

t=ao 

=   2  tDx+t. 
t=\ 

These  relations  between  S,  K  and  D  must  be  carefully  con- 
sidered. If  the  limits  be  taken  between  0  and  n  —  1  instead  of 
0  and  oo ,  the  result  is 

*~1  \t  + 1)  Bx+i  =  D*  +  2T>X+1  +  3DW  +  . . .  +  wIW, 

=  ^x  +  N^  +  Nw  +  . . .  +  N^,^  -  wN^+n 
=  Sx-Bx+„-nNx+n. 

3.  The  value  of  an  Increasing  Annuity-due  payable  annually  for 
n  years  subject  to  {x)  surviving,  the  first  payment  being  1,  the 
second  2,  and  so  on,  the  last  payment  being  n,  is  represented  by 
(Ia)a;:SI,  its  value  being 

t=n-\ 

(Ia)ir.i)=    2    {t  +  l)vltpx 

1     t=n-l, 

=  f-    £    (<  +  l)DH, 

Ux    t=0 

=  B-{Sto-Sw.»-nN«+n}    (1). 
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If  the  annuity-due  is  to  commence  with  a  payment  of  1,  succes- 
sive payments  increasing  by  1  per  annum  for  the  whole  of  life 
of  (%),  its  value  is 

(Ia)B  =  i-'28(*+l)DB+i 

=  £  (2)- 

The  values  of  the  corresponding  annuities,  the  first  payment  to 
be  made  at  the  end  of  the  first  year,  are 

\    t=n 

(Ia)a:Sl=fT  S  *D*+* 

1    ('=»  ) 

=  =r-  {S^+x  -  Sw*+i  -  »N»hh-i} (3)> 

and  (Ia)*  =  TT      W- 

Mb 

4.  It  has  been  mentioned  in  Chap.  Ill  11   that  until  com- 

paratively  recent  years  the  symbol  "Nx=  2  T)x+t  was  employed, 

Na;  only  coming  into  use  with  the  development  of  Select  Tables. 
In  connection  with  NSJ  Sx  was  employed,  the  relation  being 

Sx=2Nx+t 

which  in  paragraph  2  has  been  shown  to  be  equal  to  Bx+i- 

5.  If  the  value  be  required  of  a  decreasing  annuity-due,  under 
which  the  first  payment  is  n,  each  successive  payment  being  less 
than  the  preceding  one  by  1,  terminating  with  the  nth  payment, 
we  have 

i-  {nD»+  0  -  1 )  D.+,  +  (n  -  2)  Dw  +  . . .  +  IWi} 

Me 

=  1  L  (N.  -  N,+„)  -  'T1  iD^  J 


-^-(»( 


■ «+» 


)  -  (Sw  -  &+»  -  (n  - 1)  N^)} 


a; 


1 


FT  '■"  '  'as  —  CSx+l  ~  i3x+n+l)\   W" 
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If  the  first  payment  of  this  annuity  were  to  be  made  at  the  end 
of  the  first  year,  the  other  conditions  remaining  the  same,  the 
value  would  be 

w  (»lNM1  -  ($x+2  -  $x+n+2)\  (6). 

ux 

6.  An  annuity  might  be  payable  to  (x)  during  the  whole  of  his 
life,  commencing  with  a  payment  of  1  at  the  end  of  the  first  year, 
successive  payments  increasing  by  1  per  annum  until  the  nth 
payment  of  "n,"  from  which  time  the  payments  are  to  be  uniform 
at  that  amount.    The  value  of  such  an  annuity  will  be 

^  \  2  tDx+t  +  nNx+n+i 
vx  \t=\ 

—  =j=r  {wr+l  —  Ss+n+i}   (7). 

Similarly,  a  decreasing  annuity  to  (x)  may  commence  with  a 
payment  of  n  at  the  end  of  the  first  year,  successive  payments 
decreasing  by  1  until  the  annual  payment  becomes  1,  at  which  it 
is  to  continue  for  the  remainder  of  the  life  of  (x).  The  value  of 
this  annuity  will  be 

i-{»N,+1-(S»+.-&BWi)}     (8), 

which  expression  should  be  carefully  compared  with  formula  (6), 
the  different  suffixes  of  S  being  particularly  noted. 

7.  The  annual  increase  or  decrease  in  the  annuity  payments  is 
not  necessarily  of  the  same  amount  as  the  first  payment.  For 
example,  the  value  of  an  annuity  payable  annually  during  the 
life  of  (as),  of  which  the  first  payment  is  h,  successive  payments  in- 
creasing or  decreasing  by  k  per  annum  until  the  nth  year  (i.e. 
n  —  1  increases  or  decreases),  the  payments  thereafter  remaining 
constant,  is 

^-{h^x+1±k(Sx+,-Bx+n+1)}  (9)- 

8.  Turning  to  the  question  of  assurances  with  varying  sums 
assured,  it  is  again  necessary  to  introduce  a  new  Commutation 
Function,  namely, 

KxJxMx+t 
*=o 

=  Z(t+l)Cx+t, 

t=0 


V12]  INCREASING  ASSURANCES  71 

C=oo 

whence  Rs+i  =  2  Mx+t 

=  2  tCx+t. 
t=\ 

-The  relations  between  C,  M  and  R  are  precisely  similar  to  those 

existing  between  D,  N  and  §. 

Tbus  ~I  \t  +  1)  Cx+t  =  RX-  nx+n  -  nMx+n. 

9.  The  value  of  an  Increasing  Temporary  Assurance  on  the  life 
of  (x)  for  n  years,  the  sum  assured  being  1  in  the  first  year,  2  in 
the  second  year,  and  so  on  until  it  becomes  n  in  the  wth  year,  the 
sum  assured  being  payable  at  the  end  of  the  year  of  death, 
(IA)*.^ ,  is 

Me   t=o 
=  ^  {R,  -  Rx+„  -  nMx+n]     (10), 

Me 

and  the  value  of  a  similar  whole-life  assurance  increasing  through- 
out the  life  of  (x) 

(iA)x=i-'F(«+i)a+< 

Mci=0 

=  &       (11). 

1Jce 

10.  If  the  value  be  required  of  a  decreasing  assurance  on  the  life 
of  (x),  the  sum  assured,  payable  at  the  end  of  the  year  of  death, 
being  n  in  the  first  year,  decreasing  by  1  each  year  until  the  nth 
year,  at  the  end  of  which  the  assurance  ceases,  we  have 

w{nCx  +  (n-l)  Cx+1  +  (n-2)  Cx+i  +...  +  CUn-i} 

Me 

=  1  [nMx-(Rx+1--Rx+n+1)}  (12). 

Mc 

11.  The  value  of  a  whole-life  assurance  on  the  life  of  (x)  pay- 
able at  the  end  of  the  year  of  death,  the  sum  assured  being  1  in 
the  first  year,  2  in  the  second  year,  and  so  on,  increasing  by  1  per 
annum  until  it  reaches  n,  at  which  sum  it  is  to  remain  uniform,  is 

fr  {Rc  —  R*+n}     (13). 

Me 

12.  The  increase  or  decrease  in  the  sum  assured  is  not  neces- 
sarily uniform,  but  may  be  of  any  or  of  varying  amount.  For 
example,  the  value  of  a  whole-life  assurance  on  the  life  of  (x) 
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commencing  with  a  sum  assured  of  h,  and  increasing  or  decreasing 
by  k  per  annum  until  the  nth  year  (i.e.  (n  —  1)  increases  or  de- 
creases), thereafter  remaining  constant,  is 

±-{hMx±Jc(Rx+1--Rx+n)}   (14). 

13.  In  connection  with  Select  Tables,  exactly  similar  relations 
hold  between  D,  N  and  §  and  between  C,  M  and  R  as  in  the  case 
of  Aggregate  Tables.  It  is  not  thought  necessary  to  show  in  detail 
the  alterations  in  the  suffixes  of  the  various  symbols  which  must 
be  made  in  applying  the  formulae  to  values  of  annuities  and 
assurances  based  on  such  tables. 

It  will  also  be  seen  that 

E.=*2°(i)N#w-N^Hl) 
=  vSL  -  Bx+1. 

14.  The  value  of  a  series  of  payments  of  uniformly  increasing 
amount  can  be  found  from  the  values,  at  different  rates  of  interest, 
of  a  series  of  payments  of  uniform  amount.  If  B  represent  the 
value  of  a  series  of  annual  payments  of  s,  and  IB  represent  the 
value  of  a  series  of  annual  payments  the  first  payment  being  s  and' 
the  successive  payments  increasing  annually  by  s,  we  have 

dB  d%">  . 
-J-.  =  -jv  2  svl 
d%     d%  t=\ 

t=<x> 

=  —  sv  %  tv* 
t=l 

=  -v  (IB). 

=  -  (1  + »)  ~{ {A5  -  l&B  +  JA'fl  -...}. 
Thus,  in  the  case  of  assurances  and  annuities,  we  can  write 

(iA),=-(i+i)^r 

=  -  (1  +  t)  ±  { AA.  -  i  A'A,  +  ^Ax  -...}, 
and  (Ia)x  =  -(l  +  i)^ 

=  -  (1  +  i)  £j  {&ax  -  \&ax  +  §&ax  -...}, 
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where  if  M=  -005,  AA*  at  3  %  =  A%°'°  -  A*7- :  i.e.  the  variable  is 
the  rate  of  interest. 

As  an  example,  let  it  be  required  to  find  the  value  of  (IA)36  by 
the  HM  Table  (Makeham  Graduation)  at  3  per  cent,  interest. 

1'03 

(IA)^  =  -  .-^  (AA36  -  JA^)  approx. 

1-03 

=  -  -t^—  f  Asr/°  -  A37°  -  i  (  A*7-      9  A3i7°  -i-  \3°'-V 

•005  lA35  A35  2  lAS5    -  ^A35       +  A35  )l 

1'03 
=  ~  :005  l'37949  _  '42873  _  I  ("33768  -  2  x  -37949  +  -42873)} 

=  10910. 

By  the  ordinary  formula 

(lA)^^ 

_  337103-68 
3U612 

=  11-010. 

15.  Participating  or  With-Profit  Policies.  A  participating  or 
with-profit  assurance  is  one  entitled  to  participate  in  the  profits  of 
the  Office  issuing  the  policy,  such  participation  being  by  way  of  a 
bonus,  the  most  popular  form  of  declaring  a  bonus  at  the  present 
time  (1922)  being  as  an  addition  to  the  sum  assured,  payable  when 
the  sum  assured  itself  becomes  payable.  This  is  known  as  a 
"  Reversionary  Bonus,"  and  can  be  either  a  "  Uniform  "  (or  "  Simple  ") 
Reversionary  Bonus  which  is  declared  as  a  percentage  of  the  original 
sum  assured,  or  a  "Compound"  Reversionary  Bonus,  which  is  de- 
clared as  a  percentage  of  the  sum  assured  plus  any  bonuses  already 
attaching  to  the  policy. 

In  the  case  of  an  Office  which  values  its  life  assurance  contracts 
quinquennially,  it  is  customary  to  declare  a  bonus  in  respect  of  the 
past  quinquennium,  which  immediately  attaches  to  the  policy  as 
part  of  the  sum  assured,  and  an  interim  bonus — frequently  at  a 
somewhat  lower  rate — which  will  be  paid  only  in  the  event  of  the 
sum  assured  becoming  payable  during  the  ensuing  quinquennium. 
In  each  case  the  declaration  is  at  a  certain  rate  per  annum,  the 
number  of  years  bonus  attaching  to  a  policy  being  in  proportion  to 
the  number  of  annual  premiums  paid. 
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The  practice  of  Offices  varies  as  regards  the  details  of  their  bonus 
conditions  to  such  an  extent  that  it  is  impossible  to  indicate  any 
definite  rule  as  to  the  relation  between  the  amounts  of  the  quin- 
quennial and  interim  bonuses. 

In  calculating  the  premiums  for  with-profit  assurances  a  rate  of 
bonus  somewhat  less  than  that  which  it  is  hoped  to  distribute  is 
frequently  assumed  as  part  of  the  benefit  assured,  profits  from 
various  sources  being  relied  upon  to  provide  the  balance. 

16.  Uniform  Reversionary  Bonus.  It  is  required  to  find  the 
net  annual  premium  for  a  whole-life  assurance  of  1  on  the  life  of 
(x)  on  the  assumption  of  a  uniform  reversionary  bonus  of  b  per 
annum  declared  quinquennially  and  an  interim  bonus  of  b'  per 
annum.  The  policy  is  to  be  entitled  to  a  year's  bonus  immediately 
on  payment  of  the  first  annual  premium. 

Representing  the  net  annual  premium  by  P,  and  assuming  the 
"  select  period  "  to  be  five  years,  we  have 

/  Mm  +  V  {Rm    -  Kx+5  -  5M^8 }  +  56  Mx+5  j 

;  i , ,  +b'  {Rx+10  -  Ra+16  -  SMs+J  +  56  Ma+„ 

etc.  etc.  etc. 


P  =  J- 


=  J_  |Mw  +  56{MB+g  +  M!r+l0+...}  |  „„ 

N"wl        +i'{Bbr6(Mw+lU+...))J 

If  b  =  b',  that  is,  if  the  interim  bonus  is  to  be  at  the  same  rate  as 
the  quinquennial  bonus,  the  formula  becomes 

P  =  -J-(Mw-t-&Rw) (16). 

If  the  policy  is  not  to  participate  in  the  declaration  of  bonuses 
until  it  has  been  five  years  in  force,  the  last  portion  of  the  numerator 
in  formula  (15)  will  become  b'\Rx^- 5 (M.x+10  +  M^^  +■■■)}  and 
in  formula  (16),  b  (5MX+S  +  B,x+B)  must  be  substituted  for  6RM. 

17.  For  the  net  annual  premium  for  an  Endowment  Assurance 
of  1  on  the  life  of  (x)  for  n  years  on  the  assumption  of  a  uniform 
reversionary  bonus  of  b  per  annum,  declared  quinquennially,  and 
an  interim  bonus  of  b'  per  annum,  the  policy  to  be  entitled  to  a 
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bonus  immediately  on  payment  of  the  first  annual  premium,  n  being 
a  multiple  of  5,  the  formula  is 

I  M[x]-Mx+n  +  Bx+n  N 

+  56  (M,+s  +  M^,,  +  . . .  +  M^+n} 


P  = 


"fa]- 


or  if  V  =  6, 
P  = 


—  nbM.x+n  +  nbBx+n 
-  5  (M.+.  +  Mx+10  +  . . .  +  M^)} , 


•(17), 


«N- 


Mw  -  MiC+n  +  Dx+„ 
+  6  (R[*i  -  R*+»  -  ^Ma!+B  +  nDa!+„) 


.(18). 


If  the  policy  is  not  to  participate  in  profits  until  it  has  been  five 
years  in  force,  the  last  portion  of  the  numerator  in  formula  (17) 
must  be  altered  to 

V  [R,.+li  -  Ux+n  -  5  (M^o  +  M^  +  . . .  +  Mx+n)], 
and  the  second  expression  in  the  numerator  of  formula  (18)  to 
6  [5M3+5  +  ~RX+S -  Ux+n  -  iiKx+n  +  riDx+n]. 


18.   Compound  Reversionary  Bonuses.   To  ascertain  the  net 
annual  premium  for  a  whole-life  assurance  of  1  on  the  life  of  (x) 
similar   to  that  dealt  with  in  paragraph   16,  the  quinquennial 
bonuses,  however,  being  compound  reversionary  bonuses,  we  have 
/'(Mm  -  Ma+5)  +  (1  +  56)  (Mx+S  -  Mx+10) 
+  (1  +  56)2 (Mx+10 - M.x+U)  +  ...  etc. 

+  6'  (R[x]  —  Ra.+6  —  5Ma,+5) 

+  V  (1  +  56)  (Rx+5  -  Ux+W  -  5MX+10) 
+  V  (1  +  56)2  (Rx+10  -  R*+i5  -  5MX+15)  + 


P  = 


Hxi 


1 


or  if  6' =  6, 
1 


..  etc. 
.(19), 


P  = 


fM[a.]  +  6(R[a:]  —  Rb+s)  .  ]  (20) 

Nw  1        +  6 (1  +  56) (Rx+5 - K+io)  +■■■  etc.)  

If  no  interim  bonus  be  given  during  the  first  five  years,  the  term 
b'(Rlx]--Rx+i-5Mx+i) 
must  be  omitted  from  formula  (19),  and  in  formula  (20)  5bMx+i 
must  be  substituted  for  b  (R[xj  —  Rz+o)- 
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19.  For  the  annual  premium  for  the  corresponding  endowment 
assurance  for  n  years,  we  have 

P  = 1 

Nre]  -  Nx+n 

f(Mw  -  M^)  +  (1  +  56)  (M*+6  -  Mx+W) 

+  (l  +  5by(Mx+w-Mx+15)  +  ... 

+  (1  +  56)^  (M,+„_6  -  Mx+n)  +  (1  +  5bf  Dx+n 

+  V  (RM  -  Ra+5  -  5Mx+6) 

+  V  (1  +  56)  (Rx+S  -  Rx+n  -  5M.X+V>) 
+  b'(l  +  5by  (Rx+W  -  nx+ls  -  5M,+15)  +  . . . 

+  V  (1  +  56)^"  (Ra+n_6  -  R^  -  5Mx+n)j 

(21). 

If  6'  =  b  the  formula  becomes 

P  = 1 

N[xl  -  Bx+n 

|'MW  +  b  (Etrf  -  R^)  +  b  (1  +  56)  (R^,  -  B,x+W) 
+  b(l  +  5by(Rx+w-Rx+w)  +  ... 

j  «  — 5  K 

i         +6(1  +  56)"^(Rx+n_5  -  R*+„)  +  (1  +  5bf  (Dx+n  -  Mx+n)j 

(22). 

If  no  interim  bonus  be  given  during  the  first  five  years  of  the 
assurance,  the  term  6'  (R[X]  —  Rz+6  —  5Ma.+B)  must  be  omitted  from 
formula  (21),  and  in  formula  (22)  56Mx+6  must  be  substituted  for 

&  (R[«] —  Rs+s)- 

20.  In  the  case  of  an  Office  making  annual  valuations  and  de- 
claring annual  bonuses  which  vest  immediately,  the  formulae  to 
be  employed  for  whole-life  and  endowment  assurances  when  simple 
reversionary  bonuses  are  dealt  with  are  (16)  and  (18)  respectively. 

When  compound  reversionary  bonuses  are  taken  into  account, 
the  bonuses  compounding  annually,  the  formulae  become,  for  a 
whole-life  assurance, 

^-{(l+6)Cw+(l+6)^CM+1  +  (l+6)3CM+2+...+(l+6)^C!C+„+...} 

(23), 

and  for  an  endowment  assurance 

ft      1N      K1  +  &)  Qd  +  (1  +  Vf  Cw+»  +  •  •  • 

■«  [as]  —  •«  x+n 

+ (i  +  by  cu,^  +  (i  +  by  Dx+n} (24). 


V  2l]  REVERSIONARY  BONUSES  77 

21.  A  good  approximation  to  the  net  premium  for  a  participating 
policy  with  reversionary  bonuses  compounding  annually  can  be 
obtained  by  taking  the  Single  Premium  calculated  at  a  rate  of 
interest  less,  by  the  assumed  rate  of  bonus,  than  that  at  which  the 
net  premium  is  calculated,  and  dividing  by  the  annuity-due  calcu- 
lated at  the  latter  rate.  For  example,  if  the  bonuses  be  treated  as 
compounding  yearly,  the  present  value  at  4  per  cent,  of  a  whole-life 
assurance  of  1  with  a  compound  reversionary  bonus  of  30s.  may  be 
represented  thus : 

=±-  {1-015 Cm  +  (1-015)* CM+1+  ...  +  (1-015)^0^+  ...} 

Mas] 

1    (1-015  ,        /1-015V,  (V015Y+1,  } 

=  ^|T04^1+lT04jdM+1  +  "-  +  lT04;      °W»+-"}> 

but  y^-  =  1.Q2463  =  jTq25  approximately,  and  substituting  the 

latter  value  we  have 

1(1  /    1     \2  /    1     \"+1  ) 

Zm  {ro25 d™ + (ro25 J  d™+i + •  •  • +  ViW    d*+n +-\ 

-Awat2l7„ 
which  must  be  divided  by  aw  at  4  per  cent,  to  obtain  the  required 
annual  premium.   The  formula  for  the  annual  premium  thus  be- 
comes 


a,<4VJ 


If  the  rate  of  bonus  assumed  in  the  calculations  were  20s.  per 
cent.,  then  since  ^  =  j^ctf  =  H)3  approximately,  the  value  of 

the  sum  assured  and  bonuses  would  be  similarly  A^j  at  3  per  cent., 
and  the  net  premium  would  be  given  by  the  formula 

M 
a[x] 
Similar  expressions  clearly  hold  in  the   case   of  Endowment 
Assurances. 

These  formulae  have  been  obtained  on  the  assumption  that  the 
bonuses  compound  annually,  but  in  practice  they  can  also  be  used 
with  a  sufficient  degree  of  accuracy  when  the  bonuses  compound 
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quinquennially,  provided  the  interim  rate  of  bonus  is  the  same  as 
the  quinquennial  rate  and  is  declared  from  the  inception  of  the 
policy. 

22.  Guaranteed  Bonus  Policies.  In  calculating  the  annual 
premiums  for  policies  under  which  a  certain  rate  of  bonus  is 
guaranteed,  the  full  bonus  guaranteed  is  treated  as  part  of  the 
benefit.  Such  policies  do  not,  as  a  rule,  participate  in  any  bonuses 
beyond  those  stated  in  the  contract,  and,  on  the  other  hand,  these 
are  not  reduced  in  the  event  of  the  bonuses  declared  on  the  ordinary 
with-profit  policies  being  smaller.  In  other  words,  the  sum  assured, 
though  varying,  is  determined  at  the  outset,  and  the  policies  really 
become  non-participating. 

If  a  minimum  rate  is  guaranteed,  to  be  increased  in  the  event 
of  the  bonus  declared  on  ordinary  participating  policies  being 
greater,  the  premiums  should  contain  an  addition  to  provide  for 
this  guarantee. 

23.  Varying  Sum  Assured  and  Varying  Premium.  The  follow- 
ing example  is  added  in  order  to  demonstrate  that  the  theoretical 
net  premium  can  easily  be  ascertained  whatever  the  variations  in 
the  sum  assured  and  premiums. 

An  Office  is  asked  to  issue  an  Endowment  Assurance  for  a  term 
of  25  years,  on  the  life  of  (%),  the  sum  assured  commencing  at  £100, 
and  increasing  by  £2  per  annum,  the  sum  of  £150  being  payable 
at  the  end  of  the  term  if  (x)  be  then  alive.  The  net  premium 
payable  is  to  increase  annually  by  one-tenth  of  the  first  premium 
for  five  years,  the  sixth  and  subsequent  premiums  being  of  uniform 
amount.   What  is  the  amount  of  the  initial  net  annual  premium  ? 

Assuming  a  "  select  period "  of  five  years,  if  P  represent  the 
initial  net  annual  premium, 

Value  of  Benefit      =  ^^  { 100  (MM  -  MX+1S) 

+  2  (Ew+1  -  E^  -  24Ma!+26)  +  1500^}, 

p 

Value  of  Premiums  =  ^y-  {Nlx]  +  1  (Sm+i  -  Sas+«)}~~  '>  '  '      -  --  •' 

Whence 


P  = 


100MM  +  2  (Rw+1  -  B^,)  -  148MW.  +  150D. 
Nw  +  -1(Sm„-S««)  -  i 
It  is  not  necessary  to  continue  examples  of  this  kind. 
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24.  Office  Premiums.  The  premiums  so  far  considered  are 
known  as  net  premiums,  these  being  the  premiums  that  will  just 
suffice  to  meet  the  claims  for  payment  of  the  sums  assured  at  the 
end  of  the  year  of  death,  or  on  the  maturity  of  the  policies,  on 
the  assumptions  that  the  mortality  experienced  is  exactly  that 
shown  by  the  mortality  table  on  which  the  premiums  are  based,  the 
rate  of  interest  earned  on  the  accumulations  of  the  premiums  is 
that  assumed  in  their  calculation,  and  no  expenses  are  incurred  in 
connection  with  the  contracts  of  assurance. 

In  practice  these  conditions  do  not  hold,  the  mortality  experienced 
and  rate  of  interest  earned  differ  from  those  assumed  in  calculating 
the  premiums,  and  the  Office  granting  the  assurances  incurs  ex- 
pense in  connection  with  its  business  and  desires  also  to  make  a 
profit  on  the  transactions. 

In  order  to  meet  these  varying  circumstances,  it  is  the  practice, 
in  calculating  the  Office  Premiums  to  be  charged,  to  assume  a  rate 
of  interest  which  the  Office  can  confidently  expect  to  earn  through- 
out the  duration  of  the  contracts,  and  to  make  an  addition  to  the 
premium — called  the  Loading — to  provide  for  expenses,  profits  and 
contingencies.  The  table  of  mortality  is  generally  selected  so  as  to 
provide  as  nearly  as  possible  for  the  mortality  expected  to  be 
experienced,  and  different  tables  may  be  employed  for  different 
classes  of  assurances. 

In  connection  with  the  addition  to  provide  for  expenses, 
allowance  must  be  made  for  (a)  Initial  Expenses — i.e.  expenses, 
such  as  medical  examination,  the  commission  allowed  to  an  agent 
on  introduction  of  new  business  and  the  cost  of  placing  the  case 
on  the  books  of  the  Office,  and  (6)  Renewal  Expenses,  consisting  of 
the  commission  payable  to  an  agent  on  payment  of  the  renewal 
premiums  and  the  cost  of  preparation  and  despatch  of  the  renewal 
notice  and  receipt  and  of  recording  the  premium  payments. 

It  is  usual  to  allow  for  Initial  Expenses  by  means  of  an  addition 
proportionate  to  the  sum  assured  spread  over  the  whole  of  the 
premiums ;  for  the  constant  renewal  expenses  by  a  small  addition 
to  each  premium ;  and  for  commission  by  the  addition  of  a  per- 
centage calculated  on  (a)  the  net  premium  increased  by  these 
constants  or  on  (6)  the  Office  premium. 

Thus,  if  the  addition  to  provide  for  initial  expenses  be  k  per  cent, 
of  the  sum  assured,  the  addition  for  constant  renewal  expense 
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I  per  cent,  of  the  sum  assured,  and  the  percentage  addition,  m  per 
cent,  of  the  premium  increased  by  the  two  constants,  then,  if  P'M 
be  the  Office  premium  for  a  Whole-Life  Assurance  of  1  on  the 
life  of  (x), 

Fw  =  (Pw  +  m  +  "OK)  (1  +  -01m). 

If  the  percentage  addition  be  calculated  on  the  gross  premium 
the  formula  becomes 


F«=(p«+S+'oi'M 


a[x]        '     /  1  —  "01m 

For  participating  assurances  the  net  premium  inserted  in  each 
of  these  expressions  would  be  the  net  premium  to  provide  for  the 
sum  assured  plus  bonuses  at  a  rate  somewhat  lower  than  that  at 
which  it  is  hoped  bonuses  will  actually  be  declared.  This  addition 
for  prospective  bonuses  will  provide  a  margin  for  fluctuations  and 
it  may,  therefore,  be  considered  advisable  to  reduce  the  percentage 
addition  as  compared  with  that  employed  in  the  calculation  of 
premiums  for  non-participating  assurances. 

The  formulae  as  they  stand  are  scarcely  suitable  for  short  term 
assurances  in  connection  with  which  a  large  initial  commission  is 
not  generally  allowed. 

The  calculation  of  Office  premiums  is  dealt  with  at  some  length 
in  papers  by  Mr  H.  Moir  (Transactions  of  the  Faculty  of  Actuaries, 
Vol.  2)  and  Mr  F.  J.  Cameron  (Journal  of  the  Institute  of  Actuaries, 
Vol.  48). 

25.    Office  Premiums  for   Limited  Payment  Policies.    In 

Chapter  III  33,  the  formulae  for  the  net  premiums  for  Limited 
Payment  policies  were  obtained. 

In  practice  the  premiums  payable  under  these  policies  are  gene- 
rally calculated  by  redistributing  the  value  of  the  annual  premiums 
actually  charged  by  the  Office.  Thus,  to  arrive  at  the  Office  pre- 
mium payable  for  a  whole-life  assurance  of  1  on  the  life  of  («),  the 
premiums  being  limited  to  t  annual  payments,  the  expression 
employed  will  be 

-p>  P'[»]aM 

aM:tl 

tP\x]  and  P'fj,]  being  Office  premiums. 
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The  premiums  will  be  paid  up  under  such  a  contract  at  an  earlier 
date  than  when  P'^]  is  payable,  and  if  the  same  rate  of  interest 
were  employed  in  the  calculation  as  was  adopted  in  arriving  at 
~P\X]  there  would  be  a  distinct  gain  in  interest.  This  calculation 
is  consequently  frequently  made  on  the  basis  of  a  slightly  higher 
rate  of  interest. 


26.  Instalment  Policies.  The  nominal  sum  assured  under  a 
policy  may,  by  the  contract,  be  made  payable  by  instalments  instead 
of  in  a  lump  sum,  the  actual  sura  assured  thus  being  the  value  of 
an  annuity  of  the  instalments. 

For  example,  if  in  the  case  of  a  whole-life  assurance  on  the  life 
of  («),  instead  of  a  single  payment  of  1  being  assured,  this  sum  is 
to  be  paid  by  n  annual  instalments,  first  payment  at  the  end  of 

the  year  of  death,  the  sum  assured  must  be  taken  as  -  a^  and  the 
net  and  Office  premiums  respectively  will  be  F[x]  -  a^  and  ¥[x]  -  a^]. 

TV  TV 

Similarly,  for  an  endowment  assurance  for  t  years,  subject  to 
the  same  condition  as  regards  the  sum  assured,  the  net  and  Office 

premiums  will  be  V[xV.j\ .  -  «j\  and  FW:f] .  -  a^j  respectively. 

In  the  case  of  an  Endowment  Assurance,  a  further  condition 
may  be  attached  that,  if  the  life  survive  the  term  of  the  contract, 

the  annuity  of  -  is  to  be  payable  for  n  years  certain  and  so  long 

thereafter  as  (x)  may  live.   In  this  case  the  sum  assured  must  be 
taken  as 


i{aa  +  ^w*S8} 


on  the  maturity  of   the  policy,  but  -a^j  if  death   occur  before 

maturity,  and  the  premium  must  therefore  be  specially  calculated. 
Where  this  condition  attaches  the  policies  are  called  Continuous 
Instalment  Policies. 

27.   Debenture  Policies.   A  Debenture  Policy  is  one  containing 
the  condition  that  when  a  claim  arises  the  sum  assured  shall  be 
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retained  by  the  Office  for  a  term  of,  say,  n  years,  interest  at  the 
rate  of,  say,  j  per  cent,  per  annum  being  allowed  in  the  meantime. 

If  the  premiums  are  calculated  at  rate  i,  the  sum  assured  must 
be  treated  as  vn  +ja^\  =  l  +  (j-i)a^,  where  vn  and  a^\  are  calcu- 
lated at  rate  i,  and  the  premiums  required  obtained  by  multiplying 
the  premiums  for  assurances  of  1  by  this  increased  sum  assured. 

The  net  annual  premium  for  a  whole-life  assurance  subject  to  this 
condition  would  thus  be  P[d  {1  +  ( j  -  i)  a^}  and  the  Office  premium 
P'n  {1  +  (j  —  *')  an\}  '■  f°r  an  endowment  assurance  for  t  years  the  net 
premium  would  be  P[a.]:t]  {1  +(j~Oail}  and  tne  0ffice  premium 

P'DsJ:«]  {1  +  (j  ~  *)  a~^\  ■    aIld  S0  0n" 

It  is  clear  that  the  Office  can  guarantee  any  rate  of  interest 
required  if  the  sum  assured  and  premiums  be  dealt  with  in  this 
manner. 

28.  Double  Endowment  Assurances.  A  double  endowment 
assurance  is  one  under  which  the  sum  payable  on  the  life  assured 
surviving  to  the  maturity  of  the  policy  is  twice  that  payable  in 
the  event  of  earlier  death. 

For  a  double  endowment  assurance  for  n  years  on  the  life  of  («), 
the  sum  payable  on  death  within  the  term  of  n  years  being  1,  and 
on  maturity  of  the  policy,  2,  the  net  annual  premium  required  is 

a[a;]:»I 

_  M[a;]  —  Mta!]+K  +  2Dfa.1+n 
Nw  -  Nw+n 

It  should  be  noted  that  if  a  table  showing  a  heavy  rate  of 
mortality  be  employed  as  a  basis  for  the  calculation  of  premiums, 
the  premiums  for  double  endowment  assurances  will  be  diminished 
instead  of  increased  as  would  be  the  case  with  whole-life  assurances 
and  ordinary  endowment  assurances.  This  arises  from  the  conse- 
quent reduction  in  the  pure  endowment  portion  of  the  premium 
being  greater  than  the  increase  in  the  temporary  assurance  portion. 

29.  Assurances  subject  to  Increasing  Premiums.  An  Ascend- 
ing-Scale policy  is  one  under  which  the  premium  payable  for  the 
first  five  (or  seven)  years  is  less  than  that  payable  during  the  re- 
mainder of  the  period  covered  by  the  policy. 

In  calculating  the  net  premiums  to  be  charged  for  a  whole-life 


.(25). 


V  30]  VARYING  PREMIUMS  83 

assurance  of  £100  on  the  life  of  (x)  to  which  this  condition  as 
regards  the  premiums  applies,  we  can  proceed  as  follows : 
Value  of  Benefit      =  100AM, 

Premiums  =  P  (aM  +  ks  |  &[x]), 
where  P  is  the  net  premium  payable  during  the  first  five  years, 
P(l  +  k)  being  payable  thereafter. 

Equating  the  value  of  the  net  premiums  to  the  value  of  the 
benefit  assured,  we  obtain 

_  IQQMm 

NW  +  *NS+, W 

In  practice,  however,  the  value  of  the  Office  premiums  would 
most  probably  be  redistributed  by  the  formula 

F=100F[.]at,]    7 

P'fs]  being  the  Office  annual  premium  for  the  whole-life  assurance, 
and  P'  the  annual  premium  payable  during  the  first  five  years 
under  the  Ascending-Scale  policy.  In  some  circumstances  the 
premiums  under  such  a  policy  might  be  loaded  more  heavily  than 
the  level  premium,  and  the  formula  would  have  to  be  adjusted 
accordingly. 

The  Ascending-Scale  premiums  to  be  charged  for  Endowment 
Assurance  and  other  classes  of  policies  are  calculated  in  the  same 
manner. 

Similarly,  if  the  premium  during  the  first  five  years  were  to  be 
greater  than  that  payable  from  the  commencement  of  the  sixth 
year  onwards,  the  value  of  the  level  Office  premiums  payable 
throughout  the  duration  of  the  contract  would  be  redistributed 
by  the  annuity  value  &[x]J\  —  ks\fyX]. 

Under  an  Ascending-Scale  policy  the  premium  payable  after 
five  years  should  not  be  greater  than  the  tabular  Office  premium 
for  a  whole-life  assurance  at  age  so  +  5 ;  as  otherwise  a  healthy  life 
would  drop  the  original  policy  and  effect  a  new  whole-life  assurance 
at  the  lower  premium,  and  the  Office  would  thus,  in  effect,  be 
granting  a  whole-life  assurance,  from  the  commencement,  at  an 
inadequate  premium  as  well  as  incurring  the  heavy  initial  expense 
twice  over. 

30.  Assurances  with  Return  of  Premiums.  Assurances  are 
sometimes  issued  with  the  condition  that  all  premiums  paid  are 

6—2 
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to  be  returned  to  the  assured  or  his  representative  when  the  sum 
assured  becomes  payable. 

Since  the  Office  premium  is  to  be  returned,  it  is  necessary, 
before  the  calculation  of  the  premium  is  made,  to  determine  the 
loadings  to  be  added  to  the  net  premiums.  For  the  purposes  of 
demonstration,  it  will  be  sufficient  to  assume  that 

A'  =  (A  +  c)(l  +  £)  and  P'  =  (P  +  c)(l  +k), 

where  A  and  P  are  net  single  and  annual  premiums'  respectively 
and  A'  and  P'  the  corresponding  Office  premiums. 

To  find  the  single  premium  for  a  whole-life  assurance  of  1  on  the 
life  of  {x),  the  premium  paid  to  be  returned  with  the  sum  assured ; 
that  is,  the  sum  assured  being  in  reality  (1  +  A')  instead  of  1 ; 
we  have 

Value  of  Benefit  =  AM  (1  +  A) 

=  Aw{l  +  (A  +  c)(l+% 

Single  Premium  =  A, 


.(28); 


whence  k^_+c(l+k)} 

and  the  Office  Single  Premium, 

A'  =  (A  +  c)(l  +  A;) 

-i-£ri°w+'»> (M)- 

In  the  expression  for  the  value  of  the  Benefit  the  return  of 
the  Office  premium  is  allowed  for  as  a  liability,  but  only  the  net 
premium  can  be  taken  credit  for  as  a  payment  on  the  asset  side. 
At  the  outset  it  must  be  assumed  that  the  loading  to  the  premium 
is  exactly  absorbed  in  the  purposes  for  which  it  is  added,  and  if  it 
be  not  so  absorbed,  the  balance  will  show  as  a  profit  at  the  Com- 
pany's valuation. 

31.  If  an  annual  premium,  P',  is  to  be  paid  for  an  assurance 
similar  to  that  dealt  with  in  the  last  paragraph  the  Benefit  will 
consist  of  (a)  the  uniform  assurance  of  the  sum  assured  of  1,  the 
value  of  which  is  A^;  and  (b)  an  increasing  whole-life  assurance 
commencing  at  P'  and  increasing  by  P'  per  annum,  the  value  of 


which  is  F  (LAX  or  P'J^. 


V32] 
Thus: 


whence 


and 


WITH  RETURN  OF  PREMIUMS 

Value  of  Benefit      =  AM  +  (P  +  c)  (1  +  k)  (IA)[a;] 
„        Premiums  =  PaM , 

p  =  AM  +  c(i  +  fr)(iA)M  ' 

a[a0-(l+&)(IA)M 
=  Mlx]  +  c(l+-k)'Rlx] 
Nlx]-{l  +  k)Rlx] 
p,_      Mw  + 
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.(30) 


'w 


(1  +  fc)  (31). 


-^M  ~  (1  +  *)  %] 

32.  In  the  case  of  an  Endowment  Assurance  of  1  on  the  life  of 
(oc)  for  n  years  subject  to  annual  premiums  payable  throughout  the 
duration  of  the  contract,  the  premiums  paid  may  be  returnable  : 

(a)  Only  in  the  event  of  a  claim  arising  under  the  policy 
through  the  death  of  the  assured, 

(b)  Only  in  the  event  of  the  policy  maturing  by  the  life  assured 
surviving  to  the  end  of  the  term,  or 

(c)  In  either  event. 

If  P  represent  the  net  annual  premium  for  such  a  policy,  then, 
assuming  n  to  be  greater  than  the  "  select  period,"  in  case  (a) 

P .  a^i]  =  A«.5i  +  (P  +  c)  (1  +  h)  (IA)J.ii, 
whence 

.A*:SI  +  c(l+A)(IA)i:^i 


P  = 


a*^  -  (1  +  k)  (IA)i.^i 
(Mw  -  M^  +  Dx+n)  +  c  (1  +  A)  (Km  -  Rx+n  -  nMx+n) 


and 
P'  =  ,-= 


(Nw  -  N.+n)  -  (1+  A)  (RM  -  IW  -  «M: 

(MM  -  Mx+n  +  Dx+n)  +  c  (XM  -  Ns+n) 
(Nr»]  -  N^)  -  (1  +  k)  (Rw  -  K^,  -  bM^,) 
D, 


x+n) 
(1+k) 


...(32), 


.(33). 


In  case  (b)  nAx.'n)  ( =  n  Tf+")  must  be  substituted  for  (IA)^  on 

V  Mai]  / 


the  Benefit  side  of  the  equation,  and  the  formulae  become 
p  =  (%  -  M.x+n  -  Dx+n)  +  c  (1  +  ft)  nDx+n 

and 
P'  = 


'[*]• 


(Mlx]  -  M. 


x+n 


$x+n)-(l  +  k)nl)x+n 
-Dx+n)  +  cCNlx]-S 


(34), 


x+n) 


«[*] 


-Nx+„)-(l+ft)nDa,+„ 


0+*) 


.(35). 
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In  case  (c)  the  Benefit  side  of  the  equation  is 

Ax:^i  +  (P  +  c)  (1  +  k)  {(IA&a  +  n A^i]} 
and  the  formulae  become 

p  =  (MM-M8+w-D8+B)+c(l+A!)(RM-Ra;+>t-7tM3!+w+wD!l.+B) 
(NM  -  Na+n)  -  (1  +  A)  (Rrai]  -  R^+n  -  nKx+n  +  nDx+n) 

(36), 

and 

,  (MM  -  M„,+m  +  Dx+n)  +  c  (N[d  -  Nx+n) 

(NM-N^-Cl  +  ^CR^-R^-TiM^+nD^)^  +  ; 

(37). 

33.  The  simplest  and  most  common  case  of  a  policy  with  return 
of  premiums  is  that  of  a  Pure  Endowment,  most  frequently  Chil- 
dren's Endowments. 

The  theoretical  premium  for  a  pure  endowment  payable  to  (x) 
on  his  attaining  age  x  +  n,  all  premiums  to  be  returned  in  the  event 
of  death  within  this  period,  is  as  follows : 
For  the  Single  Premium 

A  =  fr-  {Dx+n  +  (A  +  c)  (1  +  k)  (Mw  -  Mx+n)}, 


•(38); 


whence      A  -  V+ ? f  +  *>^  ~  **?> 

Dw  -  (1  +  *)  (M[d  -  Mx+n) 

the  Office  premium  being 

A' =  Dw  -  (1  Tk)  (M[x\ -  M,+„) (1  +  k)     <39> 

For  the  annual  premium  payable  throughout  the  n  years,  we 
have 

Pax:^]  =  A,.a  +  (P  +  c)  (1  +  fc)  (IA)i^, 

whence  P  =  .■?■+«__ f  C  <*  + *>  <"%  "  R»±*  ~  wM^ (40), 

(Nw-N«+»)-(l  +k)  (Rw  -  Ux+n  -  bM^)         v     '' 

and  the  Office  premium 

p'=  P»H>  +  0(lTM-X»+n) /1  +  ,v         /4n 

(Nw  -  N,+„)  -  (1  +  k)  (R[d  -  R,+„  -  nMx+n)  ^  +  lc>"  -W 
A  little  consideration  of  a  contract  of  this  kind,  however,  will 
show  that,  if  death  occur,  the  only  profit  accruing  to  the  Office  is 
that  portion  of  the  interest  on  the  premiums  received  which  is  not 
absorbed  by  expenses.  It  is,  therefore,  scarcely  worth  while  to 
introduce  the  element  of  mortality  into  the  calculation,  and  if  this 
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be  excluded  the  problem  becomes  "What  annual  premium  will, 
after  deduction  of  expenses,  amount  to  1  in  n  years  ? "  the  contract 
thus  being  treated  as  a  Sinking  Fund  or  Capital  Redemption 
Assurance. 

If  P  represent  the  net  annual  premium  for  such  a  policy,  the 
amount  of  the  endowment  being  1, 

P-         1 

(1  + 1)  s^\ 

The  method  of  calculation  adopted  in  practice  would,  however, 
probably  be  as  follows : 

If  P'  be  the  Office  premium  for  an  endowment  of  1  payable  at 

the  end  of  n  years  if  the  life  survive  that  term,  and  after  payment 

of  expenses — such  as  agent's  commission — which  can  be  considered 

,  to  be  a  percentage  of  the  premium,  kV  is  left,  and  the  "  constant " 

expenses  are  m  per  cent,  of  the  sum  assured,  then 

(&F-  -01m)  (1+*)«SI  =  1, 
whence  F  =  J {_L_  +  .0lm}    ...(42). 

It  may  be  remarked  that  the  loading  in  such  cases  is  usually 
very  light,  and  little,  if  any,  profit  is  made  on  this  class  of  policy. 
These  contracts  are,  however,  generally  considered  desirable  from 
the  Office  point  of  view,  particularly  when  granted  on  the  lives  of 
children,  because  of  the  possibility  of  a  fresh  policy  being  taken  out 
by  the  recipient  of  the  endowment. 

34.  Options.  Assurances  are  sometimes  granted  under  which 
the  assured  can  at  certain  periods  exercise  an  option  to  effect  an 
assurance  at  the  tabular  Office  premium  without  undergoing  a  fresh 
medical  examination.  The  question,  therefore,  arises  as  to  how 
the  value  of  this  option  is  to  be  calculated. 

What  then  is  the  net  present  value  of  the  option  to  (x),  now  a 
select  life,  to  effect  a  whole-life  assurance  at  the  tabular  Office 
rate  at  age  x  +  n  without  undergoing  a  fresh  medical  examination  ? 

The  net  premium  that  will  be  paid  under  the  policy  will  be 
P[aj+n],  but  as  the  life  assured  will  at  age  x  +  n  be  no  longer  select 
the  premium  he  should  pay  is  P[a,]+m.  The  present  value  of  an 
annuity,  deferred  n  years,  of  the  difference  between  these  two 
premiums  is  clearly  the  value  of  the  option. 
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If  the  net  single  premium  for  this  option  be  represented  by 
n|0[ai],  we  have 

n  ]  0[:c]  =  ("[»]+»  ~  "[x+ri])  » I  aM 

=  (P[a]+n  -  P[se+n])    pf  (43). 

If  the  option  be  to  effect  a  temporary  assurance  for  a  term  of  r 
years,  the  expression  becomes 

As  already  indicated  such  options  are  usually  attached  to  con- 
tracts for  other  assurances,  the  addition  to  be  made  to  the  annual 
premium  being  found  by  dividing  by  the  appropriate  temporary 
annuity  value. 

35.  Deferred  Assurances  with  Return  of  Premiums.  Deferred 
Assurances  are  sometimes  granted  on  the  lives  of  children  with 
the  condition  that  all  premiums  paid  shall  be  returned  in  the 
event  of  the  child's  death  before  the  benefit  is  entered  upon,  the 
same  annual  premium  being  payable  throughout  the  entire  duration 
of  the  contract. 

Considering  a  deferred  whole-life  assurance  of  1  on  the  life 
of  («),  the  age  at  which  the  risk  commences  being  x  +  n,  the  theo- 
retical net  annual  premium  can  be  ascertained  from  the  formula 

P=^-WAw  +  F(IA)iiS]} 

a[a;] 

=  =-  [Mx+n  +  P'  (Ew  -  B,x+n  -  nMx+n)}, 

or  writing 

P'  =  (P  +  c)(l  +  k), 


whence 


p       M3+„  +  c(l  +  k)  (R,,.]  -  B,x+n  -  wMg+„) 

'    NM-a  +  AXRw-B^-nM^)"     K    '' 

Nw  -  (1  +  lc)  (R[x]  -  Ux+n  -  nMx+n) {l  +  lc) ^ 


In  practice,  however,  this  contract  can  be  treated  as  regards  the 
period  of  deferment  as  a  pure  endowment  with  return  of  premiums, 
the  amount  of  the  endowment  being  the  value  of  an  annuity,  from 
age  x  +  n  onwards,  of  the  difference  between  the  premium  that 
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would  be  charged  for  a  new  assurance  at  age  x  +  n  and  the  pre- 
mium actually  payable. 

36.  If  P'fs+n]  represent  the  Office  tabular  premium  for  a  whole- 
life  assurance  of  1  on  the  life  of  (x  +  n)  and  P'  represent  the 
premium  payable  under  the  deferred  assurance,  the  value  at  age 
x  +  n  of  an  annuity  of  the  difference  between  these  two  premiums 
will  be  (P\x+n]  —  P')  &[X]+n,  the  life  assured  being  at  that  time  no 
longer  select.  Since  the  Office  premium  employed  in  this  calcu- 
lation is  based  on  the  assumption  that  the  life  assured  is  select, 
a  further  addition  of  (PM+„-  P{x+n])  aw+n  should  be  made  to  pro- 
vide for  the  difference  in  the  premium  due  to  the  life  having  been 
"  select "  at  age  x  since  when  n  years  have  elapsed. 

P'  being  the  Office  premium  to  be  charged  under  the  contract 
this  can  be  dealt  with  as  indicated  in  paragraph  33  in  connection 
with  pure  endowments,  with  the  result  that 

Value  of  Benefit  at  end  of  n  years 

=  {(P'[s+m]  —  P')  +  (P[x]+n  —  P[a+»])}  aW+n. 

Value  of  Premiums  at  end  of  n  years 

=  (AF^-01m)(l+i)«a, 

the  net  premium  only  being  taken  into  account  on  the  premium 
side.    Whence 

p<  _  {P'[»+n]  +  (P[«]+7t  ~  P[«+»l)}  &[x]+n  +  •PI??*  (1  +  i)  S^\  .    ^ 

k  (1  +  i)  s^\  +  a,[x]+n 

In  connection  with  the  value  of  the  benefit,  when  making  allow- 
ance for  the  fact  that  the  life  was  no  longer  select  at  age  x  +  n, 
net  premiums  only  were  employed,  but  on  the  other  hand  at  that 
age  there  is  a  sum  of  (kV  —  'Qlm)  (1  +  i)  s^\  in  hand  whereas,  in 
taking  (P[X]+n  —  P[z+n])  &[x]+n,  it  is  tacitly  assumed  that  the  full  sum 
assured  of  1  is  at  risk  at  that  time.  The  net  result  is  that  this 
addition  is  more  than  is  theoretically  required,  but  the  excess  may 
be  looked  upon  as  loading. 

Since  the  formula  is  based  on  Office  premiums  it  can  easily  be 
modified  so  as  to  apply  to  endowment  assurances,  limited-payment 
policies,  and  also  to  with-profit  assurances.  In  the  last  mentioned 
case  bonuses  would  commence  to  accrue  from  the  date  of  com- 
mencement of  the  risk,  that  is  from  age  x  +  n. 
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37.  Discounted  Bonus  Policies.  A  class  of  assurance  that  was 
at  one  time  very  popular  is  that  under  which  the  premiums  are 
reduced  in  anticipation  of  future  bonuses.  The  premiums  for  such 
policies  are  generally  based  on  the  full  with-profit  premiums  of 
the  Office,  from  which  the  annual  value  of  the  bonuses  anticipated 
forms  a  deduction. 

The  rate  of  bonus  anticipated  should  be  materially  less  than 
that  which  it  is  expected  the  Office  will  be  able  to  declare,  and 
the  condition  should  be  attached  to  the  contract  that  if  the 
bonuses  actually  declared  exceed  the  rate  anticipated  the  policy 
shall  share  in  the  excess,  while  if  the  rate  declared  fall  short  of 
the  rate  discounted  either  the  sum  assured  shall  be  reduced  or  the 
premium  increased. 

The  rate  of  interest  employed  in  discounting  future  bonuses 
should  be  not  less  than  that  earned  on  the  invested  funds  or  at 
which  the  Office  is  prepared  to  grant  loans  on  the  security  of  its 
policies.  The  higher  the  rate  of  interest  employed  the  smaller 
will  be  the  reduction  of  premium.  If  the  Office  anticipates  a  long 
period  of  low  yields  on  investments  and  discounts  the  bonuses  at 
a  rate  rather  higher  than  that  provided  by  other  securities,  and 
provided  bonuses  can  be  maintained  at  a  rate  higher  than  that 
discounted,  such  policies  supply  an  attractive  investment  yielding 
a  very  satisfactory  rate  of  interest,  with  no  expense  attaching 
thereto. 

When,  however,  higher  yields  are  obtainable  on  sound  invest- 
ments, and  a  time  of  general  depreciation  in  values  accompanied 
by  high  expense  rates  occurs,  discounted  bonus  policies  offer  no 
attraction  from  the  Company's  point  of  view  and  may  prove  a 
difficult  problem  for  settlement  between  the  Office  and  the  assured, 
who  will  probably  object  to  his  sum  assured  being  reduced  or  his 
premium  increased  in  spite  of  any  conditions  attaching  to  his 
assurance. 

38.  If  Simple  Reversionary  Bonus  additions  be  discounted,  and 
it  be  assumed  that  both  the  quinquennial  and  interim  bonuses 
are  at  rate  b,  interim  bonuses  being  declared  only  after  the  first 
five  years,  the  reduction  of  the  tabular  with-profit  whole-life  pre- 
mium (assuming  a  "  select  period  "  of  five  years)  will  be  obtained 
by  the  formula 

6(5M,+,  +  Bw) 
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39.  If  Compound  Reversionary  Bonuses  be  discounted  at  the 
same  rate  b  and  subject  to  the  same  condition  as  regards  interim 
bonuses,  the  reduction  of  the  tabular  with-profit  premium  will  be 
given  by  the  formula 

J-  {56M.+,  +  b  (1  +  56)  (K^,  -  R,+]0)  +  b  (1  +  56)2  (B^  -  B^,,) 

+  ...  etc.}. 

These  two  expressions  are  of  the  same  form  as  the  additions 
made  to  the  net  premiums  in  paragraphs  16  and  18  respectively 
for  similar  bonuses. 

As  regards  the  discounting  of  Compound  Reversionary  Bonuses, 
it  has  been  argued  that  as  the  bonuses  do  not  remain  attached  to 
the  policy  to  earn  additional  bonuses,  allowance  cannot  be  made 
for  the  "compounding''  when  ascertaining  the  reduction  to  be 
made  from  the  full  with-profit  premium.  It  is  argued  that  only 
Simple  reversionary  bonus  additions  can  be  taken  into  account. 
The  second  formula  given  above  assumes  that  compound  bonuses 
are  discounted :  if  the  other  opinion  be  held  the  first  formula  will 
be  employed. 

The  corresponding  expressions  for  endowment  assurances,  and 
for  whole-life  assurances  when  other  conditions  as  regards  the 
declaration  of  the  bonuses  apply,  can  be  seen  by  examining  the 
additions  to  allow  for  bonuses  made  in  the  formulae  in  paragraphs 
16  to  19  inclusive. 

40.  If  the  Office  declare  a  quinquennial  cash  bonus  as  a  per- 
centage of  the  premiums  paid  during  the  quinquennium  and  a 
percentage  KP'  be  discounted,  the  reduction  of  premium  to  be 
allowed  in  the  case  of  a  whole-life  assurance  will  be,  assuming 
the  "  select  period  "  to  be  five  years, 

5KF  .  J-  {Dw  +  DW10  +  D^u  +...}, 

which,  if  we  assume 

5T>x+5  =  Dw+3  +  DM+4  +  Dx+S  +  D^  +  Dx+T  approx., 

can  be  written  KP' .  -== —  . 

41.  Mortality  Experience  of  Different  Classes  of  Assurance. 

The  mortality  experience  amongst  lives   assured  under   various 
classes  of  policies  differs  materially,  and  indicates  that,  however 
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carefully  a  Life  Office  may  select  lives  to  be  insured,  there  is  also 
selection  against  the  Office.  A  person  who  has  reason  to  think  that 
his  standard  of  health  is  below  the  average  may  prefer  a  whole- 
life  assurance  under  which  the  premium  is  smaller,  thus  securing 
greater  protection  for  his  annual  outlay,  while  a  healthier  in- 
dividual will  prefer  an  endowment  assurance,  in  order  to  make 
provision  for  old  age  as  well  as  protection  for  his  dependants. 

In  the  British  Offices  Experience  it  was  found  that,  generally 
speaking,  the  higher  the  rate  of  premium  the  lighter  was  the 
mortality.  The  experience  was  extracted  for  various  classes  of 
assurances.  The  0[M1  and  0[NM]  have  already  been  mentioned,  and 
it  is  only  necessary  here  to  refer  to  one  other  table,  the  0[EM], 

based  on  the  experience  of  single-life  endowment  assurances.    A 
i  i  o[£M:|        ow         ofNMJ 

comparison  ot  these  three  tables  shows  that  q[x]+n<  <7M+„<  1\x\+n'' 

that  is,  as  the  premium  charged  diminished,  the  rate  of  mortality 
increased. 

During  the  period  to  which  this  experience  relates,  however, 
Endowment  Assurances  formed  a  comparatively  small  part  of  the 
business  of  the  Offices  which  supplied  particulars  of  their  policies, 
whereas  since  that  period  there  has  been  a  very  rapid  growth  in 
the  demand  for  this  class  of  assurance,  the  new  business  effected 
in  recent  years  containing  a  far  greater  number  of  Endowment 
Assurances  than  of  any  other  type  of  policy.  It  is  probable  that, 
as  a  result,  the  later  experience  of  lives  under  this  class  will  be 
similar  to  that  under  whole-life  assurances. 

EXAMPLES 

Ex.  1.  If  the  net  single  premium  for  a  whole-life  policy  for 
£100  at  a  given  age  is  £32.  8s.,  the  corresponding  net  level  yearly 
premium  £1.  12s.  5d.  and  the  corresponding  net  yearly  premium 
reducible  by  50  per  cent,  after  ten  years  £2.  5s.  8d.,  find  the  net 
single  premium  on  the  same  basis  for  a  ten-year  endowment 
assurance  for  £100. 

By  the  question 

100A,.  =  32'4, 

IOOP3  =  162083, 

and  2-283  (aa;-^10|aJ!)  =  100Aa;  =  32-4. 
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To  ascertain  ax,  we  have 

a,  =  ^=J^  =  19-990, 
P*     1-62083 

.-.    2-283 10\ax  =  2  {2-283  (19-990)  -  324} 
=  26-474, 
and  io|aa;  =  11-594. 

It  is  required  to  find  A,^  =  1  -  daxm,  the  values  of  d  and 
ax:iol  thus  being  required, 

,     1  -  Ax      1  -  -324 
d=^r=l¥990='03382' 

aa;:  10l  =  &x  ~  w\&x 

=  8-396, 
■"•    AI:B1  =  1 --03382(8-396) 
=  -71605. 
The  net  single  premium  for  a  ten-year  endowment  assurance 
for  £100  is  therefore  £71.  12s.  2d.  say. 

Ex.  2.  The  annual  premium  for  a  whole-life  policy  is  '04  for 
five  years  and  -02  thereafter,  or  '0475  for  five  years  and  -0175 
thereafter.    Find  the  uniform  annual  whole-life  premium. 

Also  find  the  annual  premium  for  an  endowment  assurance 
payable  at  the  end  of  five  years  or  previous  death  in  terms  of 
6Pa;  and  d. 

From  the  question  we  can  write  at  once : 

Pa.aa.  =  -04ax:51  +  -024|aa:  =  -0475a;i;:5-|  +  -01754jaa.. 
From  the  second  and  third  of  these  expressions, 
■0025  4|a»  = -0075a*  ,7i, 

.'.      4\Clx  =  o3ixr^y 

Also  ax  =  a-x.-ji  + 4\ax 

=  4>a,x:r\. 
Therefore  P^a.,,  =  04ax  .j\  +  -024|  as 

= -04  (ia„)+ -02(18.), 
whence  Px  = -01  + -015 

=  -025. 
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For  the  second  part  of  the  question,  we  have : 

_  1  -dag-si 

aa;:5l 

1  —  d&x     Sda.x.-a\     .  . 

=  — +  — !    since  a*  .-g]  =  i&x 

"w  :!F]  aa;  :31 

=  ,PB  +  8A 

Ex.  3.  A  man  aged  35  wishes  to  be  allowed  to  pay  a  premium 
of  P[30]  for  a  whole-life  assurance,  and  is  prepared  to  have  his  sum 
assured  reduced  by  30X  in  the  first  year,  29X  in  the  second  year, 
and  so  on,  the  deduction  from  the  sum  assured  decreasing  by 
X  per  annum.  Find  an  approximate  value  of  X  by  0[NM1  at 
3  per  cent. 

Here  we  must  take 

P[30]  •  aisB]  =  A  [35]  -  t=j {30M[35]  —  R[35]+1  +  Res} 


'[35] 

x  = 


Mr35]  -  P[3„]  N[35] 


30M[36]  —  R[j5]+1  +  Ruo 

13581-33 -11671-76 


407439-9  -  285320-16 
=  •0156. 
The  question  asks   for  an   approximate  value,  which   can  be 
obtained  more  simply  by  assuming  a  constant  deduction  of  15X. 
Then 


X  = 


M[S5]  -  P[30] 


15(M[35]-M65) 
=  •0154. 
It  should  be  pointed  out  that 

RrsKUi  = . 


R[3E]+1  =  M[3S]+1  +  M[35]+2  +  . . .  +  M[36]+4  +  2M, 
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CHAPTER  VI 

VALUES  OP  SINGLE-LIFE  POLICIES  SUBJECT 
TO  ANNUAL  PREMIUMS 

1.  Policy  Values.  At  the  time  a  policy  of  assurance  is  issued, 
the  value  of  the  net  premiums  exactly  equals  the  value  of  the  benefit 
assured.  In  connection  with  a  Whole-Life  or  an  Endowment  Assur- 
ance, however,  as  the  policy  continues  in  force,  the  time  at  which 
the  sum  assured  is  to  be  paid  draws  nearer,  and  the  value  of  the 
assurance  increases.  On  the  other  hand,  the  number  of  premiums 
remaining  to  be  paid  becomes  smaller  and  the  value  of  future 
premiums  decreases.  The  value  of  the  assurance  will  thus  exceed 
the  value  of  future  premiums,  or  in  other  words  the  premiums  to 
be  received  in  future  will  not  suffice  to  meet  the  claim  when  it 
arises,  and  the  Office  must  have  in  hand  a  sum,  known  as  the 
Value  of  the  Policy,  sufficient  to  meet  the  difference.  The  only 
source  from  which  this  sum  can  be  derived  is  the  premiums  already 
paid  together  with  interest  earned  thereon. 

In  calculating  the  value  of  a  policy,  as  in  connection  with  all 
other  monetary  values  based  on  the  Mortality  Table,  the  assump- 
tion is  tacitly  made  that  there  is  a  sufficient  number  of  assurances 
to  supply  the  average  experience  of  the  mortality  table  employed. 

The  formulae  for  the  values  of  the  various  policies  considered 
in  this  chapter  will  be  given  on  the  basis  of  Select  Tables,  the 
suffix  of  any  symbol  involving  duration  t  being  written  \x]  + 1. 
When  Aggregate  Tables  are  used,  or  when  Select  Tables  are  used 
but  the  duration  is  such  that  the  value  of  a  function  is  taken 
from  the  Ultimate  Table,  the  square  brackets  enclosing  the  age  at 
entry  must  be  omitted. 

2.  In  the  case  of  a  whole-life  assurance  of  1,  subject  to  annual 
premiums,  effected  t  years  ago  (t  being  integral)  on  a  lite  then 
aged  x,  the  value  of  the  sum  assured  is  now  A[X]+(,  and  the  value 
of  the  remaining  premiums,  including  the  (t  +  l)th  premium  now 
due,  is  Pwa[a:i+t.  Representing  the  value  of  the  policy  by  jV^, 
we  have 

t^ix]  =  A-w+t  —  P[*]aw+{   (1). 
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3.  The  value  of  an  endowment  assurance  is  obtained  in  a  similar 
manner.  Assuming  the  term  of  the  assurance  to  be  n  years  and 
that  it  was  effected  t  years  ago  on  a  life  then  aged  x,  the  present 
age  is  x  +  t,  the  remaining  period  of  the  assurance  is  n  —  t  years 
and  there  are  n  —  t  premiums  (including  the  one  just  due)  remain- 
ing to  be  paid. 

The  value  of  the  sum  assured  is  therefore  A.[X]+t.^Zt[  and  of  the 
future  premiums  7[X]:n\-^[x]+t:n^t\'>  whence,  representing  the  value 
of  the  policy  by  eV^i] ,  we  have 

tVlx]:nl  =  A[x]+t:n^t\  —  P[z]:«fl-  &[x)i-t;n^t\      (2). 

4.  The  method  adopted  in  the  last  two  paragraphs  of  ascertaining 
the  value  of  the  policy  by  reference  to  the  future  is  called  the 
"  Prospective  Method."  As  has  been  stated,  however,  the  only 
source  from  which  the  policy  value  can  have  been  accumulated  is 
the  past  premiums,  and  it  will  be  instructive  to  consider  these 
accumulations  and  to  ascertain  the  value  by  what  is  known  as  the 
"  Retrospective  Method." 

Assuming  l[X]  whole-life  assurances  effected  on  lives  all  aged  x 
at  entry,  the  sum  assured  in  each  case  being  unity,  the  amount  in 
hand  at  the  end  of  the  first  year  of  assurance  will  be 

P[z]  kz]  (1  +  *)  —  ^[*]  ' 
since  there  will  have  been  l^  premiums  paid  at  the  commencement 
of  the  year,  and  d^]  deaths  during  the  year,  on  each  of  which 
unity  would  have  to  be  paid,  it  being  assumed  that  claims  are 
paid  at  the  end  of  the  year  of  death.  At  the  end  of  the  second 
year  the  sum  in  hand  will  be 

fe]P[»]  (1  +  *)  -  dfc*]}  (1  +  »)  +  { WxPM  (1  +  i)  -  d\*i+i} 

=  Pm  {k>i  (1  +  if  +  Wi  (!  +  0}  -  {<*[»]  (1  +  0  +  <*«+»}. 
and  similarly  at  the  end  of  t  years,  the  sum  in  hand  from  the 
accumulations  of  past  premiums,  after  allowing  for  the  payment  of 
claims,  will  be 

Pw  I'm  (i  +  0*  +  Wi  (i  +  01"1  +  ■■■  +  Ww  (i  +  0} 

-  {dlx]  (1  +  if-'  +  dlx]+1  (1  +  i)<-2  + . . .  +  dM+«-i} 

=  ^i+i  ^M  (Dm  +  D[*]+i  +  •  •  •  +  D[X]+t-i) 

—  (0[B]  +  C[a!l+i  +  ...  +  C[j]+j_i)|. 


VI 6]       RETROSPECTIVE  AND  PROSPECTIVE  METHODS  97 

Whence,  dividing  by  Z[a.]+<)  the  number  of  survivors  at  the  end  of 
the  t  years,  we  have  as  the  amount  in  hand  for  each  survivor,  or 
the  value  of  each  policy, 

*VW  =  f.—  {Pw  (NM  -  Nw+<)  -  (Mw  -  MM+t)}  (3). 

The  form  of  the  expression  for  the  retrospective  value  of  an 
endowment  assurance  will  be  exactly  the  same  as  that  for  the 
value  of  a  whole-life  assurance,  since  the  same  number  of  premiums 
will  have  been  accumulated,  and  the  same  number  of  claims  paid : 
the  only  difference  is  in  the  amount  of  the  net  premium. 

Thus 

iVW:ia  =  fp—  {PW:SI  (NM  -  Nw+t)  -  (Mw  -  %,)]  . .  .(4). 

5.  So  long  as  net  functions  only  are  used  and  the  policy  values 
are  based  on  the  mortality  table  and  the  rate  of  interest  employed 
in  calculating  the  net  premiums,  the  prospective  and  retrospective 
methods  give  identical  policy  values. 

Considering  the  whole-life  policy  value  by  the  retrospective 
method,  and  remembering  that  P[«]N[ir]  =  M[a!], 

#VW  =  jJ—  {Pw  (Nw  -  Nm+4)  -  (M[!c]  -  MM+,)} 
=  fi {M[d+i-PwNN+4} 

=  A[as]+*  -  P[a!]a[a;]+*) 

the  prospective  value. 

Similarly,  for  an  endowment  assurance,  since 

P[*]:S1  (N[X]  -  N[x]+„)  =  MM  -  M[x]+n  +  D[x]+„, 


«VW:5I  =  fT—  {PW:SI  (Nw  -  Nw+«)  ~  (MW  -  Mw+«)} 
=  t^—  {PW:51  (Nw  -  Nm+„  +  NM+„  -  Nw+() 
-  (Mm  -  Mwj+n  +  Dt.]+»)  +  (Mw+i  -  mm+»  +  DM+»)} 

=  A[x-\+t:'^i[  —  P[a!]:»ia(a!]+*:n-t|' 

6.  The  policy  values  for  limited  payment  whole-life  and  endow- 
ment assurances  on  the  life  of  (x),  the  sum  assured  being  1  and 
the  premiums  limited  to  k  payments,  are  represented  by  \  Y[x]  and 

*V[a!]:s|  respectively. 
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For  the  whole-life  assurance,  by  the  prospective  method 

t VM  =  Mx]+t  -  kP[x]&ixi+t:iz=t)  when  t  <  &j 

and  by  the  retrospective  method 

-  (M[x]  -  Mw+<)}  when  t<  k 

L.(6). 


?  Vu  =  pi-  {»PW  (Nw  -  NM+i)  -  (MM  -  Mw+<)}  when  «<*' 


=  fT—  {*Pw(NM-NW4*)-(MM-MM+,)}     „    t£i 

^lxl+t 
For  an  endowment  assurance,  by  the  prospective  method 
*  Vm : 51  =  AM+t : 5=71  -  * Pfa] : 5J  ateH-* : S=*|  when  *  <  k 


—  A-[x]+f.n-t\  »        tS,KJ 


and  by  the  retrospective  method 
JL 

hxi+t 


1 VM :  5]  =  fj {t  Pw :  51  (N  w  -  NM+/)  -  (Mw  -  M  w+0  j  when  t<  k 


r; {*Pw:il(Nw-NM+t)-(Mw-Mw+0}    „    t^k 


(8). 


With  regard  to  the  retrospective  policy  value  when  the  duration 
"  t "  is  greater  than  k,  the  number  of  premiums  payable,  the  ex- 
pression for  the  accumulation  of  the  premiums,  excluding  the 

claims,  takes  the  form  P  — ?^ 2LL .    The  total  accumulation  to 

V[x]+t 

time  k  of  the  premiums  paid  by  l[xj  original  entrants  or  the  survivors 
of  these  is  Jid+jP  — t^ ~  an^>  no  further  premiums  being 

payable,  this  sum  must  be  accumulated  for  (t  —  k)  years  and  divided 
amongst  the  l[x]+t  survivors.    That  is, 

-L'W+ft  hxi+t 


=  p 


Hxl- 


Di 


'[«]+* 


In  each  of  the  cases  given  in  this  paragraph  the  prospective 
policy  value  can  readily  be  shown  to  be  identical  with  that  found 
by  the  retrospective  method. 
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7.  It  is  only  when  the  net  premiums  by  the  mortality  table 
and  at  the  rate  of  interest  employed  in  the  valuation  are  used  that 
the  prospective  and  retrospective  policy  values  are  identical.  If  in 
place  of  the  net  premium,  P'  (=  P  +  <f>)  be  taken  into  account 
(<j>  being  positive) ;  by  the  prospective  method,  a  larger  premium 
will  be  taken  credit  for  and  the  policy  value  will  consequently  be 
reduced ;  whereas,  by  the  retrospective  method,  larger  premiums 
will  have  been  accumulated,  and  the  policy  value  will  be  increased. 
Thus  for  a  whole-life  assurance,  the  policy  value  where  the  premium 
P  +  (f>  is  valued  is,  prospectively, 

A-[xl+t  ~  (P[»]  +  <f>)  &[x]+t 
=  t^lxi  -  4>&ixl+t, 

and  retrospectively, 

tr—  f(Pw  +  <t>)  (NM  -  NM+J)  -  (Mw  -  Mw+«)} 

v         .Nw-Nwy 
=  <Vm  +  9 — fj 

If  on  the  other  hand  the  premium  valued  be  less  than  the  net 
premium,  say  P  —  </>,  the  policy  value  becomes,  prospectively, 

tVixi  +  4>aixi+t> 

and  retrospectively,      tYix)  —  $     tc]~ — ^±-* . 

A  similar  argument  clearly  holds  with  endowment  assurance 
and  other  classes  of  policies. 

8.  In  order  to  avoid  repetition  it  will  be  taken  for  granted, 
unless  otherwise  stated,  that  each  of  the  policies  dealt  with  in  the 
following  paragraphs  is  for  a  sum  assured  of  1  on  the  life  of  (x), 
and  that  where  a  pure  endowment,  temporary  assurance  or  endow- 
ment assurance  is  being  considered,  the  full  term  of  the  contract 
is  n  years. 

It  may  perhaps  be  pointed  out  that  in  practice  the  prospective 
method  of  valuing  policies  is  employed  except  occasionally  in  the 
case  of  special  classes  of  policies  which  are  more  easily  valued  by 
the  retrospective  method. 

9.  Policy  Values  at  Fractional  Durations.  Annual  Pre- 
miums.   The  values  of  policies  subject  to  annual  premiums  at 

7—2 
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durations  which  include  a  fraction  of  a  year  are  most  readily 
obtained  by  interpolation. 

In  order  to  obtain  the  value  of  a  policy  subject  to  annual  pre- 
miums at  duration  t  +  - ,  it  must  be  remembered  that,  as  at  this 
s 

time  the  number  of  premiums  paid  will  be  t  +  1,  the  interpolation 
must  be  made  between  the  values  at  duration  t  with  t  + 1  premiums 
paid — i.e.  tV[x]  +  P[x] — and  at  duration  t+1,  with  the  same  number 
of  premiums  paid — i.e.  t+]V[x] .   Thus  for  a  whole-life  assurance, 

t+^V[x]  =  (<  V"[x]  +  P[x])  +  -  {«+i  V[x]  -  (eV[a.]  +  Pw)} 

=  *VW  +  ]  ( WVW  -  tYM)  +  (l  -  J)  PW (9). 

If  the  interpolation  had  been  made  between  (V[X]  (t  premiums 
paid)  and  *+i  V^]  (t+1  premiums  paid)  the  result  would  have  been 

the  value  at  duration  t  +  -  with  t  +  -  premiums  paid :  which  would 

not  fit  the  case. 

A  numerical  example  may  make  the  point  clearer,  while  at  the 
same  time  demonstrating  the  simplicity  of  the  interpolation  in 
practice. 

Let  us  suppose  that  3Va;  =  -068,  4Va;=-091,  Pa;  =  "030,  and  it  is 
required  to  find  the  value  of  3$ V^.   We  have 

=  -068  +  i(-023)  +  f(-030) 

=  -096. 

From  expression  (9)  it  is  seen  that  in  addition  to  the  value  that 
would  be  obtained  by  interpolating  between  tY[x]  and  i+1  V^]  there 
must  be  kept  in  hand  a  portion  of  the  year's  premium  correspond- 
ing to  the  period  still  to  elapse  before  another  premium  becomes 
payable. 

10.  An  alternative  method  of  arriving  at  the  value  of  t+-Vm> 
involving  the  use  of  the  practical  annuity- value 


.-ila^i-Vmi-^-l): 
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is  as  follows : 

t+l^M  =  A-[X]+t+j  —  ~P[xi  •  i-I|aw+<+l. 

=  j-A-M+t  +  j(A[x]+t+i  -  A[a.]+(n 

-  P[x]  \&ixi+t  +  -  (&[*}+<+!  -  a[a:]+<)  -  f  1  -  - 

=  «VW  +  -  (mVw  -  ,Vw)  +  (l  -  -)  Pw. 


as  before. 

11.  For  the  value  of  an  endowment  assurance  at  duration  t  +  - 

s 

we  have 

*+jVta:S]  =  («V[a.]:Sl  +  Pm:HI)  +  J  jlAliS  -  (fV[s]:Sl  +  P[X]:SI)} 

=  «V[ir]:Sl  +  7  G+1VM;HI  -  *V[d:^l)  +  (  1  -  -  )  P^]:^  ...(10). 

12.  If  the  number  of  premiums  payable  be  limited  to  k,  the 
values  of  the  whole-life  and  endowment  assurances  respectively  at 

time  t  +  -  ( t  +  -  <  k )  will  be 
s  \      s        J 

«iVw  =  $VW  +  J  (t+\  Vw  -  ?Vm)  +  (l  -  J)  *Pw    (11), 

and 

t+lVfahiJ  =  *V[*]:H1  +  -  (t+i  V[d:Sl  -  *Vw:5l)  +  (l  -  j)  *PW:S1 

(12). 

13.  Values  of  Participating  Policies.  In  obtaining  the  value 
of  an  ordinary  participating  policy,  as  the  assured  has  no  title  to 
bonuses  not  yet  declared,  it  is  only  necessary  to  consider  those 
already  attached  to  the  policy,  and  to  value  these  as  an  addition 
to  the  sum  assured.  Thus  in  the  case  of  a  whole-life  assurance, 
the  sum  assured  being  S  and  reversionary  bonuses  added  thereto 
being  B,  the  value  will  be 

(S  +  B)  AM+t  —  SV[X]B,[X]+t 
=  S .  t~V[x]  +  -SAM+t. 
Similarly,  for  an  endowment  assurance  for  the  same  sum  assured 
and  with  the  same  bonus  additions,  the  value  will  be 

8 .  tVfr] :  ¥1  +  BA[x]+t .  z=t\. 
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14.  In  the  case  of  a  guaranteed  bonus,  the  whole  of  the  benefit 
assured,  including  both  existing  and  future  bonuses,  must  be  valued. 
For  example,  the  value  of  a  whole-life  policy  for  £100  effected  on 
the  life  of  (x)  ten  years  ago,  with  a  guaranteed  simple  reversionary 
bonus  of  £2  per  cent,  per  annum,  is 

\2SjAx+w  +  2  (1A)j+1,  —  ra^+iD, 
P  being  the  net  premium  to  provide  for  the  full  benefit  assured, 
including  the  guaranteed  bonus. 

15.  Pure  Endowment  Policy  Values.  The  value  at  the  end  of 
t  years  of  an  endowment  of  1  payable  on  (x)  attaining  age  x  +  n 
secured  by  an  annual  premium  ~P[Xhn[  is 

tV[«i:ii  =  AM+t  .£=f\  -  P[S]:Si  aM+t:srji  prospectively  . .  .(13) 

=  PM:^(NM-NM+t)       retrospectively (14)) 

the  retrospective  value  consisting  of  the  accumulations  of  the 
premiums,  no  claims  having  occurred. 
Since 


1   _  P[s]:?T1 


I  fee]  —  iS  [x]+t 

it  follows  from  formula  (14)  that  t^ix]-.n\ 

16.  When  the  endowment  is  granted  with  return  of  premiums 
in  the  event  of  death  before  attainment  of  the  endowment  age, 
representing  the  net  premium  by  P  and  the  Office  premium  by  P', 
the  value  is,  prospectively, 

i  F 

-A-M+* :  n=t\  +  ri {^-M+t  +  R[a;]+t  —  R[a;]+m  —  bM[j]+») 

U[x]+t 


(15). 


—  PaM+i:»-«l 

and  retrospectively 

p^—  (P  (NM-  Nw+t)  -  P'  (Rw  -  RM+e  -  *MW+,)} 

These  two  formulae  give  identical  results.    The  numerator  of 
the  retrospective  value  can  be  rewritten  as  follows : 

P  (Nw  -  NM+n  +  NM+fl  -  Nw+t) 

+  I"  (tM-[x]+t  +  R[(d+«  -  Rfel+n  -  wMfe]+„) 
—  P'  (R[x]  —  R[a.]+n  —  »M[«1+ii)i 
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the  terms  PN|>]+„  and  P'  (R[a,]+n  —  nM[a.]+„)  having  been  added  and 
subtracted. 

And  since 

P  (Nw  -  NN+„)  =  B[x]+n  +  P'  (R[x]  -  RM+n  -  nMw+B), 

the  expression  reduces  to 

D[d+n  +  P'  (iM.lx]+t  +  Rw+,  -  R[x]+n  -  nMw+n)  -  P  (Slx]+t  -  N[x]+„), 

which  is  the  numerator  of  the  expression  for  the  prospective 
value. 

If  mortality  be  neglected,  the  value  is  simply 

P(l +;)*]• 

17.  Deferred  Assurances.  For  the  value  at  the  end  of  t  years 
of  a  whole-life  assurance  on  (x),  deferred  n  years  (t  <  n),  P  being 
the  net  premium  payable  under  the  policy,  the  expression  is 

«-n|  A[a]+t  —  Pa[a;]+( 

=  n —  {MM+„-PNw+i}. 

If  the  deferred  assurance  be  granted  with  return  of  premiums 
in  the  event  of  (x)  dying  before  the  assurance  becomes  effective, 
the  amount  which  the  Office  should  have  in  hand  at  the  end  of 
n  years,  namely  (P^j+n  -  P)  a&\+n  =  AM+„  —  Pa[a;]+ri>  which  can  be 
represented  by  V,  can  be  treated  as  the  amount  of  a  pure  endow-, 
ment  falling  in  on  the  assured  reaching  age  x  +  n,  and  the  policy 
valued  by  the  method  shown  in  paragraph  16. 

If  mortality  during  the  period  of  deferment  be  ignored  the  value 
at  the  end  of  t  years  (t  <  n)  becomes 

P(l+*)«il- 
After  the  assurance  is  entered  upon  (i.e.  where  t  >  n)  the  value  is 

the  contract  being  then  a  whole-life  assurance  subject  to  a  special 
net  premium. 

18.  Endowment  Assurances  with  Return  of  Premiums.  The 

prospective  formula  for  the  value  at  the  end  of  t  years  of  an  endow- 


•  •(16), 
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ment  assurance  with  return  of  premiums  when  the  sum  assured  is 
payable,  is 
1 

UM+t 

+  F  (iMlx]+t  +  R,lx]+t  -  R[a;]+„  -  wMw+n  +  nD[x]+n) 
-P(Nw+(-Nw+B)} 
and  the  retrospective  value 

— "—  {P  (Nw  -  Nw+()  -  (Mw  -  Mw+f) 

U[x]+t 

—  P'  (P"[z]  —  R[a;]+<  —  t^tzl+t)} 

P  and  P'  being  respectively  the  net  and  Office  premiums  for  the 
special  assurance. 

It  is  clear  from  a  comparison  of  the  prospective  and  retrospective 
formulae  (16)  that  the  retrospective  method  is  generally  the  simpler 
for  use  in  valuing  assurances  with  return  of  premiums. 

If  the  premiums  are  returnable  only  in  the  event  of  death  during 
the  n  years,  the  expression  for  the  value  of  the  policy  by  the  retro- 
spective method  is  the  same  as  formula  (16)  if  the  values  of  P  and 
P'  be  those  for  the  particular  benefit  involved. 

But  if  the  premiums  are  returnable  only  in  the  event  of  the 
assured  surviving  to  the  end  of  the  period  of  the  contract,  there 
will  not  have  been  any  claims  for  the  return  of  premiums,  and  the 
expression  for  the  policy  value  takes  the  form 

P  (NM  -  NM+«)-  (MM  -  MM+t) 

19.  Instalment  and  Debenture  Policies.  In  valuing  a  policy 
under  which  the  sum  assured  is  payable  by  instalments  or  the 
payment  of  the  sum  assured  is  deferred,  interest  being  allowed  in 
the  meantime,  the  ordinary  policy  values  can  be  employed  provided 
they  are  multiplied  by  the  factor  representing  the  value  as  at  the 
time  the  claim  arises  of  the  benefit  assured. 

Thus  for  a  policy  on  the  life  of  (%)  under  which  the  nominal  sum 
assured  of  1  is  payable  by  m  equal  annual  instalments  payable  in 
advance,  the  value  is 

for  a  whole-life  assurance  tV[x]  x  —  a^], 

for  an  endowment  assurance  tV[xi-.nl  x  —  &m\- 
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Similarly  with  debenture  policies,  for  which  the  sum  assured 
would  be  taken  as  l-\-(j  —  i)  a^\. 

20.  Double  Endowment  Assurances.  A  double  endowment 
assurance  being  a  combination  of  an  ordinary  endowment  assurance 
and  a  pure  endowment,  its  value  at  the  end  of  t  years,  the  sum 
assured  being  1  at  death  or  2  at  maturity,  is 

21.  In  connection  with  all  the  classes  of  policies  so  far  considered 
in  this  chapter,  the  policy  value  increases  with  the  duration  until 
the  sum  assured  becomes  payable.  The  risk  of  the  Office  having 
to  pay  the  sum  assured  is  an  increasing  one,  and  the  premium, 
being  uniform,  is  in  the  early  years  more  than  sufficient  to  cover 
the  current  risk.  There  is  thus  a  margin  left  which  is  kept  in  hand 
and  accumulated  at  interest  to  provide  that  part  of  the  increased 
risk  in  later  years  not  covered  by  the  current  premiums.  Under 
an  endowment  assurance  the  amount  in  hand  (i.e.  the  policy  value) 
must  steadily  increase  until  at  the  end  of  the  term  it  is  equal  to 
the  sum  assured;  under  a  whole-life  assurance  the  value  must 
similarly  increase  until  at  age  w  —  1  it  closely  approximates  to 
the  sum  assured,  which  (according  to  the  Mortality  Table)  must 
become  payable  during  the  following  year.  In  order  that  this 
condition  may  hold  the  premium  and  interest  together  must  each 
year  be  more  than  sufficient  to  meet  the  current  risk. 

In  the  case  of  a  temporary  assurance  the  conditions  are  different. 
Assuming,  for  example,  an  assurance  for  ten  years;  in  the  early 
years  the  premium  charged  will  be  more  than  sufficient  to  cover 
the  risk  and  the  reserve  will  increase,  but  shortly  after  the  middle 
of  the. term  the  premium  and  interest  will  fall  short  of  being 
sufficient  to  cover  the  risk,  so  that  part  of  the  reserve  also  will 
be  absorbed,  and  the  policy  value  will  thus  decrease  each  year 
until  at  the  end  of  the  term  it  vanishes,  the  assurance  then 
terminating. 

22.  Temporary  Assurances.  The  value  of  a  temporary  assur- 
ance can  be  obtained  by  either  the  prospective  or  the  retrospective 
method,  these  methods  giving,  as  in  other  cases,  identical  results 
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when  net  functions  are  employed.   Thus, 
Prospectively  ( V^ : g  =  &&yTt : s=j|  -  P[i] :S1  atrf+*:S=«l,  | 

Retrospectively  ,  PA:il(NM-]W)-(MM-MM+«)   ■•  W 

23.  The  progress  of  the  values  of  whole-life,  temporary  assurance, 
pure  endowment,  and  endowment  assurance  policies  is  clearly 
shown  in  the  following  Tables  A  to  D. 

Table  A  deals  with  Whole-Life  Assurances  on  lives  aged  30  at 
entry,  on  the  basis  of  the  HM  Table  (Makeham  Graduation),  for 
a  period  of  10  years  from  entry,  and  is  divided  into  two  parts, 
showing,  on  the  assumption  of  89,685  policies,  the  progress  of  the 
assurance  fund  ascertained  by  the  retrospective  and  prospective 
methods  respectively. 

In  Tables  B,  C  and  D  the  term  of  the  contracts  is  taken  as 
10  years,  the  same  number  of  policies  effected  on  lives  aged  30 
being  assumed,  but  it  has  not  been  thought  necessary  to  subdivide 
these  tables  to  show  the  progress  of  the  fund  by  both  the  retro- 
spective and  prospective  methods.  At  the  end  of  each  year  the 
endowment  assurance  fund  is  exactly  equal  to  the  sum  of  the  pure 
endowment  and  temporary  assurance  funds,  as  must  result  from 
the  relation  existing  between  these  classes  of  policies. 

In  these  tables  the  columns  of  policy-values  will  enable  the 
student  to  test  his  knowledge  of  the  methods  of  calculating  policy- 
values  by  an  Aggregate  Table  (the  HM)  by  means  of  the  formulae 
obtained  in  this  chapter. 
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Showing  the  progress  of  a  Fund  formed  by  the  Contributions  o/89,685 
Members,  each  assuring  for  1  at  age  30  for  10  Years  only,  at  an 
Annual  Premium  of  "00826797. — Interest  3  per  cent. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

Year 
n 

Funds  at 
Commence- 
ment of 
Year 

Premiums 
paid  at 

Commence- 
ment of 
Year 

Sum  of 
(2)  and  (3) 

Interest 
earned 
in  Year 

Sum  of 
(i)  and  (5) 

Claims 

in 
Year 

Funds  at 

End 
of  Year 

Policy 
Value 

™  V30 :  iol 

I 

CO 'OOO 

741-511 

741-511 

22-245 

763-756 

691 

72-756 

■00082 

2 

72756 

735-800 

808-556 

24-256 

832-812 

700 

132-812 

•00150 

3 

132-812 

730-010 

862-822 

25-885 

888-707 

709 

179-707 

•00205 

4 

179707 

724-150 

903-857 

27-116 

930-973 

719 

211-973 

■00244 

5 

211-973 

718-204 

930-177 

27-905 

958-082 

729 

229  082 

■00266 

6 

229-082 

712-176 

941-258 

28-238 

969-496 

742 

227-496 

•00266 

7 

227-496 

706-042 

933-538 

28-006 

961-544 

756 

205-544 

■00243 

8 

205-544 

699'79i 

905-335 

27-160 

932-495 

770 

162-495 

•00194 

9 

162-495 

693-425 

855-920 

25-678 

881-598 

786 

95-598 

•001 15 

IO 

9S-S98 

686-927 

782-525 

23'475 

806 'OOO 

806 

oo-ooo 

•00000 

Table  0 

Showing  the  progress  of  a  Fund  formed  by  the  Contributions  of  89,685 
Members,  each  taking  out  an  Endowment  ofl,  at  age  30,  payable 
at  the  end  of  10  Years,  at  an  Annual  Premium  of  '08043157. — 
Interest  3  per  cent. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

Year 
n 

Funds  at 
Commence- 
ment of 
Year 

Premiums 

paid  at 
Commence- 
ment of 
Year 

Sum  of 
(2)  and  (3) 

Interest 

earned  in 

Year 

Funds  at 

End 
of  Year 

Policy 
Value 

n  *30:  iol 

1 

OOO'OOO 

72I3-505 

7213-505 

216-405 

7429-910 

•08349 

2 

7429-910 

7157-927 

I4587-837 

437-635 

15025-472 

•17017 

3 

15025-472 

7101-625 

22127-097 

663-813 

22790-910 

•26021 

4 

22790-910 

7044-599 

29835-509 

895-065 

30730-574 

•35378 

5 

30730-574 

6986769 

377I7-343 

1131-520 

38848-863 

•45IOI 

6 

38848-863 

6928-134 

45776-997 

I373-3IO 

47150-307 

•55214 

7 

47150-307 

6868-454 

54018-761 

1620-563 

55639-324 

•65737 

8 

55639-324 

6807-649 

62446-973 

1873-411 

64320-384 

76692 

9 

64320-384 

6745-716 

71066-100 

2131-984 

73198-084 

•88103 

10 

73198-084 

6682-497 

79880-581 

2396-419 

82277-000 

1  ■00000 
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Table  D 

Showing  the  progress  of  a  Fund  formed  by  the  Contributions  of  89,685 
Members,  each  effecting  an  Endowment  Assurance  Policy  for  1, 
at  age  30,  payable  at  the  end  of  10  Years  or  on  previous  death, 
at  an  Annual  Premium  of  '08869954. — Interest  3  per  cent. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

Year 
n 

Funds  at 
Commence- 
ment of 
Year 

Premiums 
paid  at 

Commence- 
ment of 
Year 

Interest 

earned  in 

Year 

Sum  of  (2), 
(3)  and  (4) 

Claims 

in 
Year 

Funds  at 

End 
of  Year 

Policy 

Value 

nV30:io| 

I 

OOO'OOO 

7955-016 

238-650 

8193-666 

691 

7502-666 

■08431 

2 

7502-666 

7893-727 

461-891 

15858-284 

700 

15158-284 

•17167 

3 

15158-284 

783i-635 

689-698 

23679-617 

709 

22970-617 

■26226 

4 

22970-617 

7768-749 

922-181 

31661-547 

719 

30942-547 

■35622 

5 

30942-547 

7704-973 

1159-425 

39806-945 

729 

39077"945 

•45367 

6 

39077 '945 

7640-310 

1401-548 

48119-803 

742 

47377-803 

■5548o 

7 

47377-803 

7574 '49° 

1648-569 

56600-868 

70 

55844-868 

•65980 

8 

55844-868 

7507-440 

1900-571 

65252-879 

770 

64482-879 

•76886 

9 

64482-879 

7439''4i 

2157-662 

74079-682 

786 

73293-682 

•88218 

IO 

73293-682 

7369-424 

2419-894 

83083-000 

806 

82277-000 

1  -ooooo 

24.   Various  alternative  formulae  for  tY[x]  can  be  obtained  from 
the  prospective  value.   Thus 

t^lx]  =  A-lxl+t  —  P[a;]a[x]+<       (18) 

=  1  -  (Pw  +  d)  aN+< (19) 

(since  Alx]  =?1  -  da[x]+t) 

=  1  _  gM±?  or  l  _  1 +  aM+«     (20) 

aM  1  +  alx] 

(since  PM  +  d  =  —  ) 
\  a,[X]J 

_  a[<c]  —  &[x]+t  /ni  \ 

_  Mri+t  —  A[s]  . 

1-AW         (22)' 

1  —  Ar  1 
since  from  A[$  =  1  -  da^  it  follows  that  a^j  =  — t-^j  . 
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Again,  from  the  original  formula 


t  V[x]  =  A[x]+(    1 v I 


=  Alxl+t(l-^L)    (23), 

or  iVw  =  (PM+«-Pw)atti+f  (24) 

(since  AIa!]+t  =  P[a;].Ha[.ri_H) 

_   P[g]+«  ~    Pfgl  /g(-\ 

"     PLs]+<  +  rf      (    5> 

The  expressions  here  given  for  the  value  <  V^  can  all  be 
obtained  by  general  reasoning.  It  will  be  sufficient  to  "give  two 
examples. 

If  a  unit  be  invested  in  the  purchase  of  an  annuity  payable 
annually  in  advance  during  the  life  of  (x),  the  annual  payment  will 

be  —  or  P[x]  +  d,  and  the  premium  P^  being  available  at  the 

beginning  of  each  year  will  secure  a  policy  to  provide  the  return 
of  the  unit  at  the  end  of  the  year  of  death  of  (x).  At  the  end  of 
t  years,  if  the  unit  were  payable  immediately,  its  value  would 
be  1,  but  payment  is  deferred  during  the  life  of  (x),  for  which 
period  the  annuity  of  P^  +  d  continues  payable,  its  value  being 
(P[x]  +  d)a[x]+f  Deducting  this  value  from  the  unit  the  value  of  the 
policy  is 

1 -(P[s]  +  d)  &[*]+*■ 

Again,  if  a  person  aged  [x~\  + 1  desired  to  take  out  a  whole-life 
assurance  on  his  own  life  he  would  have  to  pay  a  premium  of 
P[x]+t,  the  value  of  all  the  premiums  payable  under  the  contract 
being  P[xj+*  &[x]+t  •  I£  however,  ([«]  +  t)  holds  a  policy  effected  t  years 
ago  at  a  premium  of  P[x],  the  value  of  the  remaining  premiums  is 
P[*]aM+i>  an(i  tQe  amount  by  which  this  falls  short  of  the  value  of 
the  premiums  to  be  paid  for  a  similar  policy  at  his  present  age  is 
the  value  of  his  existing  policy.   That  is 

(P[<ri+*-'P[d)a[d+<- 

25.  Expressions  similar  to  those  given  in  paragraph  24  for  the 
value  of  a  whole-life  assurance  can  be  obtained  for  the  value  of  an 


=  AM+<:5^i(l-p»_)    (31) 
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endowment  assurance.   Thus 

t^'lx\:nl  =  -^ixi+f.n=H~'^lxhnialxi+t:n^i\      (26) 

=  l-(Plx]:^  +  d)alx}+t:z=t\ (27) 

_  j  _  &[x]+t:n=t\    or    J  _  1  +  Ojx]+t:n-t-l\  ^g-v 

a[s]:»l  1+0[«]:»=T] 

_  alx]:n\—  a[a:]+i:n-t|  /«g\ 

&tx]:n[ 
_  ■^■[x]+t:n-t\  —  A[a;]:n]  /oq\ 

1  —  A-[a.]:^l 

Also  from  the  original  formula 

V      -,—  A  ,  ft        fid:»lal(c]+<:^tl\ 

*VW:»1  —  &{x]+t:n=U     -1 T =ZI J 

P[g]:nl 

-  0]+£:n— £ 

=  (P[o;]+l!:^tl  —  P[x]:»])aU:]+<:S=71   (32) 

"[«]+<:«— 1|  —  -t[a;]:«l  /QQ\ 

=  p  ,    ,    J  \66)- 

J-lxi+t-.n^n  +  a 

26.  Policy  Values  by  different  Mortality  Tables.  A  mortality 
table  exhibiting  a  higher  rate  of  mortality  does  not  necessarily 
give  higher  policy  values.   For  example,  from  the  expression 

it  will  be  seen  that  if  the  rate  of  mortality  below  age  x  +  t 
be  increased,  but  above  that  age  remain  unaltered,  the  value 
of  ax  is  diminished,  that  of  &x+t  remaining  the  same,  the  fraction 

-^  is  increased,  and  the  whole-life  policy  value  is  diminished. 

&>x 

On  the  other  hand,  if  the  mortality  from  age  x  +  t  onwards  only 
be  increased,  both  ax+t  and  ax  are  reduced  in  value,  but  the  reduction 
in  the  value  of  &x+t  is  greater  proportionately  than  in  that  of  ax . 

The  fraction  -^  is  therefore  diminished  and  the  policy  value 

a!C 

increased. 

27.  Whether  a  policy  value  by  one  mortality  table  is  greater  or 
less  than  that  by  another  table  depends,  therefore,  not  on  the 
actual  rates  of  mortality  exhibited  by  the  two  tables,  but  on  the 
progression  in  these  rates. 

If  there  are  two  mortality  tables  T  and  T'  and  the  letters  a,  V,  etc. 
relate  to  table  T  and  accented  letters  a',  V,  etc.  to  table  T',  then 

,V„  >  =  <  tY'x, 
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according  as 


1 

&x+t  ^   _.   ^  i         &x+t 

a»                     aa 

ax+t  ^   __   _,  az+* 

a  a;               ax 

aa;  ^  _    ^   ax+t 
a  a;                 a  3+i 

If,  therefore,  the  values  of  the  ratio  -?■  be  calculated  for  all 

&x 
values  of  x,  a  simple  inspection  of  the  results  will  show  the  ages 
at  entry  and  durations  for  which  table  T  will  give  greater  or 
smaller  whole-life  policy  values  than  table  T". 

Similarly  for  Endowment  Assurances, 


t'i:»l  >  —  *--  t  *  x:n\> 

according 

as 

1 

aaH-«:n-(|        _          -.         a  x+t:n-t\ 
>-  — -    ^  i.               / 

ax:«l                                    ax:n] 

a 

aos+*:n-*|  ^   _     .,  ax+*:n-t| 
ax:«l                           aa:n] 

ft 

If  there 

fore 

the 

ai:nl    -    __    ^   aaH-«:n— 1| 
a«:»l                   a  x+t:n-t\ 

Q          1 

ratio     x:      be  calculated  for  al 

a  x:nl 

a  simple  inspection  of  the  results,  x  +  n  being  constant,  will  show 
the  ages  at  entry  and  durations  for  which  table  T  will  give  greater 
or  smaller  endowment  assurance  policy  values  than  table  T". 

28.  The  following  tables  of  the  ratios  of  the  whole-life  and 
temporary  annuities-due,  in  the  latter  case  ceasing  at  age  60,  by 
the  HM  and  0M  Tables  illustrate  the  use  of  the  method  of  com- 
paring the  policy  values  by  different  tables. 

Comparison  of  Whole-Life  Policy  Values 

a(HM) 

Values  of    r  M   at  3  per  cent. 
a 


X 

a* 

X 

a* 

X 

a* 

*-'z 

»'x 

a'* 

20 

•9720 

45 

■9888 

70 

•9804 

25 

•9778 

50 

•9895 

75 

•9739 

30 

•9813 

55 

•9890 

80 

•9792 

35 

•9850 

60 

•9870 

— 

— 

40 

•9881 

65 

•9860 

— 

— 
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xx+n 


9»X     ^    _  ^35 

a  x  a  a+n 


As  an  example,  for  a  policy  effected  at  age  40,  since 

y(HM) 
in  v  in 


&40        aso 

&  40  &  E0 


but  as 


&40  a60 

&  40         a  60 


<  10*40        ; 


yCH^)         y(0») 

»  v  40  -"*  20  v  40 


Similarly  the  value  of  a  policy  effected  at  age  20  is  always  less 
by  the  HM  than  by  the  0M  Table,  but  that  of  a  policy  taken  out 
at  age  50  is  always  greater  by  the  former  table. 


Comparison  of  Endowment  Assurance  Policy  Values 
Policies  maturing  at  age  60 

a  i5^ 

Values  of-^^*1  at  3  per  cent. 
J  „/     (0M)  r 


X 

a,x:tM-x\ 
a'x:w-x\ 

X 

^x-.W-xl 
aa;:60r5| 

20 
25 
30 
35 

■9756 
■9816 
•9855 
•9896 

40 
45 
50 
55 

■9935 
•9951 
•9971 
■9989 

This  table  shows  that  for  all  ages  at  entry  and  durations  the 
values  of  endowment  assurances  maturing  at  age  60  are  less  by 
the  HM  Table  than  by  the  0M  Table. 

29.   In  paragraph  27  it  was  shown  that 


provided 


t  v  x  —  t  '    %> 

&x+t 


a' 


>x+t 


If,  therefore,  a^  =  (1  +  k)  a!x  for  all  values  of  x,  the  two  tables  will 
always  give  equal  whole-life  policy  values.  Investigating  this 
relationship  we  find  that,  if 

a*  =  (1  +  k)  a'x, 
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then  since  a!x  =  1  +  a'x 

=  1  +  vp'x .  &x+1 

=  l  +  vp'x 


aa;+i 
1  +  k' 


ax  =  (l+k){l  +  vp'x*f-k 
=  {l+k)  +  vp'x  -^  , 


or 


whence 


ax 

=  k+^ax, 

Vx 

o'x 

) 

q'x 

=  1-Px(l- 

9x+  ax 
k 

=  qx-\ — 

vax 

c 
=  &  +  -, 

±) 

aj 

k 
where  c  is  a  constant  and  equals  - . 

Since  the  value  of  ax  decreases  as  the  age  increases,  the  con- 
dition under  which  two  tables  will  give  equal  policy  values  is 
that  the  rates  of  mortality  at  successive  ages  under  one  table  shall 
be  capable  of  being  derived  from  those  of  the  other  table  by  an 
addition  which  increases  with  the  age,  the  addition  at  any  par- 

ticular  age  being  of  the  form  — .   If,  in  proportion  to  the  rate  of 

az 

increase  in  this  quantity,  the  addition  to  the  rate  of  mortality  be 
greater  at  the  younger  ages,  the  policy  values  by  table  T"  will  be 
smaller  than  those  by  table  T ;  if  the  addition  be  proportionately 
greater  at  the  older  ages  the  policy  values  by  table  T"  will  be 
greater  than  by  table  T. 

If,  for  example,  a  constant  addition  be  made  to  the  rate  of  mor- 
tality at  all  ages  it  is  clear  that,  as  compared  with  the  increasing 


addition  —  ,  the  constant  addition  will  be  proportionately  greater 
a>x 

at  the  younger  ages  and  less  at  the  higher  ages,  thus  diminishing 

8—2 
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policy  values.  If  on  the  other  hand  a  constant  deduction  be  made 
from  the  value  of  q  at  all  ages  the  decrease  will  be  proportionately 
greater  at  the  younger  ages  and  the  increase  in  the  rate  of  mor- 
tality from  age  to  age  will  be  too  rapid  to  give  equal  policy  values 
and  these  values  will  accordingly  be  decreased. 

These  points  will  be  discussed  more  fully  in  Chapter  X. 

30.  Surrender  Values.  All  Life  Offices  are  prepared,  after  a 
certain  number  of  premiums  have  been  paid,  or  after  a  policy  has 
been  a  stated  number  of  years  in  force,  to  grant  a  cash  surrender 
value  for  the  cancelment  of  the  contract.  The  value  allowed  is 
something  less  than  the  reserve  or  policy  value  held  by  the  Office, 
and  may  be  a  proportion  of  that  reserve  or  the  policy  value  calcu- 
lated at  a  higher  rate  of  interest  than  that  employed  in  the 
periodical  valuations. 

In  connection  with  whole-life  assurances  it  is  generally  a  condition 
that  three  years'  premiums  must  have  been  paid  before  a  surrender 
value  can  be  granted,  and  there  is  frequently  a  guarantee  that  this 
value  shall  then  be  not  less  than  one-fourth  or  one-third  of  the 
premiums  paid  or  sometimes  a  higher  percentage  of  the  premiums 
paid  excluding  the  first. 

For  endowment  assurances  and  limited  payment  policies  the 
number  of  premiums  that  must  be  paid  before  a  surrender  value 
attaches  to  a  policy  is  reduced  by  some  Offices  to  two  or  even  one. 

The  practice  of  companies,  however,  varies  and  these  examples 
must  be  taken  only  as  a  general  indication  of  the  conditions  under 
which  surrender  values  are  granted  in  the  United  Kingdom  at  the 
present  time  (1922). 

31.  Free  or  Paid-up  Policies.  A  Free  Policy  is  a  policy  free 
from  all  future  premiums.  Thus,  a  policy  subject  to  the  payment 
of  a  single  premium  or  a  limited  number  of  periodical  premiums, 
after  the  payment  of  premiums  has  ceased,  might  be  considered  a 
free  policy,  but  in  practice  this  name  is  limited  to  assurances  granted 
in  lieu  of  policies  subject  to  periodical  premiums  on  the  latter  being 
given  up,  or  surrendered,  to  the  Office.  The  symbol  "  W  "  is  em- 
ployed to  denote  a  free  policy. 

In  the  following  paragraphs  the  formulae  for  the  net  free  policy 
values  are  given ;  in  practice,  the  amount  of  the  free  policy  in  the 
case  of  whole-life  assurances  is  generally  based  on  the  surrender 
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value,  and  in  the  case  of  limited  payment  policies  and  endowment 
assurances  is  frequently  that  proportion  of  the  original  sum  assured 
which  the  number  of  premiums  paid  bears  to  the  total  number 
payable  under  the  contract. 

32.  A  whole-life  assurance  was  effected  t  years  ago  on  a  life  then 
aged  a;  at  a  premium  of  P[a.].  What  is  the  amount  of  the  free  policy 
that  can  now  be  granted  ? 

There  are  two  simple  methods  of  arriving  at  this  amount : 

(1)  The  value  of  the  existing  assurance  is  tV[x],  the  present  age 
of  the  assured  being  \x\  + 1.  The  amount  of  the  free  policy  that 
can  now  be  granted  is  the  sum  assured  payable  at  the  death  of 
([#]  + 1)  which  will  be  secured  by  the  payment  of  tY[x]  as  a  single 
premium.   This  amount  is 

fWM  =  -^     (34). 

(2)  If  the  life  now  aged  [x]  -f  t  desired  to  effect  a  new  whole-life 
assurance  of  1  on  his  own  life,  the  annual  premium  he  should  pay 
is  P[a;]+<.   If  he  continued  to  pay  P^]  this  premium  would  secure  a 

P  P 

sum  assured  of  p        ,  leaving  a  balance  of  sum  assured  of  1  —  „ 

to  be  provided  by  the  sum  in  hand  from  past  premiums,  that  is,  by 
the  policy  value.  The  free  policy  which  can  now  be  granted  is, 
therefore, 

*Ww  =  l-i^-    (35). 

Formulae  (34)  and  (35)  must  clearly,  from  the  arguments  em- 
ployed, give  identical  results ;  and  that  this  is  so  is  easily  shown 
algebraically, 

t  V"[s3    _  Mxl+t  —  Fts]  afel+t 

—  1       Pta 

P[z]+< 

33.  By  similar  reasoning,  for  an  endowment  assurance  for  n  years 
which  has  been  t  years  in  force,  the  free  policy  that  can  be  granted  is 

«WM;ii='VM;jL  (36), 

A[x]+t:n-t[ 

iWW:5i=l-p^i- (37), 


these  two  expressions  giving  the  same  result. 
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p 

34.  In  order  that  the  formula  1  -  p-  may  be  employed,  it  is 

necessary  that  the  payments  of  P<  and  P  cease  at  the  same  time 
and  that  the  benefit  secured  by  the  original  policy  be  exactly  the 
same  throughout  its  duration. 
Thus  for  a  temporary  assurance 

tW^a-l-p^      (38), 

[x]+t:n-t[ 

for  a  pure  endowment 

«wW:a  =  i — ^r  (39), 

*[xl+t:n-tl 

for  a  whole-life  limited  payment  policy 

?WW-1 ^- (40). 

The  method  of  applying  the  policy  value  as  a  single  premium  in 
order  to  determine  the  sum  assured  under  a  free  policy  is,  however, 
applicable  to  all  classes  of  policies. 

35.  The  following  is  an  example  of  the  grant  of  a  free  policy  in 
lieu  of  a  more  complicated  contract. 

It  is  required  to  find  the  free  policy  which  can  be  granted  for 
the  surrender  of  an  n-year  endowment  assurance  effected^  years 
ago  on  a  life  then  aged  (%),  with  the  condition  that  all  premiums 
paid  are  to  be  returned  with  the  sum  assured  at  death  or  maturity. 

The  value  of  the  original  policy  at  the  end  of  t  years  is,  by  the 
retrospective  method, 

rrl-  (P  (Nw  -  NM+()  -  (Mw  -  Mw+i)  -  P'  (Bw  -  Ew+j  -  MM+t)}, 

where 
p  ^  (Mm  -  MM+m  +  D[aj+B)  +  c  (1  +  k)  (R[a,]  -  R[a.]+„  -  nM[x]+n) 
(Nw-Nw+n)-(l+A;)(Ew-EIld+B-nMM+B) 
and  the  Office  premium 

P'=(P  +  c)(l  +  fc). 
The  single  premium  required  to  secure  the  same  sum  assured 
payable  at  the  death  of  ([«]  +  t)  or  at  the  end  of  (n  —  t)  years  should 
the  life  survive,  together  with  the  return  of  the  t  premiums  already 
paid  (tV),  is 

-A-M+tin^tK1  +'")  = ri (1  +  tJf ). 
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Therefore,  the  free  policy  that  can  now  be  granted  for  the 
surrender  of  the  original  policy  is 

P(NM  -  NM+f)  -  (MM-MM+<)-F(Bid-B[«|+t-f  MM+t) 
(1  +  tP)  (Mw+<  -  Mw+n  +  Dw+n) 
If  the  premiums  already  paid  are  not  to  be  returned  with  the 
sum  assured  by  the  free  policy,  the  denominator  becomes 

Q&[x]+t  —  M[a.]+n  +  D[aO+n) 

only. 

P 

The  formula  1  —  =p-  cannot  be  applied  to  a  case  of  this  kind,  or 

to  any  assurance  under  which  the  sum  assured  varies. 

36.  In  the  case  of  a  participating  policy,  the  bonuses  added  to 
the  sum  assured  are  already  free  of  any  payment  of  premium,  and 
the  free  policy  which  can  be  allowed  relative  to  the  sum  assured 

P 

alone  can  therefore  be  calculated  by  means  of  the  formula  1  —  ^- , 

* 

the  full  existing  bonuses  being  added  thereto. 

For  a  guaranteed  bonus  policy,  this  being,  as  indicated  in 
Chapter  V  22,  in  reality  a  non-participating  policy  with  a  varying 

P 

sum  assured,  the  formula  1  —  ^-  cannot  be  employed  to  ascertain 

the  free  policy. 

37.  Alterations  of  Policies.  Life  Offices  are  frequently  asked 
to  have  policies  altered  so  as  better  to  suit  the  requirements  of  the 
assured. 

The  most  frequent  kind  of  alteration  is  from  whole-life  to  endow- 
ment assurance.  Let  us  suppose  that  a  person  who  effected  a  whole- 
life  assurance  for  a  sum  assured  of  unity  t  years  ago  at  age  x 
now  desires  the  policy  converted  into  an  endowment  assurance  for 
the  same  amount  to  mature  at  age  x  +  n.  The  problem  is  to  find  the 
annual  premium  that  must  be  paid  for  the  remainder  of  the  term. 

Dealing  first  with  net  functions  only,  the  premium  can  be  ascer- 
tained in  the  following  ways : 

(1)  If  an  endowment  assurance  had  been  taken  out  in  the  first 
place  on  the  life  aged  x  to  mature  at  age  x  +  n,  a  premium  of 
Pfchn]  would  have  been  paid,  and  the  Office  would  have  in  hand  at 
the  end  of  t  years  a  sum  of  tV[x]:»l-  -A-  whole-life  assurance  having 
been  effected,  it  actually  has  in  hand  tY[x].  The  assured  must, 
therefore,  pay  annually  for  the  next  n  —  t  years,  in  addition  to  the 
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premium  of  P[x]:^|,  such  a  sum  as  will  be  equal  in  present  value  to 
the  difference  between  t^ixhnl  and  <V[X]. 
The  annual  premium  required  is,  therefore, 


P[a:]:nl  + 


t^lx]:^—  /Vfe] 


a[x+t]:n-t| 

where,  in  view  of  the  nature  of  the  alteration,  the  life  assured  is 
treated  as  being  still  a  "  select "  life. 

(2)  If  an  endowment  assurance  of  unity  were  effected  now,  the 
age  of  the  life  being  x  + 1,  to  mature  at  age  x  +  n,  the  annual 
premium  to  be  paid  would  be  P^+fl.^z^.  But  the  Office  actually 
has  a  sum  of  tYlx]  in  hand  and  can,  therefore,  afford  to  reduce  the 
premium  by  the  annual  equivalent  of  this  sum :  that  is,  to  charge 
a  premium  of 

p  ,  fV[x] 

r  [x+th:ri^t\  — —  ■ 

a[x+<]:»-t| 

38.  In  practice,  further  points  arise  for  consideration.  Under 
Method  (1),  if  for  P[x];^]  we  substitute  the  Office  tabular  premium 
P'fehnl  the  additional  charge  to  cover  the  difference  between  (V[x]:^i 
and  tY[x)  must  be  loaded  to  provide  for  a  certain  amount  of 
expenses ;  commission,  for  example,  being  payable  on  the  total 
premium. 

Under  Method  (2),  on  the  other  hand,  if  the  Office  premium 
^"lx+t]-.n^t\  be  substituted  for  the  net  premium,  the  Office  will  make 
a  profit,  since  the  premium  contains  loading  for  initial  and  renewal 
expenses,  whereas  the  initial  expenses  are  not  incurred  at  the  time 
of  alteration  and  renewal  commission  will  not  be  paid  on  the 

amount  — — — — . 

atx+<]:n-t| 


39.  When  the  policies  are  "with  profits"  allowance  must  be  made 
for  the  difference  between  the  value  of  the  existing  bonus  additions 
under  the  new  terms  and  their  value  under  the  whole-life  assurance. 

40.  When  the  life  assured  is  not  considered1  to  be  still  a  "  select " 
life,  or  when  an  aggregate  table  is  used,  and  only  net  functions  are 
considered,  a  perfectly  general  plan  for  all  alterations  of  policies  is 
to  equate  the  policy  value  immediately  before  the  alteration  to  the 
value  immediately  after  the  alteration,  and  solve  for  the  quantity — 
such  as  the  new  premium — to  be  determined. 

In  the  case  dealt  with  in  the  last  paragraph  for  instance,  if  P  be 
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the  net  premium  to  be  paid  in  future,  this  can  be  determined  by 
the  following  equation : 

=  (A-x+t-.^Ttl  ~  P[as]:»l  ax+t:n^i\)  +  (P[x]:n\  ~ P)  &x+t:n^i[> 
*V[<ri:nl—  tV[xl 


P_P[d:»I  =  ! 


or  P  =  Ptx]:^  + 


ax+t:n-t[ 


a 


x+t:n—t 


as  in  Method  (1)  of  paragraph  37  ;  or 

t  *M  =  -A-a.+(:„_<[  —  Paa!+<.„_t|, 

.-.     P  =  : 


■A-a;+«:n-*|  —  <  Mi] 


*V[a,] 


a0!+*:n-«| 

=  Pa;+*:n=tI  — ~ 

ax+t:n-t[ 

as  in  Method  (2)  of  paragraph  37. 

For  practical  purposes  it  then  becomes  necessary  to  consider  the 
question  of  expenses,  etc. 

41.  A  somewhat  similar  case  to  that  discussed  in  paragraph  37 
is  where  the  assured  under  an  endowment  assurance  wishes  the 
policy  to  mature  at  an  earlier  age  than  that  stated  in  the  original 
contract.  Let  us  suppose  that  an  endowment  assurance  was 
effected  t  years  ago  at  age  x  to  mature  at  age  x  +  n,  and  it  is  now 
desired  to  make  the  maturity  age  x  +  m  (m<  n).  The  premium  to 
be  paid  for  the  remaining  m  —  t  years  can  be  ascertained  as  follows : 


(1)  Pm:ot|+" 

(2)  IWfl:5T=t| 

&[x+t]:m-t\ 

The  points  discussed  in  paragraph  38  also  arise  for  consideration 
in  this  case. 

42.  If  it  be  desired  that  the  future  premiums  under  a  whole- 
life  assurance,  instead  of  being  payable  throughout  life,  shall  be 
limited  to  t  payments,  the  premium  to  be  paid  will  be  ascertained 
by  redistributing  the  value  of  the  premiums  (net  or  Office)  payable 
under  the  original  assurance :  that  is,  by  taking 
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The  life  is  assumed  to  be  select  as  otherwise  he  would  not  wish 
to  pay  the  higher  premium  so  brought  out. 

If,  on  the  other  hand,  the  period  during  which  the  premiums 
are  payable  under  a  limited  payment  policy  is  to  be  extended,  the 
annual  premium  being  thus  reduced,  the  calculation  will  be  made 
in  a  similar  manner,  but  evidence  of  good  health  must  be  obtained 
before  the  alteration  is  permitted. 

43.  An  Office  is  sometimes  asked  to  apply  the  cash  value  of 
bonus  additions  to  limit  the  number  of  future  premiums  payable 
under  a  policy.  Take  the  case  of  a  whole-life  assurance,  effected 
t  years  ago  on  a  life  then  aged  x,  the  sum  assured  being  S  and 
the  bonus  additions  B.  The  cash  value  of  the  bonus  additions  is 
BAx+i.  If  it  be  assumed  that  y  is  the  age  at  which  premiums 
will  cease  after  the  alteration  has  been  effected,  the  loss  to  the 
Office  (to  be  covered  by  the  cash  value  of  the  bonuses)  will  con- 
sist of  the  value  of  a  deferred  annuity  of  the  premium,  first  payment 

N 
at  age  y,  that  is  /SP^  T    y  .    We  thus  have 

N 
BA-x+t  —  SF[X]  =—y-  , 

whence  N„=^±*. 

"%] 

The  age  y  must  then  be  determined  by  reference  to  a  table  of 
the  values  of  JSX.  It  will  generally  be  fractional,  and  it  will  be 
for  the  Office  to  decide  whether  a  fractional  premium  shall  be 
paid  in  the  last  year  or  whether  such  an  amount  of  bonus  shall  be 
surrendered  as  to  give  an  exact  age  for  y. 

44.  The  cash  value  of  the  bonus  additions  might  similarly  be 
applied  to  convert  the  whole-life  assurance  into  an  endowment 
assurance.  In  this  case,  if  y  be  the  age  at  which  the  endowment 
assurance  is  to  mature,  the  loss  to  the  Office  will  be  a  deferred 
annuity  of  the  premium  and  of  the  interest  on  the  sum  assured, 
as  from  the  maturity  age.    Thus 

BAx+t  =  S(Plx]  +  d)^-, 

BM.x+t 
whence  ■^w=="cTad — TTj\- 

y     S  (Pra;]  +  d) 

If  the  number  of  future  premiums  to  be  paid  or  the  age  at 

which  the  endowment  assurance  is  to  mature  is  stated  and  the 
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problem  is  to  ascertain  the  amount  of  bonus  to  be  surrendered, 
this  amount  can  be  found  from  the  same  expression,  the  age  y  and, 
therefore,  the  value  of  N,,  being  known,  and  B  unknown. 

45.  If  the  bonus  additions  to  an  endowment  assurance  effected 
t  years  ago  on  a  life  then  aged  x  for  a  period  of  n  years  are  to 
be  applied  to  (a)  limiting  the  number  of  future  premiums,  or 
(6)  accelerating  the  date  of  maturity,  the  formulae  to  be  employed 
will  be 

(a)    BAx+t;^t\  —  S'P[x].^'- 


BCMx+t-Mx+n  +  Dx+n)  |  . 

$Pa:]:nl 

B(Kx+t-'M.x+n  +  'Dx+n) 


ux+t 


whence  the  age  y  or  y'  can  be  found  as  before. 


'  x+n> 


EXAMPLES 
Ex.  1.    On  the  basis  of  the  0!NM]  Table  at  3  per  cent,  calculate 
the  values  of  3V[30]  and  8V[so]- 

3  '  [SO]  =  -A-[30]+3  ~    "[30]  a[30]+3 

=  -41991  -  -01901  x  19-916 
=  -04131, 

8  »  [30]  ==  A^  —  .T  [30]  a38 

=  -45976  -  -01901  x  18-548 
=  •10716. 
Ex.  2.   Find  the  value  at  3  per  cent,  interest  of  a  whole-life 
policy  for  £1250  effected  at  age  30  which  has  been  20  years  in  force 
and  to  which  a  reversionary  bonus  of  £500  is  attached,  having 
given  that  P30  =  '0179  and  P60  =  -0373. 

This  question  is  included  simply  as  an  example  for  which  one  of 
the  more  unusual  formulae  for  the  value  of  a  whole-life  policy 
must  be  used. 

The  value  is  ^OA^,  -  1250P30 .  a50 

=  (l750P60-1250P30)am 
_  1750P50  -  125QP.Q 

P60  +  d 
=  645-8. 
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Ex.  3.  An  assurance  on  the  life  of  (oc)  is  payable  at  the  end  of 
n  + 1  years  if  (x)  be  then  alive,  or  at  his  death  should  this  occur 
during  the  last  t  years  of  this  period.  If  {x)  die  during  the  first 
n  years  the  premiums  paid  are  to  be  returned. 

Assuming  an  Aggregate  Mortality  Table,  find  expressions  for 

(a)  the  annual  premium  payable  for  n  years  only ; 

(b)  the  value  of  the  policy  by  the  prospective  and  retro- 
spective methods  at  the  end  of  n  +  m  years,  and  prove  that  these 
values  are  identical  (m  <  t). 

The  Office  premium  "  P' "  is  obtained  from  the  net  premium 
"  P  "  by  the  equation  P'  =  (P  +  c)  (1  +  k). 

(a)  Value  of  Benefit  =  jj-  [(Ma!+„  -  M.x+n+i  +  ~Dx+n+t) 

+  V(Rx-B,x+n-nMx+n)], 
p 
Premiums  =  ~-  (Nx  -  ~Nx+n), 
ux 

therefore  > 

_  (Mx+ra  -  Mx+n+i  +  T>x+n+t)  +  c  (1  +  k)  (Rx  -  ~Rx+n  -  nM.x+n) 
(Sx  -  NB+B)  -  (1  +  k)  (Rx  -  Rx+n  -  nKx+n) 
and 

p/  _  (Ma,+m  —  Mx+n+t  +  Dx+n+t)  +  C  (Nx  —  Na;+n)  ,,        ,  < 

~(Nx-Sx+n)-(l  +  k)(Rx-K+n-nMx+ny   +   '■ 

(b)  The  value  of  the  policy  at  the  end  of  n  +  m  years  is,  by 
the  prospective  method, 

-ft-x+n+m-.t— m\  -r\  > 

Ux+n+m 

and  by  the  retrospective  method 

j, {P  (®x  -  ®x+n)  ~  (M-x+n  -  M_x+n+m) 

-V'(Rx-Kx+n-nM.x+n)\ 

-  N-c+n)  —  (M.x+n  —  M.x+n+f  +  Dx+n±t) 


Ux+n+m 


—  P'  (Rj,  —  ~Rx+n  —  nM.x+n)  +  (M.x+n+m  —  M.x+n+t  +  D,,.+n+j)} 
=  Ma!+„+m-M3;+>t+<  +  Da;+TC+t)  the  prospective  value- 

J-^x+n+m 

Ex.  4.  An  endowment  assurance  policy  is  effected  on  a  life 
aged  x,  payable  at  the  end  of  25  years  or  at  previous  death,  with 
the  condition  that  the  premium  payable  during  the  first  five  years 
shall  be  the  ordinary  whole-life  premium,  the  premium  payable 
thereafter  being  correspondingly  increased. 
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On  the  basis  of  select  tables,  assuming  the  "  select  period  "  to  be 
five  years,  give  an  expression  for  the  net  premium  during  the  re- 
maining 20  years. 

Find  also  the  value  of  the  policy  at  the  end  of  ten  years  (1)  by 
the  retrospective  method,  and  (2)  by  the  prospective  method,  and 
show  that  the  two  expressions  are  equal. 

Value  of  Benefit  =  A[a.].^ . 
If  P"  be  the  ultimate  net  premium, 

Value  of  Premiums  =  P[x] .  a^.-^  +  P" .  s\snxh^\ , 

whence  P"  =  AM^~PMaM^ 

5 1  a[x]  :  20l 

_  MM  -  Mx+25  +  Dg+ss  -  PM  (N[x]  -  Nx+5) 

"it+5  —  Nx+25 
_  %l"l+!  —  Mx+26  +  Dx+25 


-^  X+5  —  -l*  a;+25 

At  the  end  of  ten  years  the  policy  value  is : 

(a)  by  the  retrospective  method, 

J—  {Pw  (Nw  -  Nx+6)  +  P-  (Nx+5  -  Nx+10)  -  (Mw  -  M*.M)} ; 

■L'se+io 

(b)  by  the  prospective  method, 

■"*+io:it]  —  "  ^x+io:ib| 

=  j) —  {Mx+io  -  Mx+25  +  Dx+25  -  P«  (Nx+l0  -  Nx+26)}. 

The  retrospective  value  can  be  written,  by  adding  and  sub- 
tracting similar  terms,  as  follows : 

r^-  {Pw  (Nw  -  Nx+6)  +  P»  (Nx+5  -  Nx+25)  -  P"  (Nx+10  -  Nx+25) 

-  (Mw  -  Mx+25  +  Dx+26)  +  (Mx+10  -  Mx+25  +  DX+2S)} 
=  t=j       {Mx+10  —  slx+a  +  Dx+25  —  P™  (Nx+10  —  Nx+25)j, 

Ux+W 

which  is  the  prospective  value;  since  from  the  formula  for  the 
value  of  Pu,  it  is  evident  that 

Pw  (N[x]  -  Nx+6)  +  P"  (Nx+6  -  Nx'+25)  =  Mw  -  Ma+25  +  Dx+26. 
Ex.  5.    A  child's  deferred  assurance  is  effected  at  age  5  subject 
to  annual  premiums  payable  throughout  life,  the  sum  assured 
being  payable  at  death  after  age  21.    In  the  event  of  death  before 
age  21  the  premiums  paid  are  returnable  without  interest. 
Find  the  value  of  the  assurance 

(a)  at  the  end  of  10  years, 
(6)      „  „       25      „     . 
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In  accordance  with  Chap.  V  36  the  mortality  of  the  child  before 
age  21  can  be  ignored. 

The  net  annual  premium  being  represented  by  P,  we  have 

The  value  of  the  policy  is 

(a)  at  the  end  of  10  years,  P  (sjj]  —  1), 

(b)  „  »     25      „      A^-Pa*,. 

As  indicated  in  Chapter  V  36  the  more  practical  method  would 
be  to  take,  where  P'  is  the  Office  premium, 

(AF  -  -01  m)  (1  +  i)  as,  =  (P'[21]  -  P)  a*, 

.     p/  _  P'cai]  ■  a^  +  -01m  (1  +  i)  s^ 

to  which  an  addition  might  also  be  made  to  allow  for  the  fact  that 
in  taking  the  Office  premium  P'[21]  the  assumption  is  tacitly  made 
that  the  life  is  still  select  at  that  age. 

The  policy  values  would  then  be  ascertained  in  the  same  manner 
as  above,  putting  P  =  (&P'  —  -01m). 

Ex.  6.  An  endowment  assurance  policy  for  £500  to  mature  at 
age  65  was  effected  at  age  25  at  an  annual  premium  of  £13.  It 
has  been  18  years  in  force  and  has  reversionary  bonus  additions  of 
£180. 

It  is  desired  to  apply  the  bonus  to  make  the  assurance  mature 
at  an  earlier  age  than  65. 

Assuming  0[NM]  mortality  with  3  per  cent,  interest,  find  the 
new  maturity  age. 

The  value  of  the  bonus  additions  is  lSOA^.^,  and  this  must 
recoup  the  Office  for  (1)  the  increased  value  of  the  sum  assured 
due  to  the  policy  maturing  at  an  earlier  age,  and  (2)  the  diminished 
value  of  the  future  premiums  due  to  fewer  premiums  being 
payable. 

If  43  + 1  represent  the  new  maturity  age,  we  have 

180A43:S1  =  500  (A^-Ti  -  A^s])  +  13  (a*,^  -  a^. j\) 
=  (500d  +  13)(a«:S1-a43;ti) 

=  (500d  +  13)i-(N43+,-N65), 
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which  is  evidently  correct,  since  the  Office  is  giving  up  a  deferred 
temporary  annuity  of  the  interest  on  the  sum  assured  plus  the 
premium. 

It  follows  from  the  last  expression  that 


180(M<3-M68  +  Dfl5) 
500d+13 

180  x  13577-42 


43+'~  500d+13  + 


27-563 
= 156285. 


+  67625 


Reference  to  the  table  of  values  of  NB  shows  that  156285  lies 
between  Nt6  and  N67.  The  maturity  age  can  either  be  taken  as 
the  exact  fractional  age  or  as  age  57,  the  latter  being  slightly  in 
favour  of  the  Office. 

Ex.  7.  A  man  now  aged  40  effected  five  years  ago  a  whole-life 
assurance  for  £500,  the  number  of  annual  premiums  being  limited 
to  a  maximum  of  20.  He  now  desires  to  alter  it  to  an  endowment 
assurance  maturing  at  age  55  for  a  reduced  amount  at  the  same 
annual  premium.  Find  the  amount  of  the  endowment  assurance 
on  the  basis  of  the  HM  3  per  cent,  table  and  net  premiums. 

In  this  case  the  same  premium  and  the  same  number  of  pre- 
miums will  be  payable  under  the  revised  as  under  the  original 
contract.  All  that  is  required,  therefore,  is  to  reduce  the  sum 
assured  in  the  ratio  of  the  single  premium  for  a  whole-life  assurance 
on  the  life  of  (40)  to  that  for  an  endowment  assurance  on  the  life 
of  (40)  maturing  at  age  55. 

The  amount  of  the  revised  endowment  assurance  will,  there- 
fore, be 

-A-40 


M4, 


500  x 
=  500x 

_  KOft  v 

11869-8111  +  13098 
=  352. 


Mu-Mh  +  D* 
11869 


CHAPTEE  VII 

SINGLE-LIFE  ANNUITIES  AND  PREMIUMS  PAYABLE 
MORE  FREQUENTLY  THAN  ONCE  A  YEAR.  VALUES  OF 
SINGLE-LIFE  POLICIES  SUBJECT  TO  PREMIUMS  PAY- 
ABLE MORE  FREQUENTLY  'THAN  ONCE  A  YEAR 


1.  Annuities  and  Premiums  payable  fractionally  through- 
out the  year.  So  far  we  have  dealt  only  with  annuities  and 
premiums  payable  annually.  In  practice,  both  annuities  and  pre- 
miums are  often  payable  at  more  frequent  intervals  and  it  is, 
therefore,  necessary  to  investigate  the  modifications  that  must  be 
made  in  the  formulae  already  obtained  to  allow  for  this  difference 
in  the  times  of  payment. 

What  then  is  the  value  of  an  annuity  of  1  per  annum  payable 

during  the  life  of  (x)  by  instalments  of  —  payable  at  the  end  of 

successive  —  ths  of  each  year  ? 

m  •{ 

Representing  the  value  of  this  annuity  by  c4m)  we  have 
a'm,=  —  2  vm  t  px 
1    1    <=a° 

—         -pv       *->     ■Lyx-\ — 

m  Ux  t=i         m 


L\ 


':."  m-U       m2  -  1  dDx 


2m 


1 2m2    dx 


m  —  1      m2  —  1    1    dl)x 

=  a*  +  -^r  +  -^^  ^  ^rr  approx. 


2  m         12»i2   Dx  dx 


-ax  + 


m  —  1     m2 


2m 


■(/*»  + 8) (1), 


since 


12m2 

! 


1  d~Dx  _  d  log  Dx  _  d  .      j       d  .       x  _ 
D,  dx  dx  dx    °  x     dx 
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Or,  if  we  write  -^  =  £  (Dx+1  -  D^)  approximately, 
„(»)_„  j_ m_1     ™,-lI)«-,-D,+1 
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2m         12m2         2D,. 
An  alternative  expression  can  be  obtained  thus : 
1    1 


.(2). 


Dx  m  t=1       x^m 


=  «*  + 


2   D*+*  +   ^^D^- 


m" 


2m 


12  m2 

m2-l 

24m2 


AD, 
A2DX  + 


etc. 


m  -  1      m2  -  1  ADX  -  1&>DX 

isr  +  iw  — if. — approx- 

m  - 1      m?-\3Dx-  4Dx+i  +  D^ 


2m 


12m2 


2D, 


.(3). 


2.  It  will  be  seen  from  formulae  (1)  to  (3)  that  if  the  terms 
involving  the  successive  differences  or  differential  coefficients  of 
D3  be  neglected  the  resulting  approximation  to  the  value  of  a^  is 
in  each  case 

(4). 


<4">  =  a8+- 


2m 


This  approximation  is  the  one  most  commonly  used  in  practice, 
it  being  generally  unnecessary  to  employ  a  more  accurate  value. 
On  the  basis  of  the  HM  Table  and  3  per  cent,  interest  the  value 

of  the  term  -y^ — -  (jmx  +  8)  when  m=  4  is  -0016  when  a;  =  30,  and 

•0025  when  x  =  60. 

3.    The   corresponding  value   of  the  annuity-due  payable  at 
mthly  intervals  is 


,(»»)  _ 


-+<', 


m 


whence,  using  the  practical  approximation  for  a!™', 


,(m)  = 


ax  + 


3»3! 


2m 
m  —  1 
2m  , 


.(5). 


s. 
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4.   The  value  of  a  temporary  annuity  of  1  per  annum  payable 

to  (x)  for  n  years  by  instalments  of  —  at  the  end  of  successive 

—  ths  of  each  year,  provided  (x)  be  still  alive,  is 

1      1   t=mn 


I    rt=n 


m  —  1  /r.       -p.      . 


m  —  1 

m2  — 1 


m'-l/dD,     dDs+nX        "I 
12m2  W*  "      cfa;    /      "J 

v      dJ 

,.,,,_,  {(^  +  S)-%t-n(^+„  +  S)}approx.    ...(6), 
or,  neglecting  terms  involving  differential  coefficients, 

^=^+^(i-%f) (0- 

Formulae  (6)  and  (7)  can  also  be  obtained  from  the  relationship 
For  the  corresponding  annuity-due  we  have 

x:n\        m  *:»-S| 

—  fll*)  _  ^"+n  „(m) 


—  a!t:»l  ~ 


2m 


.(8). 


It  does  not  appear  necessary  to  set  out  the  formulae  for  ajj^ 
corresponding  to  formulae  (2)  and  (3). 

5.   To  find  the  value  of  an  annuity  of  1  per  annum  payable 
m  times  a  year  during  the  life  of  (*),  the  first  payment  to  be  made 
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at  the  end  of  -  th  of  a  year  (-<  —  ],  we  have 
t  J        \t      m) 


I  r=">    1  ,  r_ 
\\^  =  —    £   Vt+mi     r_px 

1         1   r=cc 

=  ^-.-  2  BX+UL 
Dx   mr=0         *   m 

m  fm        \ 

Dx    m  r=0    V  m        t  m  \2  m  J 

where  ADX  =  Dx+I  -  Dx 

m 

,_,     1      t  —  m  ADx 

=  aL,-i  +  ^F-DI-  +  etc (9)' 

or,  ignoring  terms  involving  ADX1  A^ ...  etc.,  where  -  <  —  . 

x|4"»  =  ai-'-i (10). 

It  follows  that,  for  the  corresponding  temporary  annuity  value, 

1        1   r  =  mn—l 

i|a(mLi=rr--     2      D^+7 


*+m 


1         1    r=mre— 1  [~  m 

-i-.I     2        D^+l  +  ^AD^i 


m.  fm  _  ,  \ 

where  AD*  =  D^+I  -  Dx 

-a-:Sl+I-        D,  2^  g—— +  etc....(ll), 

or,  ignoring  terms  after  the  second, 

=  a(m^  -\\l-m  (a{m)-,  -a  w    )1 
=  a(^_^Ja(»L  .-a'-i, } 

i-yj^  +  i^ (12)- 

As  an  example  of  formula  (12)  if  m  =  4  and  t  =  8, 

9—2 
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6.  In  practice  when  an  annuity  is  payable  m  times  a  year,  and 
the  next  payment  is  due,  or  can  be  assumed  to  be  due,  exactly 
half  of  an  interval  hence,  it  is  usual  to  assume  that  its  value  is 
the  mean  between  the  mthly  annuity-due  and  the  ordinary  mthly 
immediate  annuity.    That  is 

i|a{r>   =  HaLm)  +  a^) (13), 

2m 

and  jJa&=Ha!^+<^) ("•)■ 

2771 

The  example  given  in  paragraph  5  is  a  particular  case  of  this 
last  expression  when  m  =  4. 

By  inserting  the  practical  approximations  for  the  values  of 
a£">  and  a{™]  in  formula  (13)  we  have 


_i.l  a! 

2)71 


(77!) 


,  /         m  + 1  m  — 1\ 


=  ax+\ (15), 

whatever  the  value  of  m;  an  expression  which  could  have  been 
obtained  directly  from  formula  (10)  by  writing  t  =  2m. 

7.  Expressed  in  Commutation  Symbols  the  formulae  for  the 
various  annuities  discussed  in  this  chapter  become,  using  the 
practical  approximations  only, 

m-  1 
2m 


h+i  +  szr  D* 


a'm»  =  ■ 


a'm)  =  - 


1>- 

m—  1 
2m 


D- 


D. 


iW 


M     _ 


"*+n+i)  +    2m    ^    x  ~  *^x+n) 


a' 

x:nl 


i|a: 


(71!)    . 


1 


-_       fm  —  1      1\  t. 

(N.  -  Nx+„)  -  (^  +  ])  (D.  -  D*+„) 


|n(m)     —  _ -  _    _ 


dt 
x+t  dt 
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All  these  formulae  are  applicable  to  Select  Tables,  if  the 
necessary  alterations  be  made  in  the  suffixes. 

8.  Continuous  Annuities.  A  Continuous  Annuity  is  one  pay- 
able by  infinitely  small  instalments  at  infinitely  small  intervals 
throughout  each  year.  The  value  of  such  an  annuity  of  1  per 
annum  to  (x)  for  the  whole  of  life,  ax,  is 

«»  =  I     &  tVx 
Jo 

-£i> 

=  ax  +  i-^(/ix  +  B)a,ppiox (16) 

=  «*+!- ^^2]^  appro* (ir> 

If  the  last  term  be  neglected,  we  have  the  approximation  to  the 
value  of  ax  usually  employed  in  practice ;  namely 

ax  —  ax  +  i\  /im 

=  &x  ~  \) 

Formulae  (16),  (17)  and  (18)  can  also  be  obtained  by  making  m 
infinitely  great  in  formulae  (1),  (2)  and  (4)  respectively. 

It  will  be  observed  that  the  expression  ax  +  \  is  used  as  the 
approximate  value  of  three  different  annuities,  namely  J  a,.,  ±  laj"' 

2m 

and  ax. 

9.  The  value  of  a  continuous  temporary  life  annuity  to  (%)  for 
n  years  is 

—         _  —        Mc+n  — 
<**:  n\  —  ®x        t=v      ax+n 
^x 

-«.,a+i(i-%f)j    m 

which    is   sometimes    represented   by   \  +  ax.^zn,  the   value   of 
ax.^zfl  being  taken  as  \(ax.^z^\  +  a*:nl)- 
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10.   If  Nj.  represent  the  numerator  of  the  expression  for  the 

N 
value  of  the  continuous  annuity,  ax,  it  follows  that  ax  —  ^,  and 

Nffi  =  f   Vx+tdt, 


dxj0      x 


d®* 
dx       -»-'-  "m**1 


whence  —r^  =  —  |     Dx+t  dt 


Jo   da; 
Jo   dtUx 


'x+t  dt 

-A.     (20). 

In  practice  N^  would  be  taken  as  equal  to  'Nx  —  %DX,  thus  com- 
plying with  the  usual  practical  approximation 

ax  =  &x  ~  2 

N  -I'D 
=  i^A     jijj,     (21) 

yjx. 

In  obtaining  formula  (1)  it  was  shown  that 
1   dl>x 

.-.  ^"  =  -DB(^  +  S)  .....(22), 


dx      dx  Da, 

(u*)2 

.i-(D.y  +  K..D.(/»,+  8) 

P.)' 
=  ^(^  +  ^-1 (23). 

11.  The  practical  assumption  is  sometimes  made  that  a  con- 
stant addition  of  "01  to  the  rate  of  mortality  at  all  ages  is  equi- 
valent to  an  increase  of  1  per  cent,  in  the  rate  of  interest. 
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From  the  relation 

d  log  T>x 

-£— -G«.  +  *>, 

it  is  evident  that  if  an  addition  be  made  to  either  fix  or  8,  the 
resulting  value  of  log  Dx  (or  of  Dx)  will  be  the  same.  Thus  a 
constant  addition  to  the  force  of  mortality  is  equivalent  to  a 
constant  addition  to  the  force  of  interest,  from  which  it  follows 
that  the  assumption  mentioned  can  be  adopted  without  great  loss 
of  accuracy. 

12.  Premiums  payable  m  times  a  year.  In  the  calculation  of 
premiums  payable  m  times  a  year,  it  is  again  necessary  to  bear  in 
mind  the  principle  laid  down  in  Chap.  Ill  27,  that,  so  far  as  net 
functions  are  concerned,  at  the  inception  of  an  assurance  the  value 
of  the  periodical  premiums  to  be  paid  must  equal  the  value  of  the 
sum  assured. 

If  P[£]'  represent  the  net  premium  per  annum  to  be  paid  for  an 

assurance  of  1  on  the  life  of  (x),  —  P[!$  being  payable  in  advance 

Tib 

at  the  commencement  of  each  —  th  of  a  year  that  (x)  enters  upon, 

the  value  of  the  premiums  to  be  received  is  P^*  a[^'. 
It  follows,  therefore,  that 

Pfg>a$>  =  A[x], 
AM 


A[i] 

approx. 


m  —  1 

8feJ- 


2ra 
since  by  formula  (5)  a^"'  =  ax „ —  approx., 

whence  Pg^ -—^ (24), 

since  —  =  P[x]  +  d. 

aw 

By  means  of  formula  (24),  if  the  rate  of  interest  on  which  the 
premiums  are  based  be  known,  P^'  can  readily  be  obtained  from 
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Pk].  The  premium  payable  at  the  beginning  of  each  — th  part  of  a 

•    1  P[*i 

year  is 


m   .,      m—  1 /T,         ,  ' 


13.  The  relation  between  P[x]  and  P[^'  can  be  expressed  in  the 
following  form,  namely 

Pf3>  =  PM  +  ^P[3>(P[*]  +  <0  (25)- 

Considering  the  difference  between  the  values  of  P[x]  and  Pj™/, 
Pf™j>  must  exceed  P^]  on  account  of  (a)  the  possible  loss  of  premium 
in  the  year  of  death,  and  (6)  the  loss  of  interest  on  those  portions 
of  the  year's  premium,  payment  of  which  is  deferred. 

As  regards  (a),  if  death  occur  in  the  first  — th  part  of  a  year, 

P[3'  of  that  year's  premium  will  remain  unpaid ;  if  death 

occur  in  the  second  — th  part  of  the  year,  Pf^1  will  remain 

unpaid;  and  so  on.    The  probability  that  death  will  occur  in  any 
particular  —  th  part  of  the  year,  on  the  assumption  of  a  uniform 

distribution  of  deaths  over  that  year,  being  — ,  it  follows  that  the 

average  loss  of  premiums  in   the  year  of  death  would  on  this 
assumption  be 


*®-k 


m  —  1      m  —  2  1 

+ +  ...  +  - 

m  m  m 

m  —  1 


-  -  Pft* 


and  the  premium  to  provide  for  the  payment  of  this  sum  on  the 
death  of  (%)  is  approximately 

As  regards  (b)  the  loss  of  interest  on  the  final  payment   is 
—  PW. d,  on  the  last  payment  but  one  -  Pfc'. d,  the 
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total  loss  of  interest  being 


m    l ' 


m  —  1      m  —  2  1 " 

mm  m 

to—  1 


2m 


P&M. 


The  total  addition  to  be  made  to  P[x]  to  obtain  P^'  is  therefore, 
approximately, 


p(ro)       _  ^-[x]:n\ 

[at]  fill         a(m)— , 
[x]:n| 


14.   In  the  case  of  an  Endowment  Assurance 

_        A[a,]:^| 

n        _       m-1f-l         Vx+n\ 

P[»1:nl 

P[d:nl 


.(26), 


the  premium  payable  at  the  beginning  of  each  —  th  part  of  the 

year  being  —  P'"1'-, . 
°  m     W:«l 

In  the  form  corresponding  to  formula  (25) 

%  =  PM!a  +  ^r  %  <p«* +  d)  (27)- 

This  expression  can  be  explained  verbally  in  the  manner  adopted 
in  paragraph  13  in  connection  with  Whole-Life  Assurances,  except 
that  the  addition  for  loss  of  premium  in  this  case  involves  a 
temporary  assurance  only. 

15.  The  corresponding  premium  for  the  Whole-Life  Limited 
Payment  Policy  is 

pjm)  _    ■"•[»] 
<A  M  —  „(m) 

<P[s] 


n>7  — 


TO  -  1  /T)  1  ,. 


.(28), 
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and  for  the  Limited  Payment  Endowment  Assurance 


pl«)  _  -Q.[a;];^| 

trlx):n\  —      (m) 


n*7  ■_ 


Pfohnl 


.(29), 


1 


the  premiums  payable  at  the  commencement  of  each  —  th  part  of 
a  year  being  — .  tPj™'  and  — .  (P^  respectively. 

16.  The  premiums  dealt  with  in  paragraphs  12  to  15  are  called 
true  premiums  payable  m  times  a  year,  in  order  to  distinguish 
them  from  the  instalment  premiums  which  are  subject  to  the  condi- 
tion that  any  part  of  the  year's  premium  unpaid  at  the  death  of 
the  life  assured  shall  be  deducted  from  the  sum  payable  under  the 
policy. 

17.  When  Instalment  premiums  are  charged  the  total  premium 
payable  each  year  is,  in  effect,  an  annual  premium  payable  by 
instalments,  and  in  its  calculation  (ignoring  the  slight  gain  in 
interest  to  the  Office  in  the  year  of  death  by  reason  of  its  receiving 
certain  of  the  later  instalments  earlier  than  would  have  been  the 
case  had  the  assured  lived  to  the  end  of  that  year)  it  is  only 
necessary  to  make  an  addition  to  the  annual  premium  to  provide 
for  interest  on  the  deferred  instalments. 

If  Pf£]]  represent  the  yearly  premium  payable  by  instalments 
m  times  a  year  for  a  whole-life  assurance  of  1  on  the  life  of  (x), 
the  value  at  the  beginning  of  each  year  of  the  instalments  to  be 
paid  in  that  year  must  be  equal  to  the  annual  premium. 

i  t=m—\    t 

Thus  Pfo]  =  ip$.     2    v™ 


1  t=m-l  /  t      \ 

=  -Pfe].     2      1 d)  approx. 


whence  Pft  = ^-j-  (30). 

1 J       ,      m  —  1  , 

The  analogy  of  this  expression  to  formula  (25)  is  evident. 
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18.   In  this  case  a  precisely  similar  argument  applies  to  Limited 
Payment  Policies  and  Endowment  Assurances.   Thus 

-&*-  .(31), 


(32), 


<xt*i 

1 

m  —  1 
2m 

P[(c]:nl 

<2 

[x]:n\ 
,ptm] 

1 

m—  1 
2m 

«P[aO:nl 

rf 

'      M:»l 

1 

m  —  1 

<2 

and  ,p[™.]__  =      tJr^-"' (33) 

'Mini  ~n  —  ]  \""/# 

2m 
In  these  cases  also  the  premium  payable  at  the  commencement 

of  each  — th  part  of  a  year  is  —  th  of  the  above  expressions. 

In  practice,  in  addition  to  loss  of  interest  and  premiums  the 
additional  trouble  and  expense  involved  in  the  more  frequent 
collection  of  premiums  have  to  be  considered,  with  the  result  that 
the  theoretical  premiums  P(m>  and  PW  are  seldom  used,  the  Office 
annual  premium  generally  being  increased  by  a  fixed  percentage, 
as  for  example  2J  or  3  per  cent,  in  half-yearly  and  5  per  cent,  in 
quarterly  cases,  whether  the  premiums  are  charged  as  true  or 
instalment  premiums. 

19.  When  premiums  are  payable  weekly  or  monthly  as  in  In- 
dustrial Life  Assurances  they  are  calculated  as  if  they  were  payable 
continuously,  continuous  annuities  being  employed. 

The  practical  approximation  to  the  value  of  an  annuity-due  of 
1  per  annum  during  the  life  of  (x),  payable  weekly,  is  ax  +  -^  and 
payable  monthly,  ax  +  |f ,  neither  of  which  values  differs  to  any 
material  extent  from  ax  +  %,  the  value  employed  for  ax. 

Thus  ihe  premium  per  annum,  Px,  payable  by  infinitely  small 
instalments  throughout  each  year  (or  in  practice  by  weekly  or 
monthly  instalments)  for  a  whole-life  assurance  of  1  on  the  life  (x)  is 

r*=4*  (34), 

the  corresponding  premium  for  an  n-year  endowment  assurance  on 
(x)  being 


p  _Ac:5i] 


Q>x:n\ 

t— — :  approx. 

M&^  +  a*^) 


.(35). 
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Other  expressions  for  continuous  premiums  can  be  obtained  by 
making  m  infinitely  great  in  formulae  (24)  to  (33). 

20.  Values  of  Policies  subject  to  true  premiums  payable  m 
times  a  year.  The  value  of  a  whole-life  assurance  subj  ect  to  "  true  " 
premiums  payable  m  times  a  year,  which  has  been  t  years  in  force 
(t  being  integral),  is  represented  by  {Vfg>  and  is  found  as  follows : 

(VJ^Aw^-PgHgH    (36) 

m  —  1\ 


(5 


2m  / 

=  A[x]+t  -  |pw  +*^  Pg3>(Pw  +  d)J  aw+4  +  ^^  P$ 

772-  - ■"  T 

=  (Acd+f  -  Pwaw+0  +  -q-—  P$  {1  -  (Pw  +  d)  aM+(} 

-«v"(1+^p»)  (37)' 

This  result  may  be  explained  verbally :  By  accepting  premiums 
payable  m  times  a  year  instead  of  yearly  the  Office  runs  the  risk 
of  losing  part  of  the  year's  premium  in  the  year  of  death.  Assuming 
a  uniform  distribution  of  deaths  over  the  year  of  age,  the  proba- 
bility that  death  occurs  in  any  one  —  th  part  of  the  year  is  —  .   If 

li  WYl    _»    1 

the  life  fail  in  the  first  —  th  part,  the  loss  is PW ;  if  in  the 

second  —  th  part Pj^'  and  so  on,  there  being  no  loss  if  death 

occur  in  the  last  —  th  part  of  the  year.    The  average  loss  in  the 
year  of  death  is,  therefore, 

m    L '  {    m  m  m 

=  wLzIPw 
2m      "' 

and  the  Office  must  treat  this  as  part  of  the  sum  assured  and 
reserve  in  hand  tV[a,] .  — —  Pgj'  in  addition  to  * V^. 

21.  The  difference  between  fY\$  and  (V[a]  is  small.  It  is  greatest 
when  m  is  infinite  and  the  premiums  are  payable  momently.   For 
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example,  at  age  30,  by  the  0[NM]  Table  at  3  per  cent,  interest 
Plso]  =  -01947  and,  at  age  60,  P[ao]  =  -06159.   Therefore 

t%o)  =  «VM  x  1-00924  and  ,VM  =  4V[60]  x  1-03080. 
In  half-yearly  cases 

*V$,  =  tYw  x  1-00482  and  #V^j  =  ,V[60]  x  1-01505  : 
in  quarterly  cases 

fVgij  =  4V[3o]  x  1-00726  and  4V[SJ,  =  «VM  x  1-02285. 
For  practical  purposes  it  is  usual  to  discard  the  difference  and 
to  write  in  all  cases 

.V$  =  4VW   (38). 

22.    In  the  case  of  an  endowment  assurance,  subject  to  true 
premiums  payable  m  times  a  year, 

tvU^M*i+u^n-mM$+t-.t=i\ (39) 

=  AM+4:^rji  -  JPW:SI  +  ^-  P&ia  (PiJ]:5|  +  d)J  aw+j.^ji 

m_ipH-,/'l       DM+»A 


+ 


2m 
2m 


i 


—  -".[aj+tin-tl-  P[as]:»l  a[d+*:n-tlj 

=  «VW!g+ ^^3.^:3  (40), 

since 

1  —  d&[x]+t:n-t\  ~  Mx]+t:n-t\  =  M.x\+t:n-t\  ~  Mxi+t:n-t[  =  A$fi+t:n-t\- 

The  reserve  to  cover  the  possible  loss  of  premium,  arising  from 
the  fact  that  premiums  are  payable  m  times  a  year,  must  in  this 
case  be  that  for  a  temporary  assurance  only. 

Here  also  it  is  usual  to  discard  the  second  term  and,  where  t  is 
an  integer,  to  write 

W:Sl  =  iVw:i| (41). 

23.  In  connection  with  the  values  of  policies  subject  to  true 
mthly  premiums,  at  durations  involving  a  fraction  of  a  year,  two 
distinct  cases  arise.   In  the  first  place,  if  the  fractional  duration  is 

an  exact  number  of  — th  parts  of  the  year ;  that  is,  if  the  policy 
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value  be  required  exactly  at  the  end  of  a  premium  period,  the  next 
premium  being  just  due;  interpolation  can  be  made  between  the 
policy  values  at  the  beginning  and  end  of  the  year,  assuming  a 
premium  in  each  case  to  be  just  due.  On  the  other  hand,  if  the 
value  be  required  at  some  period  during  a  premium  interval,  the 
interpolation  must  be  between  the  policy  value  at  the  beginning 
of  the  interval  allowing  for  a  premium  having  just  been  paid,  and 
the  value  at  the  end  of  the  interval  when  another  premium  is  just 
due,  thus  assuming  the  same  number  of  premiums  paid  in  each  case. 
24.   If  in  the  case  of  a  whole-life  assurance  subject  to  true  mthly 

T 

premiums  the  value  is  required  at  duration  <H —  years,  when 

t-\ —  premiums  will  have  been  paid,  the  interpolation  can  be  made 

between  tY[^  (t  premiums  paid)  and  i+iVf^'  (t  +  1  premiums  paid). 

r       1 

When,  however,  the  value  is  required  at  time  t-\ 1 ,  this 

*  m     sm 

method  cannot  be  employed,  the  number  of  yearly  premiums  paid 

T  \  T  +  1 

being,  not  t-\ 1 ,  but  t  H .   In  this  case,  therefore,  it  is 

°  m     sm  m 

necessary  to  interpolate  between  j.rVj^H — Pf£J>  and      r+i  Vjff , 

T  +  1 

both  of  which  allow  for  t  -I premiums  having  been  paid. 

Algebraically,  we  have 

=  "  «VW  +  £  (WVW  -  ,VW)}  (l  +  ^  Pfi5>)    . .  .(42), 
and 

= t+^ + \  (t+m^  -  t+,m + £  -  ^)  pis' 


But  since  r+iVgj»  =  ,V[S>  +  ^i  (^V^  -  ,VfS>), 


and  ,+rV(S»  =  ,V[3'+     1    G^-TO, 


J-     /  TTf  *M  \  TT/«,  U  J" 


(t+r±iW$  -  t+^W  =  i  U.VB3»  -  «Vte»). 
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Therefore 

t+,+jJ®  =  W  +  {i  +  l)  UTO  -  TO  +  (1  -  ^)  Pfef 

-{«v"+(s+^)^v'—M(l+!!£lpa') 
+£-i)p^ w 

Formula  (42)  can  be  obtained  from  the  prospective  formula  for 
the  policy  value :  thus,  on  the  basis  of  an  aggregate  table,  on  which 
basis  the  formula  will  be  the  same  as  by  a  select  table  except  for 
the  omission  of  the  brackets  enclosing  the  letter  x, 

^rV(™>=A^xr-P(™).a(m>       r 


=A*+*+^- 


+  ^r?>(P.+4(w-^) 

=  jAx+e  +  —(Ax+t+1-Ax+t)\-'Px  \ax+t  +  —  (a^^-a^H 


-^M.^l^p,, 


2m      x         ax  2m 


since      ^— ip-)(l 

2m      x    V  ax 

Similarly  for  formula  (44) 

m    sm  m    am  m    am 


~~      ir+*+ 


x+t+m+™       2m  j       Vm     sm/    * 


m    am  m    sm 

a_ , .. ,  .     i 


2m      x    \  a,.        /      \m     sm)    x 


+  (--— )pLm». 

\m     sm/ 
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It  is  evident  that  the  simpler  method  of  obtaining  these  values 
is  by  interpolation. 

In  practice,  in  both  the  policy  values  obtained  in  this  paragraph, 
the  reserve  for  possible  loss  of  premiums  in  the  year  of  death  would 
be  discarded,  the  values  thus  becoming 

t+lVgJf  =  (VU  +  -£  (t+1Y[x]  -  4VM)  (45), 

and 

t+z+lJ®  -  ,VW  +  T-  UVM  -  <VM)  +  (I  -  JL  )  PM  . .  .(46). 

In  the  latter  expression,  since  a  payment  of  premium  is  not  due 

for  the  balance  ( j  of  the  premium  interval,  this  proportion 

of  the  year's  premium  is  kept  in  hand :  it  will  be  noticed  also  that 
P[x]  is  used  as  approximately  equal  to  P^. 

The  following  example  will  demonstrate  the  practical  method 
of  calculation. 

Given  3Va.  =  -068, 4Vai  =  -091,  P.,  =  -030,  find,  without  going  into 
any  refinements,  values  for  BiYx,  3jV^2),  sjV™. 

jjV.-.V.  +  iGV.-.V.HfP. 

=  -096,    (as  obtained  in  Chap.  VI  9) 

3iVL2»  =  3Va!  +  iGV,-3Vx)  +  iP« 

=  -081, 

3J  "a   =3*x  +  '?(4»a;  —  3"  a.) 

=  -074. 

It  will  be  observed  that  siYx  >8jV<B2)  >8iV^4).  It  is  evident  that 
this  must  be  so  because,  in  respect  of  the  current  assurance  year,  in 
the  first  case  the  full  premium  has  been  paid,  in  the  second  there 
is  half  a  year's  premium  still  to  be  paid,  and  in  the  third  three- 
quarters  of  the  year's  premium  remains  to  be  paid. 

A  word  of  warning  may  perhaps  be  given  here  as  to  the  danger 
of  confusing  the  values  of  t+rV[x-\  and  (+rV[™/.    The  mistake  is 

mm 

frequently  made  of  assuming  t+i V^]  to  be  equal  to 

m 
T 

lib 

which,  as  has  been  shown,  is  the  expression  for  the   value  of 
rVjJj1.   A  comparison  of  formulae  (9)  of  Chap.  VI  and  (45)  of  this 
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chapter  shows  that 

m  m  \  '"/ 

This  danger  will  be  avoided  if  the  necessity  of  keeping  in  hand 
that  part  of  the  year's  premium  corresponding  to  the  period  which 
has  to  elapse  before  another  premium  becomes  due  be  borne  in 
mind:  this  necessity  arises  in  the  case  of      rV[,]  which  is  subject 

m 

to  annual  premiums,  but  not  in  the  case  of  <+ ^Vf^  which  refers  to 

m 

r        1 

a  policy  under  which,  at  time  t  H — ,  a  — thly  premium  payment 

is  just  due. 

25.  For  the  value  of  an  endowment  assurance  subject  to  true 
mthly  premiums 

m 

m—  1 


+ 


*+: 


' +  ^  ^a  {«v<*>*  +  £  +  Si)  <*»VA*  -  *vA:a> } 
+  £-^)p^   <** 

the  reserve  for  possible  loss  of  premiums  being  as  before  that  for 
a  temporary  assurance. 

Again  discarding  the  reserve  for  possible  loss  of  premiums,  and 
in  the  latter  case  writing  P^a  as  approximately  equal  to  P[™]\a 
the  formulae  become,  for  practical  purposes, 

t+rJ[x]:^  =  tVlxhTZ  +  £  (t+iYlxh^  -  tVlxl  :Sl)    (49), 

+r+J-yS):Sl  =  tVW:S  +  £  +  — )  (wVW:SI  ~  *VW:5|) 


m     sm/ 


26.   Values  of  Policies  subject  to  Instalment  Premiums.   In 

paragraphs  20  to  25  the  values  of  whole-life  and  endowment  assur- 
ances subject  to  "true"  premiums  payable  m  times  a  year  have 
s.  10 
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been  considered :  it  is  now  proposed  to  deal  with  the  corresponding 
values  when  "  instalment "  premiums  are  charged. 

Dealing  first  with  whole-life  assurances,  on  the  assumption  of  a 
uniform  distribution  of  deaths,  if  premiums  are  payable  m  times  a 
year,  the  average  amount  of  premium  to  be  deducted  from  the 

sum  assured  is  — = —  P[m',  which  at  once  suggests  that  in  ascer- 
taining the  value  of  a  policy  subject  to  instalment  premiums,  the 

sum  assured  may  be  treated  as  1 5 —  PM.   Thus, 

"  2m 

,vft  =  am+8  (i  -  ^  P[S])  -  PE«( (si) 

=  AM+t  -  ^  P$  (1  -  d^+t)  -  Pjg>  f  aw+<  -m     l 


2m      la;JV        "-""+»'     -M^-wj-h.        2m 
=  A{d+<  +  ^^  P$  ■  <*  aM+,  -  |PW  +  r^  P[g] .  dj  aw+i 

=  *VW     (52). 

The  policy  is,  in  fact,  subject  to  annual  premiums  payable  by 
instalments,  so  that,  in  ascertaining  its  value,  since  the  loss  of 
interest  on  the  deferred  instalments  is  counteracted  by  the  increased 
amount  of  the  premium  paid  each  year,  the  policy  can  at  a  policy 
anniversary  be  treated  as  if  the  ordinary  annual  premium  were 
payable.  When  the  policy  value  is  required  at  a  date  between  two 
policy  anniversaries,  allowance  must  be  made  for  the  fact  that, 
instead  of  the  annual  premium  having  been  received  in  full,  there 
may  be  certain  instalments  of  the  current  year's  premium  still  to 
be  received. 


r 


If  the  value  be  required  at  time  t-\ — ,  a  payment  of  premium 


m 


r 


being  just  due,  there  will  be  1 instalments  of  premiums  still 


m 

to  be  received  and  it  will  not  be  necessary  to  allow  in  the  expression 
for  the  policy  value  for  this  proportion  of  the  year's  premium  to  be 
kept  in  hand.   The  expression  thus  becomes 

,+£Vffi«,Vw  +  £  G+1VW-  tVw) (53). 

When  the  value  is  required  at  a  date  between  two  premium 

r       1 

payments,  for  example  at  time  t-\ 1 .  that  proportion  of  the 

m     sm  r    r 
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annual  premium  corresponding  to  the  time  to  run  until  the  next 
instalment  of  premium  becomes  payable  must  be  kept  in  hand 
and  the  expression  becomes 

"£+4vfeI = (Vm + £ + i)  <*»v«  -  « + {I  ~  I) p" 

(54). 

Formulae  (53)  and  (54)  are  identical  with  those  obtained  for 

policy  values  at  similar  durations  when  true  premiums  are  payable, 

but  the  student  should  notice  carefully  the  different  adjustments 

made  in  the  two  cases.    Formulae  (53)  and  (54)  should,  moreover, 

in  view  of  the  arguments  employed  in  deducing  them,  be  compared 

v          v        ^ 
with    formula    (9)    of    Chapter   VI    substituting   —  and  — I 

r  °   m         m     sm 

respectively  for  - . 

27.   For  Endowment  Assurances  subject  to  instalment  premiums 

t v [x];^l  =  -^M+^Ji-tl  l1  2^T     M:"7       ■*£*]+* :S-«I  —  rM:^|  ^{x\+f.n-t\ 

(55) 

.  in  —  1  p[m]_     .  _1_  p[m]         f 

2m    V        DIa.]+t 
(„  m  —  1  D[m]        ,] 

=  -A-[a;]+«:^«l  —  1  Md:»l  +     2m         M:»l  "      |  a*+<:«::«l 

m-lp[m]      .  .  1  ._j_ , 

=  Mx]+t:ti^i\  ~  P[aJ:»l  &lx]+t:n^t\ 

=  «VW!a     (56). 

Similarly 

r   i  IT 

(+r^]:-si  =  (V"[a.]:si  +  — O+jVm^-jVij.]:^)    (57), 

»»  "* 

and 


+  f-~—  )Pw:SI (58). 

10—2 
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28.  Values  of  Limited  Payment  Policies  at  fractional  dura- 
tions etc.  It  will  perhaps  be  an  advantage  if  the  values  of  limited 
payment  policies  corresponding  to  the  values  of  ordinary  whole-life 
and  endowment  assurances  dealt  with  in  paragraphs  20  to  25  be 
set  out,  though  it  is  not  thought  necessary  to  reproduce  the  method 
of  obtaining  them. 

Thus 

?v[3>=?vM+^-1.,p[S).iv[^| (59)> 

=  *Vfaa  approx. 

ro^-fv^a+^.i^a-iV^^  (60)> 

=  ?VW:S1  approx. 


t+ 


r'V&Si-fVw  +  ^G+fVw-fVw) 


+  ^  •  *m  tata  +  ~  (t+1\lm  -  *v&*\) 


=  *VM  +  —  (t4VM  -  ?V[a.])  approx. 


}  (61), 


t+ 


r  *vgs>:5i = ?vM:a + -  o+?vW:a  -  ?vWsa) 


+  ^r-1  .*P£3»ia  feii  +  r-  (h-iV^.1  -  ,v^) 


2m 


m 


V  (62). 


=  ?V[!d:i|  +  -  (J+?VM:si  -  ?V[a.]:si)  approx. 


m 


The  formulae  for  i+r.+J_*'V]tm)  and  ^+r.+  i_*^Lm:»I  respectively  will 


be  similar  to  formulae  (61)  and  (62),  I  -    ! 

\m     em 


l)  bein§ 


substituted 


for  -,  and  the  term  (-  -  —)  kV™  or  (-  -  — )  jP'™^  being  added, 
m  \m     sml  \m     ami 

In  practice  special  points  arise  for  consideration  in  reference  to 

part  of  the  loading  of  the  premiums  being  kept  in  hand  to  provide 

for  the  expenses  attaching  to  the  policies  after  the  payment  of 

premiums  has  ceased.    These  are  dealt  with  in  Chapter  X. 
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EXAMPLES 
Ex.  1.    A  man  now  aged  40  ten  years  ago  invested  £1000  in 
the  purchase  of  an  annuity  payable  half-yearly.    He  now  wishes 
the  future  payments  to  be  made  quarterly. 

On  the  basis  of  the  HM  Table  at  3  per  cent.,  what  was  the 
amount  of  the  half-yearly  payment,  and  what  quarterly  payment 
will  be  made  in  future  ?    Net  functions  only. 
The  half-yearly  payment  is 

1    1000 
2 '  a30  +  £ 
1         1000 


2"  19-895 +-25 
=  24-82;  say,  £24.  16s.  5d. 
The  value  of  future  payments  is 
2x24-82(040  +  1) 
=  2  x  24-82  (17177  +  -25)  =  865-08, 
and  the  quarterly  payment  to  be  made  in  future  will  be 
1    865-08     1  86508     10Q_  „_   .     _, 

4  •  ^Tf  -  4  •  1T552  = 12  32 ;  Sa^'  £12-  6S-  5d- 
Ex.  2.  Find  the  value  by  the  O^^  3  per  cent.  Table  of  an 
annuity  of  £400  per  annum  payable  half-yearly  for  20  years 
certain,  the  half-yearly  payment  to  be  reduced  to  £150  after  the 
first  death  and  £100  after  the  second  death  of  two  lives  aged  30 
and  40  if  such  deaths  occur  during  the  term  of  the  annuity. 

Consideration  of  this  problem  shows  that  it  can  be  looked  upon 
as  an  annuity  certain  of  £200  for  20  years  with  an  additional  £100 
so  long  as  (30)  lives  during  the  20  years  and  a  further  £100  so 
long  as  (40)  lives  during  that  period,  all  the  annuities  being  pay- 
able half-yearly. 

The  value  is,  therefore, 

200  a®,  +  lOOcir  »L-.  +  I00ar  «-, 

20l  l30]:2o|  [40]:20| 

=  100  ha^  xj-  +  ~  {NM+1  -  N51  + 1  (D[30]  -  D60)} 

+  jT-  (Nt4oi+i  -  Nn  +  J  (Df40]  -  Dro)} 

-"[40] 

=  100[2x  14-8775x100744 

+  TTshr  {753,889  -  233,036  +  \  (38121  - 17007)} 
+  sirks  {441,378  - 102,255  + 1  (25808  -  10121)}] 

=  5696-59. 
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Ex.  3.  Find  on  the  basis  of  the  CK1™]  Table  at  3|  per  cent,  the 
true  net  quarterly  premium  and  the  quarterly  instalment  premium 
for 

(a)  a  whole-life  assurance  on  (30), 

(b)  an  endowment  assurance  on  (30)  for  a  term  of  15  years, 
(i)   True  quarterly  premiums : 

(«)         ™  =  ii_|(p^+d) 
1  -01788 


4  l-f(01988  + -03382) 
=  -00456, 


/h\      1  P(4)     — ,  —  r[30]:15| 

W      t  *[30] :  ill  -  J  :j        j/pl     _,    .    J\ 


•05455 


4  1-f  (-00647  + -03382) 
=  -01385. 


(ii)   Instalment  quarterly  premiums  : 


00 

l  pftl  _  1     ^M 

1        -01788 

4  1-f  (-03382) 

=  -00453, 

(b) 

i  p       _,       "[30]  -.Til 

•05455 

l-f(-03382) 
=  01381. 


CHAPTER  VIII 

SINGLE-LIFE   ASSURANCES    PAYABLE   AT   ANY   OTHER 
MOMENT  THAN  AT  THE  END  OF  THE  YEAR  OF  DEATH 

1.  In  the  preceding  chapters  it  has  been  assumed  that,  where 
the  payment  of  the  sum  assured  depended  on  the  death  of  the  life 
assured,  such  payment  would  be  made  at  the  end  of  the  year  of  death. 
In  practice  the  sum  due  is,  as  a  rule,  paid  immediately  on  proof  of 
death  and  of  the  title  of  the  claimant,  and  it  becomes  necessary, 
therefore,  to  investigate  the  modifications  to  be  made  in  the 
formulae  already  obtained  to  allow  for  this  condition.  Where 
"  select "  symbols  are  employed  the  formulae  apply  also  to  aggre- 
gate tables  with  the  omission  of  the  brackets  round  the  age  at 
entry. 

2.  The  symbols  for  the  single  premiums  for  the  various  classes 
of  assurances,  where  the  sum  assured  is  payable  at  the  moment  of 
death,  differ  from  those  employed  in  earlier  chapters  only  by  the 
insertion  of  a  "  bar  "  over  the  letter  A :  thus  A. 

Since  the  probability  of  a  select  life  aged  x  dying  at  moment  of 
time  t  after  that  age  is  tJKx\IM.x[+tdt,  it  follows  that  the  present 
value  of  1  payable  immediately  on  the  death  of  [x~\  in  the  event 
of  his  dying  at  the  moment  of  age  x  +  t  is  v(  tp[x]  ^[x]+t  dt,  and  the 
value  of  an  assurance  of  1  payable  at  the  moment  of  death  of  [x] 
if  this  occur  within  a  period  of  n  years  is 


rn 


~r!"« 

kx]Jo 


dlw±tdt 
dt 

t=n 

dt 


since 


=  1  -  vn  np[x]  -  So[s]:;a (1), 

1    fn 

-logev  =  S  and  7—       v*  llx]+t  dt  =  ax:^. 
kxi  J  o 
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3.   The  value  of  a  whole-life  assurance  of  1  payable  at  the 
moment  of  death  of  (x)  is 

"'  tPixi  IHxi+t  dt 


«00 

A[a;]  =       vl 


=  1  -Ba[x] (2), 

since  when  t  =  oo ,  v*  l\x]+t  vanishes. 

4.  In  the  case  of  an  endowment  assurance,  for  n  years,  since 
this  is  a  combination  of  a  temporary  assurance  and  a  pure  endow- 
ment, we  have 

Aid :S  =  I      V*  tpw  Wrt+t  dt  +  Vnnp[x] 

Jo 

=  1  -Saixv.m (3). 

5.  Formulae  (2)  and  (3)  can  be  obtained  by  general  reasoning. 
The  investment  of  a  unit  will  produce  a  continuous  annuity  of  the 
force  of  interest,  8,  payable  during  the  life  of  [x],  the  value  of 
which  is  Ba,[x],  and  the  unit  will  remain  intact  at  his  death.  The 
value  of  a  unit  payable  at  the  moment  of  death  of  \x\  being  A^], 
we  have 

_  1  =  &<Hx]  +  A[„], 
•"•    Am  =  1  —  Sofa,). 
Similar  reasoning  obviously  applies  to  the  case  of  an  endow- 
ment assurance,  or  of  any  contract  where  the  interest  is,  or  can 
be  assumed  to  be,  payable  momently,  and  the  sum  assured  is  pay- 
able immediately  the  annuity  ceases. 

6.  Alternative  formulae  for  Ax.^\  and  Ax  (i.e.  on  the  assumption 
of  an  Aggregate  Table)  can  be  obtained  by  considering  the  differ- 
ential coefficient  of  the  continuous  annuity  with  regard  to  x.    Thus 

-ar- as].**-* 


"JMaW* 

rn 
=  I    vftpx  (px  —  fix+t)  dt       (see  Chap.  I  21) 

Jo 


—  fJ>xax:nl~  A^.^j, 

whence  A^  =  fix  ax:^  -  -jgS 

=  /*« ax.^\  +  4  (ax-u^  -  a*+i:Sl)  approx.  . .  .(4). 
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Similarly,  commencing  with  ~  we  obtain  the  formula 
■r-  _      _      dax 

=  pxax  +  |(*x-i  - ax+1)  approx (5). 

7.   Again 

—  If" 

>>xJ  0 


t  1  h-l+t         Wl+*   J.  ^^ 

tx+t qj at    approx. 


VX  J  0 

= *  iv  r  «*  ¥^  *  -  t1  r  «*  ^  *i 

L  "a   ■  o         'x— l  "J    in  'an-i         J 

1  /  ^rc— i:nl  —  \  //i\ 

=  *(~S P*a*+^)    (6). 

\  Px—\  / 


Similarly 

A.-if^-p.iw)  (7). 

VPx-i  / 

Formulae  (4),  (5),  (6)  and  (7)  are  not  applicable  to  select  tables : 
in  order  to  obtain  corresponding  expressions  that  can  be  employed 
in  connection  with  such  tables  it  would  be  necessary  to  adopt  an 
approximation  to  the  differential  coefficient  of  a,  or  to  the  value 
of  [i,  which  does  not  involve  an  age  earlier  than  x. 

8.  Considering  formulae  (2)  and  (3)  it  will  be  seen  that  the 
relation  A  =  1  —  ha  is  independent  of  the  age  of  the  life  assured 
and  of  the  rate  of  mortality  involved,  and  consequently,  if  the 
value  of  a  and  the  rate  of  interest  be  known,  the  value  of  the 
corresponding  single  premium  A  can  be  ascertained. 

It  follows,  therefore,  that  tables  can  be  constructed,  similar  to 
those  discussed  in  Chapter  IV,  by  means  of  which,  the  value  of  a 
and  the  rate  of  interest  being  given,  the  value  of  A  can  be  obtained 
by  inspection.  Such  a  table  for  rate  of  interest  3  per  cent,  is  printed 
on  page  475  of  this  volume. 

It  should  be  noted  that  in  order  to  obtain  the  value  of  A^ 
this  table  must  be  entered  with  the  annuity  value  ax.^  whereas 
the  Single  Premium  Conversion  Table  discussed  in  Chapter  IV 
must,  in  order  to  obtain  Ax.^,  be  entered  with  ax.^~[\. 

9.  It  has  been  mentioned  in  Chapter  III  that  tables  of  pre- 
miums are  frequently  calculated  by  employing  functions  which 
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assume  that  the  sum  assured  is  payable  at  the  end  of  the  year 
of  death,  no  adjustment  being  definitely  made  to  provide  for 
immediate  payment  of  claims.  The  values  of  assurances  including 
this  provision  are,  however,  often  required,  and  in  order  to  simplify 
their  calculation,  monetary  values  are  based  on  the  assumption  of 
a  uniform  distribution  of  deaths  over  each  integral  year  of  age. 

If  the  deaths  occurring  in  a  year  of  age  be  uniformly  distributed 
over  that  year,  they  can  be  taken,  on  the  average,  as  occurring  in 
the  middle  of  the  year.  If,  therefore,  the  sum  assured  be  payable 
at  the  moment  of  death,  it  will,  on  the  average,  be  paid  six  months 
earlier  than  was  assumed  in  the  expressions  for  A,,,  etc.  obtained 
in  Chapters  III  and  IV.    We  can,  therefore,  write  A  =  A(l  +  *)  - 

Thus  in  the  case  of  whole-life  and  temporary  assurances  re- 
spectively, we  have 

Aw      =A[x](l+ if     (8), 

^d  A^A^d  +  i)* (9). 

In  the  case  of  an  endowment  assurance  this  adjustment  for 
the  immediate  payment  of  claims  does  not  affect  the  pure  endow- 
ment portion,  with  the  result  that 

^a-A^a+tf  +  A^i,    (10). 

This  assumption  enables  the  commutation  functions  discussed 
in  Chapter  III  to  be  employed  in  connection  with  continuous  assur- 
ances, the  values  of  which  expressed  in  commutation  functions  are 

;  Mm  (!+»)* 
Dm 

Tx  _      (Mm-MM.H.Xl+t)* 
^  Dw 

T     _     (MM  -  M[xUn)  (1  + 1)*  +  B[x]+n 

In  order  not  to  have  to  write  (1  +  if  in  every  case,  a  "  bar  "  is 
inserted  over  the  commutation  symbol  when  it  is  desired  to 
indicate  that  the  provision  for  the  immediate  payment  of  claims 
is  to  be  included.    Thus 

Ci*i=Clx](l  +  ifi] 

aw=Mw(i+i)H (n)- 

nlx]  =  R[x](i+tf\ 


A[x] 
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In  practice  it  is  sufficiently  accurate  to  employ  1  +  \i  in  place 
of  (1+i)*. 

10.  In  applying  the  methods  adopted  in  this  chapter  to  deferred 
assurances,  and  deferred  temporary  assurances,  it  is  only  necessary 
to  bear  in  mind  the  relations 

nl-'Mid     =  ~T=v       -^-[xi+nt 

«|mA[a:]  =  ~t=v      •  ImAtasl+n1 
-L'a: 

11.  Periodical  premiums  for  continuous  assurances  may  be  pay- 
able yearly  or  at  more  frequent  intervals. 

Denoting  the  fact  that  the  assurance  is  payable  at  the  moment 
of  death  by  writing  '"'P  in  place  of  P,  it  follows  that,  for  a  whole- 
life  assurance, 


a[x] 


} 


■(12), 


LxJ 

«-»Pw  =  |^  =  Pw(i+i)* 

and  for  an  endowment  assurance 

'-•P^a-^-P^a  +  ^  +  Pw^ 

a[x]  :n\ 
(«o)p(m)       =  A^:»l  _  pT1       (1  +  $  +  P  M  -A 

•-'^a-^f-P^a  +  O'  +  P^ 

12.   If  we  write  A*  =  1  -  So^  and  Aa:Hl  =  1  -  Sa^a,  the  formulae 
for  {c0)P[x]  and  •"'?[«] :^l  become  respectively 


.(13). 


(-»Pr-i      ==- 


"[a;] 


.(14). 


With  the  aid  of  the  expression  '"'P  =  -  —  8,  continuous  annual 
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premium  conversion  tables  can  be  constructed  precisely  similar 
to  those  discussed  in  Chapter  IV  for  annual  functions. 

Such  a  table  for  rate  of  interest  3  per  cent.,  extracted  from 
Rothery  and  Ryan's  Premium  Conversion  Tables,  appears  on  page 
475  of  this  volume.  It  must  however  be  clearly  understood  that 
the  result  of  entering  this  table  with  the  value  of  a  continuous 
annuity  is  to  obtain  the  corresponding  premium  per  annum  payable 
momently  for  an  assurance  payable  at  the  moment  of  death. 

13.  When  the  sum  assured  is  payable  at  the  moment  of  death 
and  the  annual  premium  to  provide  for  such  immediate  payment 
is  taken  into  account  the  formula  for  the  value  of  a  whole-life 
policy  becomes 

A(ii+r(°lP[i]aii]+i 

=  <V[*](1 +  *")*• 
The  corresponding  expression  for  a  temporary  assurance  is 

^tffR^I  -(")P[i]:ir|  "id+t-.ZZH 

and  for  an  endowment  assurance 

-.v^fl  +  0* +>„,*• 

14.  Ma,  has  been  taken  as  equal  to  M^  (1  +  if  but  it  would  be 
more  correctly  represented  theoretically  in  the  form 

I      VX+tlx+tlMx+tdt, 

Jo 
dMx      d   f"  ,x 

Whence  "&-SiJ,D^,/i^,<ft 

0   (sD'+"i*w)* 


;  ^x+tpx+tdt 


d 
/o  dtJ 

=  -D.^ (15). 
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From  which  it  follows  that 

dAx      d  Wx 


dx      dx  D 


X 


_- (P.)* /«,  +  %, -P.  (/*■  +  «) 

(Dxy 

=  Ax(i*x+8)-px    (16). 

The  similarity  of  formulae  (15)  and  (16)  to  formulae  (20)  and 
(23)  of  Chap.  VII  should  be  carefully  noted. 

15.  Assurances  under  which  the  sum  assured  is  payable  at  the 

end  of  the  — th  interval  of  a  year  (e.g.  half-year  or  quarter)  in 

which  (x)  dies  are  not  often  met  with  in  practice,  but  it  may  be 
an  advantage  theoretically  to  examine  the  formulae  to  be  employed 
in  their  calculation. 

A}£]'  represents  the  Single  Premium  for  a  whole-life  assurance  of 

1  on  the  life  of  (x)  payable  at  the  end  of  that  — th  interval  of  a 

year,  measured  from  the  date  of  the  contract,  in  which  (x)  dies. 

The  investment  of  a  unit  will  purchase  an  annuity-due  of  /(m) , 
the  nominal  rate  of  discount  convertible  m  times  a  year,  during 

the  life  of  (oc),  the  unit  remaining  intact  at  the  end  of  that  — th 

part  of  a  year  in  which  (x)  dies.   Thus 

1 -/el  affi'  +  Aft?, 

.-.     A|g>  =  l-m(l-iP)a(3>     (17). 

If  in  this  formula  m  be  indefinitely  increased,  we  have  at  once 
Am  =  1  —  Sa,[x]  (formula  (2)  of  this  chapter). 

16.  Assuming  a  uniform  distribution  of  deaths  over  each  integral 
year  of  age,  and  accordingly  over  each  — th  part  of  that  year,  the 

deaths  occurring  in  any  such  — th  part  will  on  the  average  occur 
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in  the  middle  of  it,  and  the  sum  assured  by  A[£j>  will,  therefore,  be 
1_ 
2m 


payable  ^—  of  a  year  later  than  in  the  case  of  A^.]. 


Thus  A$  =  Alx](l  +  i)  *» 

=  Alx](l +i)l~L    (18). 

For  example,  if 

m  =  2,     A£J-AM(l+»)*, 

m  =  4,     A[3  =  AH(l+»)*. 
Looking  at  this  question  from  another  point  of  view,  if  there 

are  nm  assurances  each  of  —  payable  at  the  end  of  that  — th  part 

m  m      r 

of  a  year  in  which  (as)  dies,  they  will  on  the  assumption  of  a 
uniform  distribution  of  deaths  over  each  year  of  age,  n  being 
sufficiently  large,  be  equivalent  to  n  assurances  of  s'fj'  payable  at 
the  end  of  the  year  of  death.   Therefore 

=k^h (19)- 

If  m  be  indefinitely  increased  this  expression  becomes 

A[a!]  =  A[a.]g     (20). 

■17.   An  interesting  point  arises  in  connection  with  increasing 
assurances  payable  at  the  moment  of  death.   It  has  been  shown  in 

Chap.  V  9,  that  (IA)x  =  =p,  and,  on  the  assumption  of  a  uniform 

ux 

distribution  of  deaths  over  each  year  of  age,  if  the  sum  assured  is 

to  be  paid  at  the  moment  of  death,  we  can  write 

0A).(l  +  »)»-?4±^ 

If  we  employ  the  calculus  in  connection  with  an  increasing 
whole-life  assurance  on  the  life  of  (a),  we  have 


Jo 
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and  is  con- 


under  which  the  sum  assured  commences  at  "0' 
tinuously  increasing  throughout  the  life  of  (x). 

Examining  this  last  expression,  if  recourse  be  made  to  the 
assumption  of  a  uni/orm  distribution  of  deaths  over  each  year  of 
age,  so  that  the  deaths  occur  on  the  average  in  the  middle  of  the 
year,  the  result  will  be  that  if  death  occur  in  the  first  year  the 
sum  payable  will  on  the  average  be  \,  if  death  occur  in  the  second 
year  1^,  if  in  the  third  year  2 \,  and  so  on:  in  each  case  less  by 
\  than  the  sum  that  would  be  paid  at  the  same  time  under  the 
assurance  represented  by  (IA)x(l+i)%,  which,  though  payable  at 
the  moment  of  death,  commences  at  1  and  increases  by  yearly 
increments  of  1.  It  follows,  therefore,  that  (IA)X  (1  +  i)%  exceeds 
(IA)-,,  approximately  by  the  value  of  a  continuous  assurance  of  \. 
In  symbols, 

(lA)x(\+tf  =  (lA)x  +  \Ax. 

The  introduction  of  the  calculus  and  the  consequent  employment 
of  (IA)a,  often  simplifies  the  solution  of  a  problem,  but  for  its  final 
evaluation  it  is  generally  necessary  to  employ  the  usual  commuta- 
tion functions  and  consequently  to  substitute  for  (IA)a,  the  expression 

[(IA^-IAja-M)4- 

18.   It  has  been  shown  in  Chapter  VII  8,  that 


Ojx  —  T~i 

i-'xJO 

whence,  we  have 


V*+tdt, 


a*  = 


D 


x+t 


©* 


tD. 


dDx 


x+t 


ft-:u<u 


dt 


£— CO 


■/■ 


fDx+t  +   iDx+t  (jMx+t  +  8)  dt 


t=tx> 


t=0 


or 


=  D"(I    tJ)*+t  t*x+t  dt  +  S 

=  {IA.)x  +  S(Ia)x, 
(IA)X  =  ax-B  (la),. 


r 

.'  0 


iDx+t  dt 
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EXAMPLES 

Ex. 

1. 

By 

means  of  the  HM  Table  at  3 

per 

cent,  find  the  value 

of  A30 

by 

three  methods. 

• 

■A-30 

=  A30  (1-015) 
=  ■39141(1-015) 
=  -39728 ; 

A30 

-A    x- 

—  -a-30  *>    rj 

=  -39141  (1-01493) 
=  •39725; 

■A-30  =1  OQ/$q 

=  1 --02956(20-395) 
=  -39712. 
In  practice  the  first  form  is  used. 

Ex.  2.  On  the  basis  of  the  OC™]  Table  at  3J  per  cent,  find  the 
annual  premium  for  the  following  assurances,  on  a  life  aged  (30), 
in  each  case  making  provision  for  the  immediate  payment  of 
claims : 

(a)   Temporary  assurance  for  10  years. 

(6)    Endowment  assurance  for  15  years. 

(c)    Double  endowment  assurance  for  15  years. 

M[30]-M40/1.A1K,      11402-88-9184-11 
(a)  N[30]-N,0  (1  °15)  =   637657-362706   (1  °15)  =  °°819' 


(&) 


(0) 


(MM-M«)  (1-015)  +  D46 

N[3o]-N45 

_  (11 402-88  -  809411)  (1-015)  +  17042 

_  637657  -  264592  ~  U54b8' 

(MM-M45)  (1-015)  +  2Dj5  =  .10036 

N[30]-N46 


CHAPTER  IX 

COMPLETE  SINGLE-LIFE  ANNUITIES 

1.  A  Complete  or  Apportionable  annuity  of  1  per  annum  payable 
m  times  a  year  during  the  life  of  (%)  is  one  under  which  a  payment 

of  —  is  made  at  the  end  of  each  — th  part  of  a  year  that  (x)  survives, 
m  m     r  j  \  / 

and  an  additional  payment  at  the  death  of  (x)  of  an  amount  pro- 
portionate to  the  time  elapsed  between  the  date  of  the  last  payment 
and  the  date  of  death.  An  annuity  under  which  this  proportionate 
payment  to  the  date  of  death  is  not  made  is  known  as  a  curtate 
annuity,  and  a  complete  annuity  is,  therefore,  equivalent  to  a 
curtate  annuity  with  the  addition  of  the  proportionate  payment  to 
be  made  at  the  death  of  the  annuitant. 

2*.  The  value  of  the  curtate  annuity  is  a£"'-  The  adjustment  to 
be  made  for  the  proportionate  payment  to  the  death  of  (x)  would 
be  a  regularly  increasing  assurance  during  the  whole  of  life  (pay- 
able at  the  moment  of  death)  but  that  at  each  —  of  a  year  a 
payment  of  annuity  is  received,  and  the  assurance  must,  therefore, 
be  decreased  at  the  end  of  each  interval  by  — .   The  present  value 

1  r00  — 

of  the  regularly  increasing  assurance  is  =r-  I    Mx+t  dt  and  the 

i  w*+i  i  a*+i 

deductions  are ^-^ , f=r-^ ,  etc. 

m    Dx      m    Dx 

Representing  the  value  of  the  complete  annuity  to  (x)  by  d<.m),  we 

have 

a-  =  aM  +  i-{|;M^-^ri,+i} (1). 

Applying  the  approximate  integration  formula 

*  N.B.  The  methods  employed  in  paragraphs  2  to  5  are  taken  from  a  Note  by 
W.  P.  Elderton  in  J.I.  A.  Vol.  43,  p.  99. 

b.  11 
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to  the  term  I    Wx+tdt,  formula  (1)  becomes 
Jo 

a™  =  a™  +  ±-  -  2  M.+i  +  ^-M.  +  ^-i^p--  2  M,+if 
Dx  [m  t=i         m     "m  12raa  cte       m  <=1         mj 

a*   +2mAx     12m' (2)> 

Mx      .         ,1    dM* 
since  ^  =  AX  and  j5-.^-  =  -^. 

The  last  term  of  this  formula  being  very  small  can  be  neglected, 
and  in  practice  the  value  of  the  second  term  is  frequently  taken  as 

„ —  Ax,  Ax  being  employed  as  a  sufficiently  accurate  approximation 

to  Ax. 

For  practical  purposes,  therefore,  the  formula  becomes 

&*)=ax+7>J^  +  2m~Ax(-1+^ (3a)' 

W  =  a*+l^r  +  <LA* W 

If  the  annuity  be  payable  yearly,  its  value  is  ax  =  ax+  %AX{\  +  %i) 

ora,=  ax  +  $Ax. 

1     1   <=c0 
3.   Since  aS"'=  —  .=-   2  D^+l,  formula  (1)  can  be  written 
m   L>x  t=i  m 

^=k{^}y-m^+iy^dt\ w 

Applying  the  formula 
to  the  first  term  of  this  equation,  we  have 


1    fr-         8 


Jo 


2m      *      12ma' 
since  i- J" D^cft  =  ax ;    (D~  M)'=  1 -A,  =  Sag; 

and  '   °  ^D-H)-— '«D., 
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In  formula  (5)  the  last  term  is  small  and  is  usually  neglected, 
the  result  being  another  simple  formula  frequently  employed  in 
practice,  namely 

W  =  (i  +  ax)(l-^    (6). 

If  the  annuity  be  payable  yearly, 

ax  =  {i  +  ax)  ( 1  -  g 

4.  Formula  (6)  can  be  derived  very  simply  from  formula  (3a)  if 
Ax  be  retained  instead  of  Ax(l+%i).  Since  ax+\  =  ax  and 
Ax  =  1  —  Sax,  we  have 

o,™,  m— 1       1    -r 


=  ax(l- 


_8 
2m 


5.   Again,  applying  the  formula 

/>>  *  -  S  3/©  +  !=/<«  +  IS?  a-«°>  -  IB  4^°> 

to  eliminate  the  integral  in  formula  (1),  the  value  of  the  complete 
annuity  becomes 

a™  =  4-i  +  i-  \-  '£"  M  +  *  +  i-  H.  +  ^-t  AMa  -  ~^-2  A2MX 
1         *       Dj(mw      *+m     2?»  12m2  24m2 


,  .       1    .  1     AM,, 

=  ^1  +  2mA«+12m-2T)7aPprOX- 


=  ^,  +  iA*-l<LA^  (7)> 

where  A'  m  =  i- (H. -  Mx+1)  =  ^p*0  -«*?-. 


and  applying  the  expression 

I*' 

m« 


?/(£>  -  J>>  *  -  i/(0) "  15*  A/(0)  +  •  •  •  etC- 


11—2 
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to  the  first  term  of  formula  (4)  we  have 

=^(1~i)+i^^  (8)- 

Formulae  (7)  and  (8)  are  not  of  practical  importance. 

6.  The  values  of  temporary  complete  annuities  are  found  most 
easily  by  taking  the  value  of  the  complete  whole  life  annuity  less 
the  value  of  a  similar  deferred  annuity.    Thus 

/         m  —  1       1     .  \      Djj+ji  /  in  —  1       1     .       \ 

=  r+i«r  +  ^Aij~xr+"+^r+^  x+n) 

corresponding  to  formula  (3  b) ;  or 

corresponding  to  formulae  (5)  and  (6). 

7.  By  considering  the  investment  of  a  unit,  the  continuous 
assurance,  Ax,  can  be  expressed  in  terms  of  the  complete  annuity. 

If  the  unit  be  invested  at  rate  i,  it  will  produce  an  annuity  of 
i  payable  annually  together  with  the  accrued  portion  of  a  year's 
interest  to  the  death  of  (x) — the  present  value  of  the  interest 
being  iax — and  will  remain  intact  at  the  death  of  (as). 

Thus  l=iax  +  Ax, 

whence  A^  =  1  —  iax (12). 


IX  10]  TABLE  OF  FORMULAE  165 

8.  In  Chapter  III  3  an  annuity-due  was  described  as  an  annuity 
under  which  a  payment  is  made  at  the  beginning  of  each  interval 
that  (x)  enters  upon.  Since,  therefore,  each  payment  relates  to  the 
succeeding  interval  there  can,  in  this  case,  be  no  question  of  a 
proportionate  payment  to  the  moment  of  death  of  the  annuitant ; 
in  other  words,  there  is  no  such  thing  as  a  complete  annuity-due. 

9.  The  following  table  gives  the  values  of  d30  and  am  on  the 
basis  of  the  HM  Table  at  3  per  cent,  interest  by  the  formulae 
obtained  in  this  chapter,  the  values  being  given  to  five  places  of 
decimals,  though  annuity  values  are  generally  tabulated  to  three 
places  of  decimals  only.  The  differences  between  the  results  of 
the  various  formulae  are  greatest  when  the  annuity  is  payable 
yearly,  and  it  is  not  necessary  therefore  for  purposes  of  comparison 
to  tabulate  the  values  of  annuities  payable  more  frequently. 

Where  the  symbol  Ax  has  been  retained  this  has  been  taken  as 
equal  to  1  —  8ax,  where  ax  =  ax  +  \  —  -^  (/j,x  +  8) :  this  value  of  ax 
has  also  been  employed  where  the  symbol  ax  has  been  retained. 


No.  of 
formula 

Formula 
for  a(m) 

X 

Formula 
for  ax 

«30 

°60 

(2) 
(3  a) 
(3  b) 

(5) 
(6) 

ol«l±ll_A 
"        2m     *     12m2 

m-1       1    .    ,,      ... 
a*+    2m    +2»A^1  +  *1) 

m  —  1        1    . 

®x  +  -z h  ^—  A. 

x       2m       2m    * 

ax  +  i&xO-+¥) 
ax+^Ax 

20-09300 
20-09366 
20-09073 
20-09300 
20-09359 

10-56265 
10-56509 
10-56004 
10-56264 
10-56500 

10.  A  type  of  annuity  sometimes  met  with  in  practice  is  one 
under  which  an  Office  guarantees  that  the  aonuity  shall  continue 
in  any  event  until  the  payments  amount  to  the  purchase  price. 

Representing  the  net  value  of  such  an  annuity,  payable  m  times 
a  year  to  (x),  by  A,  and  the  purchase  price  by  A',  the  contract  can 
be  valued   in  two  parts:   (a)  an   annuity  certain  for  A'  years; 
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(6)  an  annuity  on  the  life  of  (x)  deferred  A'  years.  The  net  value 
will  then  be  given  by  the  expression 

A  =  a£f  +  ^'5i#A' (13), 

by  means  of  which,  A'  being  a  function  of  A,  the  value  must  be 
found  by  trial.   (See  Example  5.) 

11.  Instead  of  the  condition  mentioned  in  paragraph  10,  the 
contract  might  contain  a  clause  that  on  the  death  of  the  annuitant 
before  the  total  payments  amount  to  the  purchase  price,  the 
balance  of  that  price  shall  be  paid  to  the  deceased's  estate. 

Taking  the  case  of  a  complete  annuity  payable  m  times  a  year 
to  (oo),  with  this  condition,  and  representing  the  net  value  by  S, 
and  the  purchase  price  by  S',  where  -9S'  =  S ;  the  contract  can  be 
dealt  with  in  two  parts  as  follows : 

(a)  A  complete  annuity  to  (x)  payable  m  times  a  year,  the 
value  of  which  is 

£(»»)  —  n  a-  m         -4-  _  X 
a*   ~a*+    2m    +2mAx- 

(b)  A  decreasing  temporary  assurance,  the  sum  assured  com- 
mencing at  S'  and  decreasing  momently  until  the  end  of  a  period 
of  S'  years,  as  the  amount  paid  and  accrued  under  the  complete 
annuity  increases. 

The  value  of  this  portion  is 

|    (S'-t)vttPxiMx+tdt 
=  S'A^,|-(IA)^| 
=  S'AJ  :¥1  (1  +  <)*  -  {(IA)x:F1  -JA^}  (1  +  if 

ux 

1 


w  {§  (M„  -  Mx+S.)  +  S'MX  -  B»  +  IW}. 


Combining  the  two  portions  we  have 


^ 


Tfi  —  1  L     — 


Jx+1  +  ~~2m~~ Bx  +  2m  Mx  +  ^M"  ~  Mx+S,)  ~Ux  +  Ux+S' 

_  ...(14). 
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By  means  of  which  expression  the  value  of  S  and  S'  must  be 
found  by  trial.  For  practical  purposes  M^  and  Rx  would  be  used 
in  place  of  Mx  and  Rx. 

If  the  annuity  be  payable  yearly,  the  expression  can  be  slightly 
simplified,  as  follows : 

g  _  Ng.+1  +  Ms  -£Ms+8-  -  Rx  +  Ra+8. 


N  3,4.1  —  Rjj-n  +  Ra;+a'+1  +  ^Ma;+S- 

=  ^-^  +  W,  +  tlU  approximately . . .(15), 

writing  Mx  and  RB  in  place  of  M^  and  Ra  respectively. 

If  the  annuity  were  to  be  curtate  and  payable  yearly,  with  the 
same  condition  as  regards  the  return  of  the  balance  of  the  pur- 
chase money,  the  value  of  the  first  part  would  be  ax,  and  of  the 
second  part 

i-  {S'CX  +  (S'  - 1)  Cx+i  +  (S'  -  2)  Cx+2  + . . .  +  (S'  -  S')  Cx+S] 
—  jj~  {S'Mj.  —  (Rx+i  —  Rx+S'+i)}, 


the  total  value  being 

s-  1 

{N*f. 

+  S'M, 

~~  Rac+l 

+  Rx+S'+l 

Ns+1-R 

c+i  +  R«- 

J-S'+l 

A  comparison  of  this  expression  with  formulae  (15)  shows  that 
the  adjustment  to  provide  for  the  annuity  being  complete  con- 
sists of  the  addition  of  the  value  of  the  assurance  of  £  from 
age  #  +  S'  onwards.  It  can  make  no  difference  whether  the  pro- 
portion to  the  date  of  death  before  the  total  payments  amount  to 
S'  is  paid  under  the  complete  annuity  portion  of  the  contract  or 
under  the  condition  for  the  payment  of  the  balance  of  the  purchase 
money.   (See  Example  6.) 


168  COMPLETE  SINGLE-LIFE  ANNUITIES  [iX 

EXAMPLES 

The  following  examples  will  illustrate  the  practical  application 
of  the  values  of  complete  annuities. 

Ex.  1.  Find  the  value  of  d[S]+2  on  the  basis  of  the  O'1™] 
Mortality  Table  with  3  per  cent,  interest. 

a[48]+2  =  a[48]  +2  +  "g  +  S-A-M+a 

=  13-746  +  -375  +  £(-5705) 
=  14-192. 
The  value  of  A^-i*  is  found  by  entering  the  3  per  cent,  single 
premium  conversion  table  with  a[48]+2,  the  latter  value  being  obtain- 
able from  the  table  on  page  456. 

If  the  last  term  be  taken  as  ^A[4S]+2  =  ^A[18]j.2  (1-015),  the  result 
is  14-193. 

Ex.  2.  If  £100  be  invested  in  the  purchase  of  a  complete  life 
annuity  to  (70)  payable  quarterly,  what  will  be  the  amount  of  each 
quarterly  payment  ?  Assume  HM  Table  at  3  per  cent.,  and  that  a 
loading  of  10  per  cent,  of  the  gross  price  is  added  to  the  net  value 
of  the  annuity. 

The  net  purchase  price  is  £90,  and  the  quarterly  payment,  using 
three  places  of  decimals  only,  is 

1   90  =  1  90 

1  90 


or 


~~  4  '6-656  +  -375  +  £(-777) 

=  3-156, 
1   90      1  90 

4-afe'-4-(i_«)(i+an) 

1  90 

~4"-9963x  7-156 
=  3155. 
The  quarterly  payment  would,  therefore,  be  £3.  3s.  Id. 
Ex.  3.   A  curtate  annuity  of  £100  per  annum  is  payable  halt 
yearly  to  a  man  now  aged  55.    The  annuitant  desires  the  annuity 
to  be  payable  quarterly  with  a  proportionate  payment  to  the  date 
of  death.    On  the  basis  of  the  HM  Table  at  3  per  cent.,  what  will 
be  the  amount  of  each  quarterly  payment  ? 
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The  payment  just  due  will  be  made  on  the  old  basis,  and  the 
value  of  future  payments  is  100a$.  The  amount  of  each  quarterly 
payment  in  future  will  be 

1    lOOaH'  _  1    100  (a„  +  j) 
4'     fig?         4"a65  +  §  +  £A55 

=  1  100  (12-072 +  -25) 

4"12-072  +  -375  +  ^(-61927) 
=  24-595         say  £24.  lis.  10d., 

or,  the  quarterly  payment  =  \.  .100(gw  +  i) 

4  (i_i)(a55  +  j) 

=  1  100  (12-072 +  -25) 

"*'(l- ^L8j (12-072 +  - 6) 

=  24-594.         £24.  lis.  lOd. 
The  payment  would  be  taken  at  the  next  lower  penny. 

Ex.  4.  A  company  grants  a  complete  annuity  of  £100  per 
annum  payable  by  quarterly  instalments  to  a  life  aged  60  with 
the  special  condition  that  if  the  life  die  within  4  years  from  the 
granting  of  the  annuity  the  company  will,  on  payment  of  £200, 
grant  a  similar  annuity  to  another  life  aged  60  at  the  date  of 
death  of  the  annuitant  with  the  same  special  condition,  and  so  on 
indefinitely. 

What  should  be  the  net  purchase  price  for  the  annuity  by  the 
HM  3  per  cent.  Table  ? 

The  value  of  the  ordinary  complete  annuity  to  a  life  aged  60  is 
lOOaJJJ. 

Let  the  purchase  price  required  be  P,  then  the  company  must 
be  so  placed  at  the  death  of  (60)  within  four  years  that  it  then  has 
P  in  hand  to  cover  the  granting  of  a  similar  contract.  As  £200 
is  to  be  paid  in  cash  it  is  necessary  to  provide  under  the  contract 
for  the  assurance  of  P  —  200. 

We  thus  have 
P  =  1005g  +  IX  (P  -  200), 
.     p  _  1(XKIS>  -_2001Ao 

1  —  U-A-60 

_  100  jlO-2235  +  -375  +  -Q8414  (1015)]  -  200  (-1179)  (1-Q15) 

1 --1179(1015) 
=  1187.        £1187. 
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Ex.  5.  It  is  required  to  find  on  the  basis  of  the  HM  Table 
at  3  per  cent,  the  value  of  an  immediate  annuity  of  1  per  annum 
payable  half-yearly  during  the  life  of  (60),  with  the  condition  that 
the  annuity  is  to  continue  in  any  event  until  the  payments  amount 
to  the  purchase  price.  The  purchase  price  is  to  be  the  net  value 
with  an  addition  of  10  per  cent,  of  the  gross  value. 

In  this  case 


It  is  convenient  ,to  take  trial  values  of  the  gross  price  as  this 
enables  us  to  employ  integral  terms  and  ages. 

As  a  first  trial  value,  let  ^  A  =  15,  then 

J  (2)  -1^60 

=  11-938  (1-00744)  + 1^|  (5-074  +  -25  +  *  x  823) 
=  12027  +  1-544 
=  13571. 
Whence  A  A  =  15-079. 

As  a  second  trial  value,  let  -^  A  =  16,  then 
A  =  ora  x  A  +  ^  (a76  +  -25  +  J  A76) 

J  (2)        -L'eo 

94,4,  T  -Q 

=  12-5611  (1-00744)  +  g^|  (4-782  +  -25  +  }  x  -832) 

=  12-655  + 1-284 
=  13-939. 

Whence  .jj  A  =15-488. 

If  the  correct  value  be  15  +  x,  we  have 

15  +  x  =  15-079  +  x  (15-488  - 15079), 
■591a;  =  -079, 
x  =  '134. 
The  Purchase  Price  is  therefore  15-134  =  £15.  2s.  9d.,  the  price 
being  taken  to  the  next  higher  penny. 
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The  first  trial  in  this  case  gave  a  result  so  close  to  the 
trial  value,  that  in  practice  it  would  be  sufficient  to  take  the 
value  as,  say,  £15.  2s.  6d.  The  method  of  interpolation  has  been 
included,  however,  in  order  to  show  the  complete  process  of 
calculation. 

Since  the  purchase  price  is  not  an  integral  number  of  yearly 
payments,  the  condition  would  probably  be  attached  to  the  con- 
tract that  in  the  event  of  death  during  the  first  fifteen  years, 
a  payment  of  £1  would  continue  to  be  made  at  the  end  of  each 
year  up  to  and  including  the  fifteenth  year  and  that  at  the  end  of 
the  sixteenth  year  there  would  be  a  final  payment  of  2s.  9d.  In 
practice  the  annuity  would  not  be  for  £1  per  annum,  and  the  final 
payment  would  not  be  so  small. 

Ex.  6.  It  is  required  to  find  the  purchase  price,  on  the  basis  of 
the  HM  Table  at  3  per  cent.,  of  an  immediate  annuity  of  1  payable 
yearly  during  the  life  of  (60)  with  the  condition  that  if  (60)  die 
before  the  payments  amount  to  the  price  given  the  balance  of  the 
price  shall  be  paid  to  his  executors.  The  purchase  price  is  to  be 
the  net  value  with  an  addition  of  10  per  cent,  of  the  gross  value. 

Employing  formula  (15)  we  have 


S  =  - 


'  60  ~  1%  +  1*61+8'  +  2-^60+S' 

D60-^M60 


As  a  first  trial  value,  take  S'  =  16,  then 

102106  -  77314  +  10134  +  \  (2036) 


S  = 


9988--^(6723) 
35944 


~  2518 

=  14-275. 
Whence      S'  =  15861. 

This  result  is  sufficiently  close  for  practical  purposes  to  take  the 
value  as  16. 


CHAPTER  X 

LIFE  OFFICE  VALUATIONS 

1.  Life  Office  Valuations.  In  the  periodical  valuation  of  the 
contracts  of  a  Life  Assurance  Company,  policies  are  valued  in 
groups. 

If  there  were  a  large  number  of  Whole-Life  Assurances  on  lives 
whose  exact  age  at  the  date  of  the  valuation  was  y,  the  total  sum 
assured  by  all  these  policies  combined  being  S,  the  total  bonus 
additions  B,  and  the  total  net  annual  premiums  $P,  all  falling  due 
immediately,  the  value  of  this  group  of  assurances  would  be 

(S  +  B)A1/-S?&y    (1), 

assuming  the  Office  to  value  its  policies  by  an  Aggregate  Table. 

The  most  scientific  method  of  valuing  Whole-Life  Assurances 
is  by  means  of  a  Select  Table,  but  as  a  very  large  number  of 
groups,  according  to  ages  at  entry  and  duration  of  the  assurances, 
would  be  required,  the  work  involved  would  be  prohibitive.  Various 
suggestions  for  making  valuations  by  means  of  Select  Tables 
without  the  necessity  of  using  this  large  number  of  groups  have 
appeared  in  the  Journal  of  the  Institute  of  Actuaries,  and  the 
Transactions  of  the  Faculty  of  Actuaries,  but  as  a  sufficiently 
accurate  valuation  can  be  made  by  an  Aggregate  Table,  or  by  a 
combination  of  Aggregate  Tables,  and  the  Actuary  can  always  tell 
which  way  any  error  lies,  and  approximately  its  extent,  these  are 
still  generally  employed  by  Life  Offices. 

Valuations  are  most  frequently  made  as  at  December  31st  of 
the  valuation  year,  and  it  must  be  understood  in  what  follows  that 
this  date  is  taken. 

2.  The  grouping  of  the  policies  according  to  the  age  attained' 
involves  some  assumption  as  to  the  method  of  determining  this 
age  as  at  the  Valuation  date,  and  since  premiums  are  charged  at 
the  age  next  birthday  or  for  the  next  higher  half  or  quarter  age 
at  the  time  policies  are  effected,  which  age  may  be  attained  during 
the  calendar  year  of  entry  or  after  the  end  of  that  year,  a  further 
decision  must  be  made  as  to  the  net  premium  to  be  valued. 
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The  practice  of  Offices  in  both  these  respects  varies  consider- 
ably. For  example,  an  Office  may  assume  that  the  age  next 
birthday  at  entry  is  attained  on  the  average  on  the  following 
31st  December,  the  net  premium  for  that  age  being  valued :  or 
an  Office  may  make  the  same  assumption  as  to  the  age  at  31st 
December  but  value  the  net  premium  for  the  nearest  age  at  the 
date  of  entry:  or  the  premium  may  be  taken  as  that  for  the 
nearest  age  at  entry  and  the  valuation  age  as  the  nearest  age  at 
the  valuation  date :  and  so  on. 

The  last-mentioned  method  has  been  found  to  be  very  accurate 
in  its  results  and  for  the  sake  of  example  will  be  assumed  in  the 
following  paragraphs. 

3.  Once  the  net  premium  applicable  to  a  policy  has  been  de- 
cided upon  and  recorded,  and  the  method  of  ascertaining  the 
valuation  age  determined,  all  the  policies  in  force  at  the  date  of 
valuation  of  the  same  valuation  age  are  grouped  together,  and  the 
total  sum  assured,  total  bonus  additions,  and  total  net  premiums 
ascertained. 

The  valuation  of  the  Sums  Assured  and  Bonus  Additions  presents 
no  difficulties,  the  totals  for  age  y  being  simply  multiplied  by  Ay, 
but  since  policies  are  effected  at  all  periods  of  the  year  and  the 
valuation  is  made  at  a  fixed  date,  namely  December  31st,  in 
valuing  the  premiums  the  date  of  the  next  premium  payment 
must  be  considered. 

4.  If  only  annual  premiums  are  dealt  with,  then  if  it  be  found 
that  on  the  average  the  anniversary  of  the  policies  falls  at  the  end 
of  the  eighth  month,  the  annuity  by  which  the  premiums  will  be 
valued  is 

=  ay  + \. 

Thus,  for  policies  subject  to  annual  premiums,  the  formula 
employed  in  the  valuation  would  be 

(S  +  B)Ay-S-P(ay  +  i)  (2). 

5.  Turning  to  half-yearly  and  quarterly  cases,  assuming  as 
before  that  the  policy  anniversaries  fall  on  the  average  at  the  end 
of  the  eighth  month,  the  next  half-yearly  premium  will  fall  due  at 
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the  end  of  the  second  month  after  the  valuation  date,  the  annuity 
to  be  employed  being 

and  the  next  quarterly  premium  will  fall  due  at  the  same  time  as 
the  half-yearly,  the  annuity  to  be  employed  being 

>K>  =  a, -(§  +  £) 

If,  therefore,  true  half-yearly  and  quarterly  premiums  be  in- 
serted in  the  valuation  schedules,  and  the  annuity  employed  for 
valuing  the  annual  premiums  be  also  used  to  value  the  half-yearly 
and  quarterly  premiums,  the  value  of  the  premiums  will  be  under- 
stated by  J  (total  of  premiums)  in  the  half-yearly  cases  and  | 
(total  of  premiums)  in  the  quarterly  cases.  The  undervaluing  of 
the  premiums,  however,  results  in  the  liabilities  being  overvalued, 
and  is,  therefore,  on  the  safe  side. 

If,  as  is  done  by  some  Offices,  the  annual  net  premium  be  valued 
in  every  case,  the  value  of  the  premiums  is  further  under-stated 
(since  PJf '  >  ¥x)  and  the  liability  further  over-stated. 

Whether  the  true  net  premiums  per  annum  payable  half-yearly 
or  quarterly,  or  the  annual  net  premiums,  be  inserted,  the  method 
of  valuing  all  the  premiums  by  the  annuity  applicable  to  the 
annual  premiums  is  generally  adopted,  and  all  the  Whole-Life 
Assurances  for  any  one  group  valued  by  formula  (2). 

If  it  be  assumed  that  the  dates  of  the  policies  are  uniformly 
distributed  over  the  year,  the  annuity  to  be  employed  in  valuing 
the  premiums  is  i  |aj,m)  =  Oj,  +  ^  whatever  the  value  of  "m'';  a 

2m 

convenient  assumption  sometimes  employed  in  practice. 

6.  To  state  the  general  case  as  regards  the  valuation  of  the 
premiums :  if  the  period  to  elapse  before  the  next  policy  anniversary 

k        l .         1 

be,  on  the  average,  — Y  t  I  i.e.  k  — thly  periods  plus  a  period  t,  where 

t<—  J ,  the  annual  premiums  will  be  valued  by  the  formula 

k 
For  policies  subject  to  mthly  premiums,  there  will  be  —  of  the 

current  year's  premium  still  to  be  paid,  the  first  — th  being  due  at 
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the  end  of  time  t.   Assuming  true  premiums,  the  mthly  premiums 
will,  therefore,  be  valued  by  the  formula 

Ja'm»  =  a      (m~l  i  t\ 

,.     ,      ,  lk      m  — 1\ 

If  the  business  be  evenly  distributed  over  the  year,  —  =  m~     , 

m        2m 

and  the  same  annuity  value  can  accurately  be  used  for  annual  and 

mthly  premiums :  if  the  interval  to  the  next  policy  anniversary 

be,  on  the  average,  more  than  6  months,  —  >  — — ,and  the  annuity 

lib  ZiTYb 

value  by  which  mthly  premiums  should  be  valued  exceeds  that 
applicable  to  annual  premiums  by  a  small  positive  quantity. 

Putting   k  =  1    and   m  =  2, m~     =  - ;   and  if  k  =  2   and 

m       .2m       4 

rC         tfh  —  X  i 

m  =  4, jj =  -  ;  these  being  the  portions  of  the  half-yearly 

and  quarterly  premiums  respectively  neglected  in  paragraph  5. 

If  the  half-yearly  and  quarterly  premiums  charged  are  instal- 
ment premiums,  these  are  equivalent,  as  from  any  policy  anniversary, 
to  annual  premiums.  As  from  the  next  anniversary,  therefore, 
annual  premiums  can  be  valued  by  the  annuity  applicable  to  such 
premiums,  but  as  the  unpaid  instalments  for  the  current  assurance 
year  are  certainly  receivable  they  can  with  sufficient  accuracy  be 
added.    The  value  of  the  instalment  premiums  will,  therefore,  be 

P.^K  +  j^™    (5), 

k 
where  P  is  the  net  annual  premium  and  —  PM  the  actual  out- 

r  m 

standing  instalments  of  the  current  year's  net  instalment  premium. 

7.  The  records  of  a  Life  Office  are  so  arranged  that  the  number 
of  policies  to  be  valued,  with  the  corresponding  totals  of  the  sums 
assured,  premiums,  etc.,  for  any  particular  group,  can  be  ascer- 
tained by  taking  the  number  in  the  same  group  at  the  last 
valuation,  adding  particulars  of  the  new  assurances  effected  during 
the  valuation  period  and  deducting  particulars  of  such  items  as 
claims,  policies  lapsed  and  surrendered,  etc.,  during  that  period. 

Considering  Whole-Life  Assurances  only,  the  valuation  age  for 
any  one  group  will  increase  from  year  to  year,  and  it  is  convenient, 
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therefore,  to  head  the  group  "  Office  Year  of  Birth "  which  is 
constant,  the  Office  Year  of  Birth  being  that  year  which,  deducted 
from  the  valuation  year,  will  give  the  valuation  age :  or,  in  other 
words,  the  year  at  the  end  of  which  the  valuation  age  would  be  "  0  ". 

8.  Valuation  of  Endowment  Assurances.  If  Endowment 
Assurances  were  grouped  like  Whole- Life  Assurances,  according  to 
the  age  attained,  there  would  be  in  each  group  policies  with  many 
different  periods  to  run  before  maturity,  which  would  have  to  be 
valued  by  different  assurance  and  annuity  factors.  Consequently, 
as  the  value  of  a  temporary  life  annuity  does  not  vary  much 
with  variations  in  the  age,  it  is  the  common  practice  to  group  the 
policies  according  to  the  nearest  or  integral  unexpired  term  and 
to  ascertain  a  "mean  valuation  age*"  for  each  group. 

Assuming  the  policies  to  be  grouped  according  to  the  integral 
unexpired  term,  say  n  years,  and  that  on  the  average  the  policy 
anniversary  falls  eight  months  after  the  valuation  date,  the  factor 
by  means  of  which  the  Sums  Assured  and  Bonuses  are  valued  is 
Aj,  ^+i| .  where  y  is  the  mean  valuation  age. 

For  the  annual  premiums,  there  will  be  n  payments  to  be  made, 
and  making  the  same  assumption  as  before  as  to  the  Average  policy 
anniversary,  the  annuity  to  be  employed  to  value  these  will  be 

slay;^]  =  ay.^]  —  •§■(  1        ^    J   (6). 

In  the  case  of  half-yearly  and  quarterly  premiums  there  will  be 
n  +  \  premiums  to  be  paid,  the  next  premium  falling  due  on  the 
average  two  months  after  the  valuation  date.  Assuming  true  half- 
yearly  and  quarterly  premiums,  the  annuities  to  be  employed 
in  their  valuation  will  be,  for  half-yearly  premiums 

l   (2)  (2)  1  (-,       Bv+n\ 

,|a^  =  a,^  -  g  (1  -  -^-)  approx. 


'v 


-  a(2)- 


1    Dy+„  1/,  5W\     aT1T)rOX 

»"     +    2         By  QV  By     J     ^P"^- 

-a   -,     (1  +  1)  (i     By+A  i  1  D"+" 
-0|„    -i  i  -1  (i      ^v+A  ,  1  Vy+n 


=  «la»:Sl  +  2  -g^  approx (7), 

The  methods  of  obtaining  the  "  mean  valuation  age  "  are  dealt  with  in  Chap.  XI 14. 
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the  term  jU-    -k^I  being  neglected:  and  for  quarterly  pre- 
miums 

ila»:^+il  =a»:lT7jl  -q  [1  -  ~^-j  approx. 

-S..I  +2^7-611-dJ  appr0X" 
=  a   n  -  (S  |  1  Vi      D*M  ,  *  py+» 

a^    U  +  eA1      dJ  +  2D7 

_  o     -,  _  2  /,         DjH-tA        1/  Dy+n\    ,    1  Dy+rt 


ID, 
'y 


=  4K:5I  + | -^approx (8), 


the  term  5  n -£t!M  being  neglected. 

If,  therefore,  true  half-yearly  and  quarterly  premiums  be  in- 
serted in  the  valuation  schedules,  they  can  be  valued  by  the  same 
annuity  as  the  annual  premiums,  provided  the  portions  of  the 
current  year's  premiums  outstanding  at  the  date  of  valuation, 

multiplied  by  -^— ,  be  added.    If  it  be  decided  to  neglect  this 

adjustment,  the  reserve  will  be  further  strengthened. 

9.    To  state  the  general  case  as  regards  the  valuation  of  the 

premiums,  the  integral  unexpired  term  being  n  years,  if  the  period 

to  elapse  before  the  next  policy  anniversary  be,  on  the  average, 

k 

— h  t,  the  formulae  to  be  employed  are : 

For  annual  cases 

i>^  =  a^-(i  +  *)(l-%^   (9). 

For  mthly  cases,  assuming  true  premiums, 


'K.ZII  =  a,.Z?l  -  *  (1  -  -jjj-J  approx. 


2,:n+™  V'-n+Z 


(m-\      \  ft      Dy+n\      k  D„+n 

,   I.  -,  .  fk    m-1\  {-,  _  Vy+n}  ,  *  vy+n 


.(10). 

12 
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If  the  policy  anniversaries  be  uniformly  distributed  over  the 

year,  —  =  —~ — ,  but  if  the  average  time  to  elapse  before  the 

k 
next  policy  anniversary  be  more  than  six  months,  —  will  be  greater 

tjm  ]_ 

than  — — r ,  and  the  second  term  will  have  a  small  positive  value. 
2m 

If  this  term  be  neglected,  the  result  will  be  a  slight  under- 
statement of  the  value  of  the  premiums  and  consequent  over- 
statement of  the  reserve. 

In  practice  this  term  is  neglected,  and  where  it  is  desired  to 
make  allowance  for  the  fact  that  true  premiums  are  charged,  all 
the  premiums  are  first  valued  by  the  annuity  applicable  to  annual 
premiums,  an  addition  being  then  made,  to  the  value  of  the 
premiums,  of  the  unpaid  portions  of  the  current  year's  premium 

multiplied  by    Jt1"" .     (See,  however,  paragraph  11.) 

Dy 

If  k  =  1  and  m  =  2, ^ —  =  -j ,  the  neglected  value  being 

-r  (sum  of  premiums  for  half-yearly  cases)  x  ( 1 J~  ] ;  and  if 

k  =  2  and  m  =4, s —  =  ~ ,  and  the  neglected  value  is  K  (sum 

m        2m        8  8 

of  premiums  for  quarterly  cases)  x  ( 1 t?)  as  m  paragraph  8. 

10.  If  the  half-yearly  and  quarterly  premiums  charged  for 
Endowment  Assurances  are  "  Instalment "  premiums,  assuming 
the  same  integral  unexpired  term  and  same  time  to  elapse  on  the 
average  before  the  next  policy  anniversary,  the  annuity  values  to 
be  employed  in  the  valuation  of  the  premiums  will  be : 

For  annual  cases 

and  for  mthly  cases 

,   W /,       m-l  ,\     ,      , 

<K»+i{= [1--2^d Hv.^  approx- 


i- 


2m 
m—  1 

2m 


^K^-K1-^)}^0*- 
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(1-s£ri)\k»l'"*+!$ approx <">■ 


"I1- 

But  this  is  the  annuity  value  with  which  to  value  the 
"  Instalment "  premium, 

p[m]     =  "g:nl 

"'•W        ,         m— 1    ,' 

whence       PWL,  .f|^  =  P.  |a^  +  A  P.l5l (12), 

ml  m 

and  it  will  make  little  difference  if  the  second  term  of  this  formula 

k 
be  taken  as  —  P[mJ-, . 

In  this  case,  therefore,  the  simplest  method  is  to  value  the 
annual  premium  for  every  policy  by  the  annuity  value  applicable 
to  such  premiums,  and,  for  half-yearly  and  quarterly  cases,  to  add 
to  the  value  thus  obtained  the  actual  outstanding  instalments  of 
the  current  year's  premium. 

11.  If  true  mthly  premiums  are  valued  as  instalment  premiums 
the  error  introduced  is  negligible,  and  in  practice  the  simpler 
method  of  paragraph  10  is  frequently  adopted  even  where  the 
half-yearly  and  quarterly  premiums  charged  by  the  Office  are 
"  true  "  premiums. 

12.  The  method  of  valuation  of  whole-life  and  endowment 
assurances  so  far  dealt  with  takes  into  account  the  net  premium 
on  the  basis  of  the  mortality  table  employed  for  the  valuation, 
and  is  known  as  a  "  net  premium  valuation."  It  may,  however,  be 
more  suitable  to  the  circumstances  of  a  particular  Office  to  deter- 
mine what  portion  of  the  loading  (i.e.  the  addition  for  expenses, 
etc.)  should  be  retained  for  future  expenses  and  contingencies,  and 
to  value  the  Office  premium  less  this  proportion  of  the  loading. 

12—2 
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This  is  generally  referred  to  as  a  gross  premium  valuation,  the 
premium  valued  being  derived  from  the  gross  premium. 

In  the  case  of  a  Whole-Life  Assurance,  if  <j>x  represent  the 
loading  added  to  the  net  premium,  so  that  P'x  =  ~Px  +  <j>X)  the 
ordinary  formula  for  the  net  premium  value  of  the  policy  can  be 
written 

tYx  =  Ax+t-'P'ax+t  +  ^ax+t  (13), 

showing  that  a  definite  provision  is  made  for  future  expenses  by 
keeping  in  hand  the  value  of  all  the  future  loadings.  If  only  part 
of  this  loading,  say  k(f>x,  be  retained,  the  result  is 

Ks+t  -  P'a^+i  +  k<j>a,x+i\  -14. 

or  Ax+t-(P'-k<f>)&x+i    J 

Similar  arguments  and  formulae  clearly  apply  also  to  Endowment 
Assurances. 

A  young  Office  at  its  first  quinquennial  valuation,  in  view  of 
the  heavy  initial  expenses  it  has  experienced,  the  loading  for 
which  is  spread  over  the  whole  duration  of  the  assurances,  might 
be  considered  justified  in  anticipating,  or  taking  credit  for,  some 
of  the  future  loading  in  this  way  and  valuing  a  premium  greater 
than  the  net  premium  by  the  table,  and  at  the  rate  of  interest, 
employed  in  the  valuation ;  and  this  course  would  also  be  followed 
if  a  Company  were  being  valued  in  order  to  determine  whether 
its  position  was  one  of  bare  solvency,  the  loading  kept  in  hand 
being  simply  that  which  was  deemed  sufficient  to  cover  future 
expenses. 

Again,  in  some  Companies  the  premiums  charged  for  Whple- 
Life  non-participating  assurances  have  been  reduced  to  less  than 
the  net  premiums  by  the  table,  and  at  the  rate  of  interest,  employed 
in  the  valuation  of  participating  assurances ;  and  in  such  cases  it 
is  evident  that  if  the  two  classes  be  valued  by  the  same  mortality 
table  and  at  the  same  rate  of  interest,  credit  cannot  be  taken  in 
the  case  of  the  non-participating  policies  for  the  full  net  premium. 
It  thus  becomes  necessary  to  value  the  Office  premium  less  some 
provision  for  future  expenses,  the  premium  valued  being  less  than 
the  net  premium,  or  to  value  the  non-participating  assurances  at 
a  higher  rate  of  interest. 
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13.  Valuation  of  Limited  Payment  Policies.  The  value  of 
a  Limited  Payment  Whole-Life  Assurance  at  the  end  of  t  years 
(t  <  k)  is 

t  V»  =  Ax+t  -  kPx .  a,x+t  ,j-^ 

=  A-x+t  —  tPx .  ax+t  +  j-Pj.  ~ —    (15). 

If  these  assurances  be  grouped  according  to  the  valuation  age 
or  Office  year  of  birth,  the  sums  assured  and  bonuses  will  be  valued 
as  for  ordinary  Whole-Life  Assurances  by  the  factor  Ax+i.  The  factor 

for  the  valuation  of  the  premiums  is  [a,x+t  —     *+M ,  the  first  term 

being  the  ordinary  Whole-Life  annuity-due  and  the  second  cancelling 
that  part  of  the  annuity-due  that  would  fall  after  the  cessation  of 
premium  payments.  The  numerator  of  this  second  term  is  constant, 
k  being  the  number  of  premiums  payable,  whereas  the  denominator, 
depending  on  the  valuation  age,  varies. 

By  the  simple  expedient  of  tabulating  ftP^N.^  at  the  time  the 
policy  is  effected,  and  at  each  valuation  up  to  the  time  the  premiums 
cease,  dividing  this  by  T)y,  where  y  is  the  valuation  age,  the  value 
of  the  second  term  is  easily  ascertained. 

14.  There  is,  however,  another  point  to  be  considered.  The 
expression  given  above  makes  no  allowance  for  expenses  after  the 
premiums  have  ceased,  which  arise  from  the  assurance  being 
retained  on  the  Office  books,  and,  if  participating,  in  connection 
with  the  periodical  declaration  of  bonus;  such  provision  must 
therefore  be  made  by  the  addition  of  another  term. 

The  extent  of  this  provision  is  a  point  to  be  determined  by  the 
Actuary  of  the  Company  (the  Whole-Life  loading  less  commission 
would  appear  to  be  a  suitable  quantity),  but  if  this  be  represented 
by  <f>X)  the  formula  becomes 

AxH-t  —  hi-x  ■  &x+t  H fj UW> 

or  for  the  group  for  valuation  age  y,  assuming  the  next  premium 
due  on  the  average  eight  months  hence, 

(S  +  B) A, - 8 . ,P ft  +  av)  + (S ■  *P°  +^} N*+k+i  ...(17). 

When   premiums   have   ceased,   that   is   when   y  Zx  +  k,   this 

expression  becomes 

(S  +  B)Ay  +  -Zcj>.ay    (IS). 


182  LIFE  OFFICE  VALUATIONS  [x  15 

15.  In  connection  with  the  valuation  of  Limited  Payment  En- 
dowment Assurance  Policies  two  different  terms  have  to  be  dealt 
with,  namely,  the  term  at  the  end  of  which  the  policy  will  mature 
if  the  life  survive,  and  the  term  for  which  the  premiums  are 
payable. 

A  method  frequently  adopted  is  to  value  the  premiums  according 
to  the  age  attained  (i.e.  valuation  age)  as  shown  in  paragraph  13 ; 
and  to  group  the  policies  afresh  according  to  the  integral  or  nearest 
unexpired  term  and  then  ascertain  a  mean  age  on  the  basis  of 
which  to  value  the  sums  assured  and  bonuses.  By  this  method  the 
net  liability  can  only  be  arrived  at  for  the  entire  class  of  assurances 
and  not  for  different  groups. 

As  in  the  case  of  Limited  Payment  Whole-Life  Assurances  a 
special  reserve  of  loading  must  be  made  for  expenses  (and  profits, 
in  participating  assurances)  after  the  payment  of  premiums  has 
ceased. 

16.  Profit  or  Loss  of  a  Life  Office.  If  each  of  l[x-\  persons  aged 
[x]  effects  a  Whole-Life  Assurance  on  his  own  life,  the  number  of 
survivors  at  the  end  of  t  years  will,  on  the  basis  of  the  mortality 
table,  be  l[x]+t,  and  the  value  of  each  of  their  policies  will  be  tV[x]- 
Also,  in  connection  with  each  policy  there  will  be  a  net  premium 
of  P[x]  due,  and  if  all  these  premiums  be  paid  immediately  the 
fund  in  hand  will  be  l[X]+t  («V[a.]  +  P^]).  Examining  this  expression, 
we  have 

hxl+t  G Vfcrf  +  Ptel)  =  kx]+t  \  1 f"^  + d[ 

{         alx]       a[a.]        J 


=  hxi+t  U  — 


a[x]+t) 

at*]  j 


.{,- 


_  v   i        i  !  _  Rxi+t-^xi+m 


=  1>  •  hxl+t  {1  -Plxl+t  (1  -  t+i^lxl)} 

or      kx]+t  (tVixi  +  P[«])  (1  +  *')  =  dM+i  +  lun+t+i  ■  t+Jw    (19)- 

This  last  expression  shows  that  the  total  reserve  in  hand  at  the 
commencement  of  a  year,  together  with  the  net  premiums  then 
due,  both  accumulated  at  interest,  will  just  suffice  to  pay  the  sum 
of  1  at  the  end  of  the  year  for  each  of  the  d[x]+t  deaths  occurring 
during  the  year,  and  also  to  provide  the  reserve  required  at  the 
end  of  the  year  in  respect  of  each  of  the  survivors. 
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It  is  evident  that  a  similar  expression  holds  in  the  case  of 
Aggregate  Tables  which,  as  already  stated,  are  generally  employed 
in  Life  Office  Valuations. 

17.  If  2 V  and  2P  represent  the  total  reserve  and  total  premiums 
all  due  immediately  for  all  the  Whole-Life  Assurances  in  force  at  the 
beginning  of  a  year,  2D  the  expected  amount  of  the  claims,  assumed 
to  be  payable  at  the  end  of  the  year,  and  2V,  the  reserve  expected 
to  be  necessary  at  the  end  of  the  year,  then 

(2V  +  2P)(l  +  l-)  =  2Z)  +  2V1, 
where  i  is  the  rate  of  interest  employed  in  the  valuation. 
Or,  if  20  be  the  total  loading  on  the  premiums, 

2  [V  +  (F  -  «£)]  (l  +  i)  =  2D  +  2V,, 

or  2[V  +  (F-£>](1-m)-2D-2V1  =  0    (20), 

which  indicates  that  if  the  actual  experience  in  the  year  coincides 
with  the  assumptions  made  in  the  valuation  there  will  be  neither 
a  profit  nor  a  loss  on  the  year's  working,  the  claims,  expenses  and 
reserves  at  the  end  of  the  year  being  exactly  provided  for. 

18.  If  it  be  assumed  that,  in  practice,  premiums,  expenses  and 
claims  (which  in  this  case  will  include  surrenders)  are  uniformly 
spread  over  the  year,  the  expression  to  be  considered  becomes 

2V(l  +  i')  +  2(P'-J&)(l+Ji')-2D'(l+K)-2V'1...(2l), 

where  ~%E  represents  the  actual  expenses,  2D '  the  actual  claims 
during  the  year,  and  %  the  actual  rate  of  interest  earned,  2V  and 
2V'i  being  calculated  at  the  valuation  rate  i. 

If  this  expression  have  a  positive  value,  that  is,  if  the  reserves 
and  premiums  (less  the  actual  expenses)  accumulated  at  the  rate 
of  interest  earned  provide  more  than  sufficient  to  meet  the  claims 
(also  for  comparison  accumulated  to  the  end  of  the  year)  and  the 
actual  reserves  which  the  Office  finds  it  necessary  to  hold  at  the 
end  of  the  year,  this  value  is  the  profit  on  the  year's  working.  If 
the  expression  have  a  negative  value,  this  (taken  positively)  is  the 
loss  on  the  year's  working. 

19.  In  the  case  of  assurances  under  which  no  further  premiums 
are  payable,  the  net  reserve  at  the  beginning  of  the  year  is  the 
Single  Premium ;  and  this  accumulated  at  the  valuation  rate  of 
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interest  will  exactly  provide  in  theory  for  the  payment  of  the 
expected  claims  and  for  the  reserves  expected  to  be  required  at 
the  end  of  the  year.   That  is 

kxi+t  ■  Mx]+t  (1  +  *')  =  d[x]+f  +  kd+t+i .  A[j.]+t+I (22). 

The  expression  to  be  considered  in  practice  is 

(2A  +  2#V)  (1  +  »")  -  2  (D  +  E) (1  +  \i')  -  (2Ax  +  2^)...  (23), 

where  2A  is  the  net  reserve  and  1EV  the  special  reserve  for 
expenses  at  the  beginning  of  the  year ;  2Aa  and  2J£V1  the  corre- 
sponding items  at  the  end  of  the  year ;  2D  the  actual  claims ;  %E 
the  actual  expenses  and  i'  the  rate  of  interest  earned. 

20.  In  paragraphs  15  to  19,  Whole-Life  Assurances  only  were 
referred  to,  but  it  is  evident  that  the  arguments  employed  are 
equally  applicable  to  all  classes  of  policies.  The  expressions  dealt 
with  give  the  total  profit  on  the  year's  working :  in  practice  this 
profit  is  split  up  into  its  component  parts  in  order  that  the  Office 
shall  know  the  sources  from  which  it  is  mainly  derived.  A  dis- 
cussion of  the  sources  of  surplus  would,  however,  be  beyond  the 
scope  of  this  work. 

21.  Formula  (19)  can  be  expressed  in  the  form 

(*V[X]  +  P[a,])  (1  +  {)  =  qirf+t  +P[x-]+t  •  t+l Vie], 

or  in  more  general  form 


(Y  +  F)(l+i)  =  q.8+p.V1      |  (24)) 


=  Yl  +  q{S-Yy 

where  S  is  the  sum  assured  by  the  policy  or  group  of  policies. 

This  formula  assumes  that  claims  are  payable  at  the  end  of  the 
year,  and  the  second  form  employed  shows  that  the  Office  will 
then  have  in  hand  V,  in  respect  of  each  policy  in  force  at  the 
commencement  of  the  year,  together  with  (S  —  Vj),  in  addition,  in 
respect  of  each  claim.  The  difference  between  the  sum  assured 
and  the  policy  value  at  the  end  of  the  year,  (S  —  Vx),  is  the  amount 
of  the  "Death  Strain  at  Risk,"  the  term  q(S—  V\)  giving  the 
value  of  the  "Expected  Death  Strain,"  that  is  the  amount  the 
Office  expects  to  have  to  provide,  in  addition  to  the  increased 
policy  value  for  each  case,  in  order  to  meet  the  claims.    The 
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"  Actual  Death  Strain  "  is  ascertained  from  the  experience  during 
the  year  and  a  comparison  of  the  actual  with  the  expected  strain 
provides  a  means  of  measuring  the  profit  or  loss  from  mortality. 

It  may  be  pointed  out  that  a  comparison  of  the  expected  and 
actual  deaths,  so  often  mentioned  in  the  reports  of  Life  Offices,  is 
no  guide  to  the  profit  or  loss  from  mortality,  since  the  actual 
number  of  deaths  may  be  less  than  the  expected  and  yet,  owing 
to  their  incidence  (e.g.  a  large  proportion  of  recently  effected  assur- 
ances against  which  only  small  reserves  are  held),  may  be  such 
that  there  is  an  actual  loss  from  mortality. 

22.  Turning  again  to  the  equation 

(V  +  P)(l  +  i)  =  Y1  +  q(S-Y1), 

if  a  different  basis  of  valuation,  denoted  by  accented  symbols,  give 
identical  Policy  Values,  the  following  equation  will  subsist, 

(V  +  F)(l  +  t')  =  V1  +  ?'(S-V1), 
whence 

(V  +  P)  (»'  -  i)  +  (P'  -  P)  (1  +  i>)  =  (q  -q)(S-  VO  . .  .(25), 

which  equation  may  be  called  the  "  Equation  of  Equilibrium*." 

23.  The  verbal  explanation  of  the  "  Equation  of  Equilibrium  " 
is  simple.  If  two  sets  of  Policies,  securing  identical  benefits  and 
giving  equal  Policy  Values,  be  conceived  to  be  worked  out  side 
by  side  on  different  bases  (which  may  be  distinguished  as  the 
"  Normal "  and  the  "  Special "),  the  financial  working  of  the  year 
under  consideration  must  differ  as  follows :  The  Special  Basis 
Policies  will  receive  the  Excess  f  Premium  increased  by  a  year's 
interest  at  the  special  rate,  and  will  also  earn  Excess  Interest  on 
the  Normal  Initial  Reserve.  These  additional  receipts  must  be 
exactly  sufficient  to  provide  at  the  end  of  the  year  the  Excess 
Claims  and  the  Excess  Reserves,  the  total  of  which  maybe  termed 
the  "  Excess  Strain." 

*  The  discussion  in  paragraphs  22  to  31  based  on  the  "Equation  of  Equili- 
brium" is  taken  from  a  paper  on  the  "Changes  in  pure  premium  policy  values 
consequent  upon  variations  in  the  Rate  of  Interest  or  Eate  of  Mortality..."  by 
G.  J.  Lidstone  {J.I.A.  Vol.  39). 

t  The  "excess"  may  be  either  positive  or  negative,  and  the  word  is  used  as  an 
abbreviated  expression  for  the  algebraical  difference  between  the  accented  and  non- 
accented  functions. 
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24.  The  Equation  of  Equilibrium  may  also  be  put  in  the  form 

(F  -  P)  (1  +i')  =  {q'-q)  (S  -  V.)  -  (V  +  P)  (»'  -  i), 

that  is,  if  the  Special  Policy  Values  are  equal  to  the  Normal 
Policy  Values,  the  Accumulated  Excess  Premium  must  each  year 
be  equal  to  the  [Excess  Strain  —  Excess  Interest]. 

If,  however,  the  Special  Basis  be  such  that  the  [Excess  Strain  — 
Excess  Interest]  varies  in  comparison  with  the  accumulated  Excess 
Premium,  instead  of  being  always  equal  to  that  quantity,  the 
Special  Policy  Values  will  differ  from  the  Normal  Policy  Values. 
The  difference  between  the  Excess  Premium  and  the  [Excess 
Strain  —  Excess  Interest],  which  may  be  called  the  Remainder, 
must  be  accumulated  at  interest  with  benefit  of  survivorship. 
Just  as  a  Eeserve-value  itself  arises  from  the  circumstance  that  a 
uniform  Premium  is  paid  for  a  varying  risk,  thus  requiring  the 
Surplus  Premium  in  the  early  years  to  be  accumulated  to  form  a 
Reserve  for  future  years  in  which  the  current  risk  will  be  greater 
than  the  premium :  so  when  two  different  bases  of  valuation  are 
compared,  a  uniform  Excess  Premium  is  paid  to  cover  a  varying 
Excess  Outgo,  and  the  difference  between  these  two  items  has  to 
be  accumulated  to  form  a  Special  Reserve  Fund  which  will  meet 
similar  differences  in  the  reverse  direction  in  subsequent  years. 

At  the  outset  the  value  of  the  Excess  Premium  must  exactly 
equal  the  value  of  the  Excess  Outgo :  the  assurance  ultimately 
working  itself  out  in  either  case.  If  each  individual  Value  of  the 
Remainder  be  zero,  the  two  bases  give  identical  policy  values; 

but  if  this  value  be  at  first  "      , .      it  must  afterwards  be      °... 

negative  positive 

in  order  that  the  positive  and  negative  elements  shall  cancel  each 

other  by  the  time  the  Reserve  (Special  or  Normal)  becomes  unity 

(or  for  temporary  assurances,  zero). 

25.  Suppose   the   Remainder  commences  by  being   ^        .     , 

passes  through  the  value  zero  and  thereafter  becomes         ... 
r  °  positive 

Then  up  to  the  zero  the  Special  Fund  built  up  by  the  accumu- 
lations of  the  Remainder  must  be  "      , .       (because  it  consists  of 

negative 

1     ',.      elements)  and  it  must  continually  increase  in  numerical 
negative  ' 
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value :  after  the  zero  point  this  Fund  must  diminish  (through  the 
introduction  of  elements  of  the  contrary  sign)  until  it  reaches  zero 
at  the  limiting  age.  The  special  fund  cannot  in  the  given  con- 
ditions become  °.  .  J  after  reaching  zero,  for  if  it  did  the 
positive  ° 

...       value  would  be  increased  by  the  subsequent         ... 
positive  J  ^  positive 

values  of  the  "  Remainder  "  and  could  not  ultimately  become  zero, 

as  it  must  in  fact  do.    Therefore  the  special  fund  must  be  "      , . 

r  negative 

throughout,  and  hence  the  Special  Policy  Values  must  always  be 

°  .  than  the  Normal  Policy  Values, 

less  J 

26.   The  above  reasoning  shows : 

(1)  That  if  the  "Remainder"  be  constant,  its  value  must  be 
zero  and  the  two  sets  of  Policy  Values  will  be  equal  throughout ; 

(2)  That  if  the  Remainder  be  first  positive  and  then  change 
permanently  to  negative  (which  it  will  certainly  do  if  its  value  be 
continually  decreasing),  the  Special  Policy  Values  will  be  the 
higher  throughout. 

(3)  That  if  the  Remainder  be  first  negative  and  then  change 
permanently  to  positive  (which  it  will  certainly  do  if  its  value  be 
continually  increasing),  the  Special  Policy  Values  will  be  smaller 
throughout. 

Now  since  the  Remainder  is  equal  to 

[Accumulated  Excess  Premium]  minvs  [Excess  Strain  -  Excess 
Interest], 

i.e.  [(P  -  P)  (1  +  *")]  -  [(?'  -  ?)  OS  "  v0  -  (*'  -  *)  (V  +  p)]- 
it  will  (provided  i'  be  constant)  be  equal  to  zero  throughout,  or 
continually  increasing,  or  continually  decreasing,  according  as  the 
[Excess  Strain  -  Excess  Interest]  be  constant,  decreasing  or  in- 
creasing. Thus  if  the  [Excess  Strain  -  Excess  Interest]  be  called 
the  Critical  Function,  the  Special  Policy  Values  will  be  (1)  equal 
to,  or  (2)  always  greater  than,  or  (3)  always  less  than,  the  Normal 
Policy  Values,  if  the  Critical  Function  be  (1)  constant,  (2)  con- 
tinually increasing,  or  (3)  continually  decreasing;  provided  that 
the  special  rate  of  interest  be  constant. 
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27.  Effect  of  a  change  in  the  Rate  of  Interest,  the  Rate  of 
Mortality  remaining  unchanged : 

Putting  q'  =  q  in  the  Equation  of  Equilibrium,  there  results 

(V  +  P)  (»'  -  i)  +  (F  -  P)  (1  + »')  =  0, 
or  (F_P)(1+i')  =  _(V  +  P)(i'_t), 

that  is  to  say,  the  Excess  Premium  accumulated  at  the  Special 
Rate  must  be  numerically  equal,  but  of  opposite  sign,  to  the  Excess 
Interest  on  the  Initial  Normal  Reserve,  which  includes  the  Normal 
Premium.  The  Critical  Function  instead  of  consisting  of  the 
[Excess  Strain  —  Excess  Interest]  becomes  [—  Excess  Interest]. 

If  the  constant  value  of  i  —  i'  be         .  .       and  if  (V+  P)  in- 

positive 

crease   algebraically   from   year  to  year,   the   Critical   Function 

(V+P)(i  —  i')  will  be   .  .   °  algebraically,  and  the  Special 

increasing      °  J  r 

less 
Policy  Values  will  be  than  the  Normal  Policy  Values, 

greater  J 

Thus,  whatever  the  form  of  benefit,  a  constant  ,  in  the 

decrease 

fixed  rate  of  interest  will   .  the  Policy  Values,  provided  the 

increase  J  L 

Normal  Policy  Values  are  always  increasing  algebraically  from 
year  to  year. 

In  the  case  of  an  ordinary  Whole-Life  Policy  the  condition  that 
(V  +  P)  shall  be  continually  increasing  will  be  satisfied  if  ax  con- 
stantly diminish  as  x  increases. 

28.  Effect  of  Variations  in  the  Rate  of  Mortality,  the  Rate  of 
Interest  remaining  unchanged : 

Putting  i  =  i'  in  the  Equation  of  Equilibrium  there  results 

(P'--p)(l+i)  =  (q'-q)(S-Y1), 

which  expresses  that  if  the  Normal  Basis  and  the  Special  Basis 
produce  identical  Policy  Values,  the  Excess  Premium  accumulated 
to  the  end  of  the  year  must  provide  the  Excess  Claims  then  pay- 
able plus  the  Excess  Reserves  for  the  continuing  policies. 

It  follows  from  this  relation  that  the  excess  mortality  must  be 
such  that 

(F-P)(l  +  ») 
q     q  S-V, 
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In  the  case  of  a  Whole-Life  Assurance  effected  at  age  x,  this 
becomes  for  the  nth  year 

9'-g  =  (l  +  0(P'-P)J±^, 

1  T  dx+n 

showing  that  the  excess  mortality  must  be  proportional  to  , 

a  result  already  established  in  Chapter  VI  29. 

The  essential  point  is,  however,  that  the  excess  mortality  is 
proportional  to  the  Death  Strain  at  Risk :  i.e.  (S  —  Vx).  Hence  if 
any  given  difference  in  the  rate  of  mortality  leave  Policy  Values 
unchanged,  any  multiple  of  that  difference,  whether  added  to  or 
subtracted  from  the  normal  rate  of  mortality,  will  also  leave  Policy 
Values  unchanged. 

If  the  Excess  Mortality  be  such  that  the  expression 
(P'-F)(l+i)-(q'-q)(S-Y1) 
is  not  always  zero,  then  the  Special  Reserves  will  differ  from  the 
Normal  Reserves,  the  Critical  Function  being  (q'  —q)(S  —  Vj),  the 
Excess  Strain. 

29.  Suppose  that  (q'  —  q)  has  a  fixed  value :  that  is,  that  the 
Special  Rates  of  Mortality  are  derived  from  the  Normal  Rates  by 
the  addition  of  a  constant.  If  (S  -  Vx)  be  continually  diminishing, 
as  in  Whole-Life  and  Endowment  Assurances,  the  Excess  Strain 

(q  -q)(S-  VJ  will  be  continually  .  .   g  algebraically  accord- 

ing asa'-o  is  ^°S1 ,1V6  ,  and  the  Special  Reserves  will  be 
°       *       *      negative  r  greater 

mcrGELSG 
than  the  Normal  Reserves.    Thus  a  constant   ,  in  the  rate 

of  mortality  will  dimimsh  the  Policy  Values  provided  (S  -  V,)  is 
J  increase 

constantly  decreasing  from  year  to  year.    (See  Chap.  VI  29.) 

30.  Now  let  the  rate  of  mortality  be  increased  or  diminished 

in  a  constant  ratio ;  i.e.  let  q'-q  =  kq.    Then  if  q,  and  therefore 

kq,  or  q'  -  q,  be   continually  increasing  and  (1  -  V,)  continually 

decreasing,  the   product   kq  (1  -  VO  may  prima  facie   be  either 

increasing  or  decreasing. 

From  equation  (19) 

2(l_V1)  =  P(l+t')  +  V(l+0-V1; 

.-.     A[?(l-Vi)]  =  (l  +  t)^-AV1 
=  »AV-AiV„ 
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whence,  in  the  case  of  an  ordinary  Whole-Life  Assurance, 

A  [q  (1  -  V0]  =  (P  +  d)  (A'a  -  iAa). 
Therefore, 

A  [q  (1  -  Vj)]  is  +,  0  or  -  as  A2a  -  iAa  is  +,  0  or  -, 
i.e.  as  A2a  >  =  <  iAa. 

Thus  kq  (1  —  Vj)  or  (q  —  q)  (1  —  Vj)  will  be  increasing,  constant 
or  diminishing,  according  as  A2a  >  =  <  iAa,  and  it  will  have  the 
same  sign  as  k  because  (1  —  Vj)  must   necessarily  be  positive. 

Hence,  if  A2a  be  always  °  .  than  iAa,  the  Excess  Strain  will 

be  algebraically  ,  .  °  and  the  Special  Reserves  will  be  °  1 

°  J  decreasing  r  less 

than  the  Normal  Reserves. 

Thus  for  ordinary  Whole-Life  Policies  the  effect  of  increasing  or 

diminishing  the  rate  of  mortality  by  a  constant  percentage  will  be 

to  change  Policy  Values  in  the  same  direction  or  in  the  reverse 

direction,  according  as  A2<x  is  ° .  than  iAa. 

31.  Next  take  the  case  in  which  the  Excess  Mortality  is  such 
that  p'=  (1  +  k)p,  where  k  is  any  constant,  positive  or  negative: 
then  q  —  q=p—p'=  —kp.  If  p  be  always  decreasing  in  numerical 
value,  q'  —  q  or  —kp  will  be  so  too :  and  if  (S  —  Vj  have  a  con- 
tinually diminishing  value  (q'  —q)(S  —  Vi),  the  Excess  Strain  will 
always  be  diminishing  in  numerical  value,  and  will  always  have 
the  same  sign  as  q  —  q;  i.e.  the  opposite  sign  to  k.  Thus  the 
Excess  Strain,  which  in  this  case  is  the  Critical  Function,  will 

,  „    increasing       ,  ,.  ,    .     positive 

have  a  continually  ,  .  °    value  according  as  k  is 

J  decreasing  °  negative 

It  has  been  shown  that  under  these  conditions  the  Special  Re- 

serves  will  be  °  ,  than  the  Normal  Reserves.    Thus  the  effect 

less 

.  increasing       ,  ...  ,  increase     , 

of  n.    .   ...»  by  a  constant  percentage  will  be  to  ,.    .   .  ,    the 
diminishing r    J  r  °  diminish 

Policy  Values  provided  that  (S  —  Va)  be  always  positive  and  that  p 

and  (S  —  Vj)  be  continually  decreasing. 


CHAPTER  XI 

MATHEMATICAL  REPRESENTATION  OF  THE  LAW  OF 
MORTALITY.     GOMPERTZ'S  AND  MAKEHAM'S  LAWS 

1.  Efforts  have  been  made  at  various  times  to  find  a  simple 
mathematical  law  which,  while  reproducing  the  mortality  ex- 
perienced by  any  body  of  lives  with  a  sufficient  degree  of  accuracy, 
will  simplify  the  evaluation  of  the  more  complicated  monetary 
functions  dependent  thereon. 

2.  The  two  most  important  laws  propounded  are  those  known 
respectively  as  "  Gompertz's  Law,"  and  "  Makeham's  Law,"  the 
latter  being  a  modification  of  the  former. 

Without  reproducing  the  reasoning  by  which  Gompertz  arrived 
at  his  formula,  it  may  be  stated  that  his  assumption  is  that  the 
risk  of  dying,  that  is,  the  force  of  mortality,  increases  in  geometrical 
progression  throughout  life ;  or,  expressed  algebraically,  that 

fix=B(? (1), 

where  B  and  c  are  constants. 

d\ogelx   .    ,  .,         ., 
From  this  expression,  since  /i.x  = t2 —  ,  it  loliows  that 


-logelx=J 


Bcfdx 
Be* 


or  logA  =  -r— -+logA 


logeC 

where  loge  h  is  the  constant  introduced  in  integration. 
r> 
Writing  -  = =  loge  g,  we  have 

\0ge  lx  =  CX  loge  g  + \0ge  k, 

whence  lx  =  kg"x  (2). 

3.  In  a  paper  which  appeared  in  the  Journal  of  the  Institute  of 
Actuaries  in  January  1860,  Makeham  discussed  Gompertz's  formula 
and  introduced  a  modification  which  has  the  effect  of  making  the 
formula  apply,  with  wonderful  closeness,  to  many  mortality  tables 
from  about  age  20  to  the  utmost  limits  of  life. 


192  LAW  OF  MORTALITY  [XI  3 

By  Gompertz's  Law,  since  l^+t  =  kg""  '  and  lx=kg°x,  it  follows  that 

■■■     logtpfl.  =  cai(c'-l)log5r    (3). 

In  this  expression  the  coefficient  of  cx  is  negative  and  constant, 
and  the  logarithm  of  the  probability  that  a  life  aged  x  will  live  t 
years  thus  decreases  geometrically  with  the  increase  in  x. 

Examining  various  mortality  tables  for  the  period  of  life  from 
age  20  to  age  80,  Makeham  showed  that  the  logarithm  of  the 
probability  of  living  t  years  can  be  more  accurately  represented  if 
we  add  to  the  geometrical  progression  above  given  a  constant 
negative  term,  the  magnitude  of  which  is  determined  by  the 
length  of  the  interval  t.  Writing  for  that  constant  term,  tlogs, 
we  have 

log  tpx  =  t  log  s  +  cx  (c*  -  1)  logg 

=  log  k  +  (x  + 1)  log  s  +  cx+t  log  g 
—  log  k  —  x  log  s  —  c?  log  g, 
where  log  k  +  (x+t)  log  s  +  cx+t  log  g  =  log  lx+t 

and  log  k  +  x  log  s  +  cf  log  g  =  log  lx. 

From  this  value  of  log  lx  it  follows  that 

lx  =  ks*g°x  (4). 

The  formula  for  the  force  of  mortality  at  age  x  is  in  this  case 

_dlogJx 
dx 

-\oges-cx\ogec.logeg    (5), 


^  dx 


whence,  writing 

-loges  =  A     and     —  logec.logecjr  =  B, 

/xx  =  A+Bcx    (6), 

where  A,  B  and  c  are  constants. 

In  effect,  therefore,  Makeham  proceeded  a  stage  further  than 
Gompertz  and  assumed  that  the  force  of  mortality  consisted  of  two 
parts,  the  one  constant  and  the  other  increasing  in  geometrical 
progression  throughout  life. 

From  formula  (4)  it  follows  that,  by  Makeham's  Law, 

tpx  =  s*g°x^    (7). 
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4.  It  is  of  some  interest  to  examine  the  relation  between  the 
values  of  the  Continuous  Assurance  and  the  Continuous  Annuity 
under  Makeham's  Law : 


A, 


"'  tPx 

Jo 

'/" 

Jo 


px+t 


dt 


-i    vttpx(A  +  Bcx+t)dt 
'o 


=  Aax  +  Be*  \    (vc)1  tpa 
Jo 


dt 


=  Aax  +  (fix-A)a'x (8), 

where  a'x  is  calculated  at  a  rate  of  interest  j  such  that  vc  =  Vj  or 

1+t 


3  = 


-1. 


In  the  case  of  a  table  following  Gompertz's  Law  the  corre- 
sponding equation  would  be  Ax  =  /Mxa'x. 

As  will  be  seen  in  later  chapters,  Makeham's  Law  of  Mortality 
is  of  extreme  importance  in  connection  with  the  values  of  functions 
depending  on  two  or  more  lives. 

5.  If  it  be  known  that  a  particular  table  follows  Makeham's 
Law,  but  the  values  of  the  constants  are  not  known,  these  can  be 
ascertained  from  any  four  equidistant  values  of  log  lx.   Thus 

log  lx      =  log  k  +  x  log  s  +  cx  log  g 
loglx+i  =  log  k  +  (x  +  t)  \ogs  +  cx+t  logg 

log  Wm  =  log  k  +  O  +  2t)  log  s  +  cX+2t  loS  9 
log  lx+st  =  log  k  +  (x  +  3t)  log  s  +  cx+u  logg 

Differencing  both  sides  of  these  equations  twice,  we  have 
AlogZ,,.     =tlogs  +  c*     (c'-l)logsr 
Aloglx+t  =  tlogs  +  c*+t  (c'-l)log#  ... 
A  log  lx+2t  =  tlogs  +  cx+it  (e8  -  1)  logg 
and  A'logk     =c*    (<fi-iyiogg\ 

AMogW«  =  c*f'(^-1),logflrJ 


•(«)• 


•08), 


•(7). 


Whence 


or 


AMogi.         ' 
log  { As  log  lx+t]  -  log  {Aa  log  lx]  =  t  log  c 


13 
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The  values  on  the  left-hand  side  of  equation  (8)  being  obtainable 
from  the  original  data,  log  c  can  be  found.  Inserting  the  value  of 
c  in  equation  (7),  we  arrive  at  the  value  of  log  g ;  and  proceeding 
similarly  in  succession  to  the  equations  (/3)  and  (a),  we  obtain  the 
values  of  the  other  two  constants. 

6.  The  Table  given  on  pages  408-409— the  HM  Table  (Makeham 
Graduation) — strictly  follows  Makeham's  Law  from  age  28  upwards, 
the  values  of  the  constants  being  as  follow  : 

log  c  =     -0396569, 

logg  =  -  -0004568  =  1-9995432, 

log  s  =  -  -0026893  =  19973107, 

logifc=   5-0404723. 

In  the  table  as  finally  printed  the  radix  has  been  taken  as 
100,000  at  age  10,  with  the  result  that  above  that  age  the  value 
of  lx  contains  five  figures  only.  It  is  evident,  therefore,  that  taking 
four  equidistant  values  of  lx  will  not  reproduce  values  of  the  con- 
stants correct  to  seven  places  of  decimals,  but  the  resulting  values 
will  be  very  close  to  those  given. 

It  will  be  observed  that  both  logg  and  logs  are  negative,  and 
this  point  must  be  borne  in  mind  in  the  course  of  the  work. 

For  ages  below  28  Makeham's  Law  did  not  apply  to  the 
HM  Table  with  a  sufficient  degree  of  accuracy,  and  special  means 
of  graduation  were  consequently  employed  for  this  portion  of  the 
Table. 

7.  When  the  values  of  the  Makeham  constants  are  known  the 
construction  of  the  table  of  values  of  lx  can  be  proceeded  with  as 
follows : 

l°g  h  —  log  k  +  x  log  s+  (f  log  g, 

•"  •     log  j?*  =  A  log  lx  =  log  s  +  cx  (c  -  1)  log  g, 
and  colog  ^x  =  —  log  s  +  cx  (c  — 1)(—  log  g), 

.-.     A  colog  px  =  cx  (c  - 1  )2  (-  log  g), 
log  (A  colog  px)  =  x  log  c  +  2  log  (c  - 1)  +  log  (-  log#), 
A  log  (A  colog  px)  =  log  c. 
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The  work  can  conveniently  be  arranged  in  columns  thus : 


(1) 

X 

(2) 

log 
(A  oology) 

(3) 
A  oology 

oology 

(5) 

l°gPx 

=  A\oglx 

(6) 
log  ^ 

(7) 
I. 

20 
21 

22 

If  the  first  age  be  20,  the  first  value  in  column  (2)  will  be 
calculated  by  means  of  the  expression 

20  log  c  +  2  log  (c  -  1)  +  log  (-  log  g), 
the  values  for  higher  ages  being  obtained  by  successive  additions 
of  log  c.    The  whole  of  column  (2)  or  any  section  of  it  can  then  be 
automatically  checked  by  the  formula 

log  (A  colog  p20)  +  n  log  c  =  log  (A  colog  p20+„). 

The  values  in  column  (3)  are  obtained  by  extraction  of  the 
natural  numbers  for  the  logarithms  in  column  (2),  a  process  which 
can  only  be  checked  by  the  work  being  carried  out  in  duplicate  by 
independent  operators,  or  by  going  through  the  reverse  process  of 
again  extracting  the  logarithms. 

For  column  (4)  the  first  value  is  calculated  by  means  of  the 
expression  —  log  s  +  c20  (c  —  1)  log  g,  and  the  values  for  higher  ages 
by  the  successive  additions  of  the  values  in  column  (3).  Here 
also  a  check  is  provided  by  taking 

20+  n 
Colog #*,+    2    A  Colog px  =  Colog pw+n+i- 
20 

Passing  from  colog  px  to  \ogpx  is  a  simple  process  which  will  be 
checked  by  working  in  duplicate,  this  step  providing  the  values  of 
A  log  lx  to  be  employed  in  the  construction  of  column  (6). 

The  first  value  of  lx  and  thence  of  log  lx  will  be  taken  as  any 
convenient  value,  the  column  of  log  lx  constructed  by  successive 
additions  of  A  log  lx ,  and  the  values  for  the  last  column  obtained 
by  extraction  of  the  natural  numbers  of  which  the  logarithms 
appear  in  column  (6),  each  stage  of  the  work  being  adequately 
checked. 

13—2 
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8*     If  a  curve  be  drawn  whose  ordinates  are  —  -r^  =  /j,xlx  or 

(p.l)x  (which  may  be  called  the  "  Curve  of  Deaths  ")  the  ordinates 
of  this  curve  corresponding  to  half  ages  will,  to  a  close  degree 
of  approximation,  be  proportional  to  the  values  of  dx  (since 
(fil)x+i  =  dx  -  ^$&2dx  very  nearly),  and  if  Makeham's  Law  be 
assumed,  the  shape  of  this  curve  can  be  investigated  and  the  age 
at  which  the  number  of  deaths  will  be  a  maximum  or  a  minimum 
ascertained. 

To  examine  the  shape  of  the  curve.remembering  that  /mx  =  A  +  Be*, 
we  have 

d  (  7\  dlx  .  j  df*x 

=  -ix{(iMXy-*&c*\ogec\ 

=  -l*  !(/*»)"  -  H-x  log*  c  +  A  log,,  c} (a), 

since  Be*  =  px  —  A. 

Also  ^  (jd).  =  -  ^  k  {(^r  -  Be*  log,  c} 

=  -lx  (2/vBc*  log,  c  -  Be*  (loge  c)2} 

-{(/*.)■ -Be- log.  c}^     08). 

Now  in  order  that  there  may  be  a  maximum  or  a  minimum 
point, 

^  (fil)x  =  -lx  {(m*)2  -  fj,x  \ogec  +  A  logec}  =  0, 

or  since  lx  is  not  zero, 

(z*,.)8  -  fix  logec  +  A  logec  =  0, 
whence  ^Jog,e  ±  ^log^c)8  -  4A  bg7c 

=  logeo        V2      *°*°     (7). 

*  The  "Curve  of  Deaths  "  was  first  discussed  in  a  paper  "  On  the  Curve  of  deaths 
when  the  Force  of  Mortality  is  expressed  by  Makeham's  Law  "  by  D.  C.  Fraser 
{J.I.  A.  Vol.  45,  p.  476). 
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Considering  the  second  differential  coefficient  of  (/mI)x  :  when  px 
has  one  of  the  values  necessary  for  the  curve  to  have  a  maximum 
or  minimum  value,  the  second  term  of  expression  (/3)  becomes  0  and 

.-.  ^  (pl)x  =  -  lx  {2/i.Bc" logec  -  Be*  (logec)2} 

=  -  lxBcx  \0geC  jlogeC  (l  ±  ^/l  -  j^)  -  log, 

— ^^^(V1-^) (8)- 

Now  if 

/;      4A~ 

f*x  =  logeC =-  , 

dH 
since  4A  is  positive  and  less  than  logee,  -j-f  is  negative,  and  the 

curve  of  deaths  reaches  a  maximum  point :  if,  however, 


1-Jl 


4A 


d2/ 

-t-j  is  positive,  and  the  curve  reaches  a  minimum  point. 

9.  The  values  of  fix  which  give  maximum  and  minimum  points 
in  the  curve  of  deaths  may  be  expressed  more  simply  as  follows : 

From  (7)  taking  the  positive  value  of  the  second  term,  that  is, 
the  value  of  /a  which  gives  a  maximum  value  to  fil,  we  have 

2,_,„g«c{]  +  (l-i^)4} 

r         /  2  A  2  A2    \1 

=  logec  jl  +  (1  -  j—  -  (1^)}  approximately, 

4A 
neglecting  powers  of  . higher  than  the  second. 

A2 

Whence  a  =  loge  c  —  A  — , . 

6  loge  c 

The  0M<5>  Table  and  the  HM  Table,  as  printed  at  the  end  of  this 

volume  from  age  28  onwards,  both  follow  Makeham's  Law.   In  both 

A2 
these  tables  fi,x+i  =  loge  c  —  A  —  . ,  approximately,  when  x  =  73, 

and  at  that  age  dx  has  a  maximum  value. 
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Turning  to  the  consideration  of  the  minimum  value  of  dx  we  are 
limited  to  the  0M(5)  Table,  since  the  HM  does  not  follow  Makeham's 
Law  at  that  part  of  the  table  at  which  the  smallest  number  of 
deaths  may  be  expected  to  occur. 

In  this  case 

2„x  =  log,  o  jl  -  (l  -  ,|jL  _  (1J|y }  approx., 
whence      fix  =  A  +  -. •  approx. 

A 

In  the  0M(5)  Table,  fix+i  =  A  + approximately  when  x  =  15, 

and  the  number  of  deaths  is  smallest  at  that  age. 

10.  A  constant  increase  in  the  force  of  mortality  under 
Makeham's  Law  has  the  same  effect  as  an  increase  in  the  rate 
of  interest.  For  if  the  constant  to  be  added  be  taken  as  —  loge/ 
where  /  is  a  positive  fraction,  and  —  loge/  is  consequently  positive, 
the  formula  becomes 

A  =  ~  Q°ge  S  +  log,/)  -  (loge  9  ■  l0ge  C>  <f, 

whence  l'x  =  ksxfxg*c 

=/%, 
and  tp'x  =/* .  tpx. 

For  the  value  of  the  annuity  we,  therefore,  have 

t=oo 

a'x=   2  vt.ft.tpx 

a^j)  being  calculated  at  a  rate  of  interest  j  such  that 

1  /  .l+i" 

; :  =  ^ — • ,  or  j  =  — 7 1. 

1+;      \+i'       J        f 

As /is  a  positive  fraction,^'  is  greater  than  i. 

11.  If  in  the  formula  px  =  A  +  Be*  the  constant  B  be  increased, 
this  is  equivalent  to  a  constant  addition  to  the  age  x.  For  if  the 
increased  value  of  this  constant  be  Bcft  the  resulting  formula  is 
A  +  ¥>cx+h  which  is  equal  to  fix+h- 

12.  When  Makeham's  Law  is  applied  to  Select  Tables,  as  in  the 
case  of  the  0[NM]  Table,  modifications  have  to  be  introduced  during 
the  "  select  period."   The  values  of  log  s  and  log  c  remain  constant 
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for  all  ages  and  durations,  but  log  g  and  log  k  vary  with  the 
duration  until  the  "  Ultimate  "  stage  is  reached. 

The  value  of  loge  l[xi+t  will  be  less  than  the  value  of  loge  lx+t  on 
account  of  the  extent  to  which  the  duration  falls  short  of  five  years, 
and  we  can,  therefore,  assume 

loge  W*  =  loge h+t -j <p(t).dt- jV (*) . c*+* dt  . . .(9), 

where  <f>  (t)  and  ifr  (t)  are  functions  the  values  of  which  must  be 
determined. 

Whence     mx]+t  =  px+t  +  <f>(t)  +  yfr  (t) .  cx+t 

=  (A+(f>(t))+(B  +  ylr(t)).c*+t 

=  A,  +  B,.c'+'     (10). 

In  the  case  of  the  OtNM]  Table, 
At  =  A  -  m  (5  - 1)3, 
Bt  =  B[l-{a(5-ty  +  b(5-ty\]. 

13.  Makeham's  Law  is  sometimes  called  Makeham's  First 
Modification  of  Gompertz's  Law,  in  view  of  the  fact  that  Makeham 
investigated  a  further  development  of  the  mathematical  formula 
for  the  force  of  mortality,  which  is  referred  to  as  Makeham's 
Second  Development  of  Gompertz's  Law.  This  development  con- 
sisted of  the  further  assumption  that  the  force  of  mortality  may 
consist  of  three  elements,  one  a  constant,  another  increasing  in 
arithmetical  progression  throughout  life,  and  the  third  increasing 
in  geometrical  progression  throughout  life.   That  is,  algebraically, 

fix  =  A  +  Hx+Bcx    (11). 

From  this  expression, 

x*  cx 

log,*,  =  -  A*  -  H  2  -  B  j—  +  loge  k, 

whence,  writing 

-A  =  loges,    --  =  -logeW    and     _— _  =  lOg,0, 

loge  h  =  «  l°ge  S  +  X2  loge  W  +  <?  loge  ff  +  logc  k. 

.:     lz  =  ksxw^(f    (12). 

In  this  case 

tPx  =  st.w**+t\g^°t-1\ 
and       log tpx  =  t log s  +  (2tx +t2) log w  +  c'ic'-l) log g  ...(13). 
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As  is  to  be  expected  from  formulae  (12)  and  (13)  this  second 
modification  of  Gompertz's  Law  results  in  expressions  that  are  far 
too  complicated  to  be  of  practical  use. 

Mean  Age  fob  Valuation  of  Endowment  Assurances 
in  Groups 

14.  In  Chapter  X  8  reference  was  made  to  the  grouping  of 
endowment  assurances  for  valuation  according  to  the  nearest  or 
the  integral  unexpired  term,  a  mean  Valuation  age  being  calculated 
for  each  group ;  but  the  method  of  ascertaining  this  mean  valuation 
age  was  not  dealt  with. 

A  mean  age  can  be  obtained  in  various  ways,  as,  for  example, 
(a)  by  simply  adding  the  ages  of  the  lives  assured  together,  and 
dividing  by  the  number  of  lives;  (b)  by  multiplying  the  sum 
assured  at  each  age  by  the  age  and  dividing  by  the  total  sum 
assured,  thus  weighting  the  ages  in  proportion  to  the  amount 
assured ;  (c)  dealing  as  in  (6)  with  the  sums  assured  and  premiums 
separately,  thus  obtaining  separate  "  weighted  "  mean  ages  for  the 
valuation  of  sums  assured  and  premiums  respectively,  or  (d)  the 
method  now  to  be  explained  which  is  generally  referred  to  as 
"  Lidstone's  Z  Method." 

Methods  (a)  to  (c)  do  not  produce  nearly  so  accurate  valuation 
results  as  Method  (d). 

The  Z  method  is  very  fully  discussed  by  Mr  G.  J.  Lidstone  in 
papers  printed  in  the  Journal  of  the  Institute  of  Actuaries, 
Vols.  34  and  38,  and  it  is  only  proposed  here  to  give  sufficient 
information  to  enable  the  student  to  understand  its  use  in  practice. 

Since  A,..^  =  1  —  d (1  +  ax.^~[\)  it  is  evident  that  a  mean  age 
can  be  found  by  reference  to  the  Annuity  Values  at  the  various 
ages  appearing  in  a  group  of  policies,  and  that  if  these  values  be 
weighted  according  to  the  sums  assured  by  the  respective  policies 
the  resulting  mean  ages  should  give  very  satisfactory  results.  The 
problem,  therefore,  resolves  itself  into  finding  a  suitable  method 
of  ascertaining  the  mean  age  on  the  basis  of  the  equation 

Uy.nl  [S«  +  SB+1  +...]  =  S^aa;:^  +  Sx+1ax+u^  + (a), 

where  Sx ,  Sx+1 , ...  are  the  sums  assured  at  the  ages  x,  x  + 1, ...  in  a 
group  of  policies  with  an  unexpired  term  of  n  years,  and  y  is  the 
mean  valuation  age  required  for  that  group. 
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As  this  equation  stands,  the  products  Sxax.^\,  Sx+1.ax+1:^[,  etc. 
would  have  to  be  formed  at  each  valuation  and  it  became  necessary, 
therefore,  to  examine  the  form  of  the  differences  of  axi^\  to  ascer- 
tain a  more  suitable  method. 

Assuming  Makeham's  Law  and  dealing  with  ~r  ax-^  instead  of 

OjSC 

&xax:n\>  we  have 


tftPxiUx-Hx+tldt 

\ 
=  -  Bcx  PV  (c*  -  1)  tpx  dt. 

J  0 

The  general  tendency  of  the  value  of  the  definite  integral 
contained  in  this  expression  is  to  diminish  with  increasing  rapidity 
as  the  age  increases,  and  if  it  be  assumed  that  it  decreases  in 
geometrical  progression  (which  assumption  is  not  theoretically 
exact  but  is  sufficiently  accurate)  it  follows  that  the  differential 
coefficients  and  therefore  the  first  differences  of  ax.^\  are  increasing 
in  geometrical  progression  with  a  common  ratio  r,  say,  which  is 
less  than  c.  The  annuity  values  will,  therefore,  be  approximately 
of  the  form  a  —  ySr*. 

Employing  this  form  in  expression  (a)  we  have 

(a  -  /3r«)  2SX  =  S*  (a  -  /8r»)  +  Sx+1  (a  -  £t*«)  +  . . . , 
whence  rv'2Sx  =  XSx  r". 

If  the  mean  age  were  found  from  this  expression  as  it  stands,  it 

would  be  necessary,  for  each  policy,  to  obtain  the  product  Sxr*  at 

each  valuation ;  but  if  this  product  can  be  made  to  depend  on  the 

maturity  age  it  will  be  constant  for  the  whole  duration  of  the 

assurance.   If  n  be  the  number  of  years  from  the  valuation  date  to 

the  end  of  the  financial  year  in  which  the  policies  will  mature, 

and  if  we  multiply  both  sides  of  the  last  equation  by  rn  we  shall 

have 

rV+n2Sx=ZSxrx+n, 

or  fJ«'2S.=  2S„r» 

where  ai  +  n  or  M  is  the  age  at  the  end  of  the  year  of  maturity 

(a  constant),  and  y  +  n  or  M'  is  what  may  be  called  the  mean 

"  Maturity  Age." 
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The  value  of  S  x  rM  will  be  constant  for  each  policy  and  can  be 
found  and  recorded  once  and  for  all  at  the  inception  of  the 
assurance. 

It  will  evidently  make  no  difference  if  S  x  rM  be  multiplied  by 
a  constant  factor,  say  rk,  giving  SxrMx  rk,  provided  the  value  of 
M  be  determined  by  entering  inversely  a  table  of  the  same 
function;  and  it  is  desirable  to  do  this  in  order  to  reduce  the 
size  of  the  quantities  to  be  operated  on.  If  therefore  we  put 
k  =  —  55,  and  write  S  x  rM~65  =  ZM,  we  have 

sz 

and  Mean  value  of  Z  per  unit  assured  =  =~-  . 

If,  therefore,  a  table  of  ZM  be  constructed  showing  the  value  of 
Z  for  each  maturity  age,  by  entering  this  table  inversely  with  the 
mean  value  of  ZM  for  the  group  of  policies,  the  mean  value  of  M  is 
obtained ;  whence,  by  deducting  n,  we  have 

y  =  Mean  valuation  age  =  (Mean  value  of  M)  —  n. 

There  still  remains  the  important  point,  "  What  is  the  value  of 
rl"  It  has  been  mentioned  that  with  a  Makeham  Table  this  value 
is  really  slightly  less  than  c,  but  after  investigation  it  was  found 
that  for  tables  following  Makeham's  Law,  the  value  of  c  was 
sufficiently  accurate,  and  being  slightly  on  the  side  of  increasing 
the  mean  age  and  therefore  increasing  the  reserves  to  be  held  by 
the  Office,  this  value  was  adopted. 

For  other  tables  a  rough  graduation  by  Makeham's  formula  for 
the  ages  most  important  to  endowment  assurances  will  generally 
give  a  suitable  indication  of  the  value  of  c  that  should  be  employed, 
and  this  method  was  actually  adopted  by  Mr  Lidstone  in  reference 
to  the  0M  Table.  , 


CHAPTEE  XII 

STATISTICAL  APPLICATIONS  OF  THE  MORTALITY  TABLE 

1.  In  the  First  Chapter  it  was  pointed  out  that  the  value  of  a 
mortality  table  depends  on  its  ability  to  supply  the  ratios  neces- 
sary for  the  solution  of  problems  dependent  on  the  contingencies 
of  life ;  and  that  the  table,  as  finally  printed,  assumes  a  stationary 
population  supported  by  l„  births  each  year  (or  by  lx  entrants  at 
the  youngest  age  x)  and  entirely  free  from  emigration  or  immi- 
gration. 

It  is  proposed  in  this  chapter  to  extend  the  investigation  of 
questions  depending  on  the  contingencies  of  life,  not  involving  the 
operation  of  interest,  the  general  plan  being  to  employ  the  figures 
of  the  stationary  population  and  so  to  modify  the  calculations  or 
results  thus  obtained  in  order  to  fit  them  to  the  actual  population 
to  which  the  question  relates. 

2.  The  symbol  Lx  has  been  employed  to  represent  the  number 
of  persons  living  in  a  stationary  community  between  the  ages  x 
and  «+l  at  any  moment  of  time.  Similarly,  Tx  represents  the 
number  of  persons  aged  x  and  upwards  living  at  any  moment  of 
time  in  such  a  community. 

Thus       T,='s"l^=  fV«# (1) 

t=o  Jo 

=  2  lx+t  +  ^lx  +  T\Mx--izMx+... 
t=i 

=  2  lx+t  +  \lx  approx (2), 

t-\ 

neglecting  terms  involving  Alx,  AHX, ...,  etc. 

Formula  (2)  can  also  be  obtained  by  assuming  ~LX=\ (lx  +  lx+1) 
which,  as  was  pointed  out  in  Chapter  I  6,  would  be  strictly  correct 
if  there  were  a  uniform  distribution  of  births  over  every  year 
of  time  and  a  uniform  distribution  of  deaths  over  the  year  of  age 
x  to  x  +  1. 
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dx 


3.    In  Chapter  I  20,  it  was  shown  that  ~r^  =  —  dx.   Similarly 


™?=i-[°°i   dt 

dx      dxj0  x+> 


Jo 


t~  1/%+t  dt 


'o  dx' 
=  -h    (3). 

4.  The  total  population  in   the  stationary  community  repre- 

:c  =  oo 

sented  by  the  mortality  table  is  T0  =  2  La. 

3  =  0 

In  order  that  the  community  may  remain  stationary,  if  there 
are  to  be  l0  births  each  year,  there  must  also  be  Z0  deaths  each 
year,  and  the  ratio  of  the  annual  number  of  births  or  of  the 

annual  number  of  deaths  to  the  population  is  therefore  ^f. 

Similarly,  each  year  lx  persons  attain  age  x,  amongst  whom  dx 
die  in  a  year ;  fc^  attain  age  (x'+  1)  amongst  whom  dx+1  die  in  a 
year,  and  so  on.  The  number  of  deaths  annually  between  ages  x 
and  x  +  n  is,  therefore,  dx  +  dx+1  +  dx+i  +  . . .  +  daH-n-i  =  l„  —  lx+n- 

The  population  at  any  moment  of  time  between  ages  *  and 

x  +  n  is  I   lx+tdt=Tx  —  Tx+n,  and  the  ratio  of  the  annual  number 

Jo 

of  deaths  between  ages  x  and  x  +  n  to  the  population  between 
those  ages  is,  therefore,  ~^ — *+n  .    If  n  =  1  this  becomes  ^  =  wi«, 

■*■  x  ~  -l  x+n  *-*» 

the  central  death  rate. 

5.  By  the  HM  Mortality  Table  given  on  pages  408-409,  the  pro- 
portion of  deaths  to  the  population  for  the  whole  community  is 

'         =  -020928  or  about  21  per  thousand.   The  proportion  for 

0,UoZ,UoJL 

the  population  aged  less  than  50  is 

l0  -  lso  127,283  -  72,795  54,488 


=  -011829 


T0  -  T50     6,082,031  -  1,475,603     4,606,428  ' 
or  not  quite  12  per  thousand,  while  the  proportion  for  the  popula- 

l  72  795 

tion  aged  50  and  upwards  is  J5-  =  —,  '   „nQ  =  -049332   or  over 

49  per  thousand.,  These  figures  show  that  if  from  any  cause  there 
is  an  unusual  proportion  of  young  persons  in  a  community,  the 
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ratio  of  deaths  to  population  will  be  diminished ;  but  it  does  not 
follow  that,  therefore,  the  members  of  that  community  enjoy 
unusual  longevity. 

This  point  is  of  some  importance  because  a  favourite  method  of 
displaying  vital  statistics  is  to  tabulate  the  number  of  deaths  per 
annum  per  thousand  of  the  total  population.  If  two  communities 
are  similarly  constituted  as  regards  the  proportionate  number 
living  in  each  year  of  age,  it  may  give  a  sufficiently  accurate  idea 
of  the  relative  salubrity  of  the  districts  in  which  they  are  placed, 
if  the  rates  of  mortality  per  thousand  of  population  be  compared. 
Thus,  if  we  were  to  take  the  rate  of  mortality  per  thousand  in 
London,  and  compare  it  with  the  rate  of  mortality  per  thousand 
in  Edinburgh,  we  should  probably  not  fall  into  a  great  mistake. 
But  if  the  distribution  of  the  population  as  regards  age  were  very 
different, — if,  for  instance,  a  great  many  persons  in  the  prime  of 
life  were  to  migrate  from  one  community  to  the  other,  leaving 
behind  them  a  large  proportion  of  elderly  persons,  among  whom 
the  rate  of  mortality  is  normally  heavy, — it  would  be  inadmissible 
any  longer  to  compare  the  rates  of  mortality  per  thousand.  The 
community  which  had  lost  members  by  emigration  would  show  a 
higher  death  rate,  on  account  of  the  greater  average  age  of  the 
remaining  population,  than  the  community  which  had  received 
the  migrants.  Such  are  the  relative  positions  of  Britain  and  some 
of  her  Colonies.  The  average  number  of  annual  deaths  per 
thousand  of  population  in  Victoria,  Australia,  was  16-6  during  the 
years  1853  to  1878,  and  221  in  England  and  Wales  during  the 
years  1850  to  1874 ;  but,  for  the  reasons  explained  above,  these 
figures  do  not  tell  us  whether  Victoria  or  England  is  the  more 
healthy.  To  form  a  just  comparison  we  must  ascertain  the  rate 
of  mortality  at  each  age. 

6.  Expectation  of  Life: — "What  is  the  average  number  of 
years  lived  after  age  x,  by  each  of  the  lx  persons  who  attain 
that  age  ? " 

Considering  completed  — th  parts  of  years ;  of  l„  persons  aged  x, 

L+I  survive  —  of  a  year  after  age  x,  lx+-  survive  a  further  —  of  a 
year  and  so  on,  the  total  number  of  years  lived  after  age  x  by 
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1  *=°° 

all  the  lx  persons  being  —  2  lx+t ;  which,  when  m  is  indefinitely 

increased,  becomes  I    lx+tdt.  The  number  of  years  lived  by  the  lx 
Jo 

persons  after  age  x,  every  moment  being  counted,  is  thus  I    lx+tdt, 

Jo 
and  the  average  number  required  is 

lx+t  at     _, 

lx  <>x 

This  function  is  known  as  the  Complete  Expectation  of  Life  and 
is  represented  by  ex.   Therefore 

T  h+tdt 

«*=r=1V- <4> 

7.  If  the  question  were  "  What  is  the  average  number  of 
complete  years  of  life  lived  after  age  x  by  each  of  lx  persons 
attaining  that  age  ? "  the  answer  would  be 

t  =  oa 

2  lx+t     t=aD 

—, =  Ztpm. 

'«         t=\ 

This  is  called  the  Curtate  Expectation  of  Life  and  is  represented 
by  ex.   Thus 

£  =  00 

S  1 3J+*        m  II 

ex  =  — ; =  — r4-  approx. 

'■a;  <>x 

=  ex-\    (5). 

The  relation  ex  =  ex  +  \  is  a  very  convenient  one.  It  can  readily 
be  arrived  at  by  general  reasoning  on  the  assumption  of  a  uniform 
distribution  of  deaths  over  each  year  of  age ;  since,  ex  being  the 
average  number  of  complete  years  of  life  lived  after  age  x,  on  this 
assumption  each  of  the  lx  persons  will  on  the  average  live  ^  a  year 
in  the  year  of  death,  thus  giving  \  +  ex  as  the  complete  expectation 
of  life. 

The  term  "  expectation  of  life  "  appears  to  have  been  given  to 
this  function,  because  if  it  were  known  that  the  mortality  experience 
of  the  past,  as  shown  by  the  table,  will  exactly  be  reproduced  in 
the  future,  ex  would  be  the  average  number  of  years  that  the  lx 
persons  could  be  expected  to  live  after  age  x. 
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8.  The  average  number  of  years  lived  after  age  x  being  ex  it 
follows  that  the  average  age  at  death  of  the  persons  who  attain 
age  %isx  +  ex  =  x  +  j2. 

Putting  x  =  0  the  average  age  at  death  in  the  community  is 
found  to  be  e„  =  ~ . 


9.    The  temporary  complete  expectation  of  life  for  n  years  |  nex  is 


J  o 


h+t  dt     T      T 


x+n 


Tx — =—fx —  =  e»-»le*  - (6), 

where  n\ex  is  the  deferred  expectation  of  life  and  is  equal  to 

nPx^x+n- 

On  the  assumption  that  ex  =  %  +  ex 

n\&x  =  nPx  V5  +  ex+n)r 

\rfix  =  (|  +  ex)  -  npx  (|  +  ex+n) 

=  |»ea!  +  i  (!-»?*)     0), 

or  multiplying  by  lx 

<>x  I  tfix  =  ''x  •  I  rfix  T  "%  Kyx      "x+nji 

which  formula  demonstrates  that  in  arriving  at  \nex,  having  given 
the  value  of  \nex,  half  a  year  is  added  in  respect  of  each  death 
occurring  during  the  n  years,  this  being  the  period  which,  on  the 
assumption  of  a  uniform  distribution  of  deaths,  is  lived  in  the  year 
of  death,  on  the  average,  by  each  of  these  persons. 

10.  If  the  question  be  asked  "  What  is  the  average  age  at  death 
of  those  persons  who  die  between  ages  x  and  x  +  nV,  this  will  be 
obtained  by  adding  to  the  age  x  the  average  number  of  years 
lived  by  those  who  die  in  the  n  years  following  the  attainment  of 

that  age.   The  number      lx+t  dt  includes  the  n  years  lived  by  each 

Jo 

of  the  lx+n  survivors,  and  to  obtain  the  total  number  of  years  lived 

after  age  x  by  those  who  die  between  ages  x  and  x  +  n,  nlx+n  must 

fn 
be  deducted,  giving      lx+t  dt  —  nlx+n  =  TX  —  Ta,+n  —  nlx+n. 
J  o 
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The  number  of  deaths  between  these  ages  is  lx  —  lx+n,  the  average 
number  of  years  lived  by  each  of  these  persons  after  age  x  thus 

being  — —    a,+" — ,  and  the  average  age  at  death 

'«       ''x+n 

.    J-se  —  *-x+n  ~  n"x+n 
X  + j—— . 

"a       "x+n 

Dealing  with  this  question  from  another  point  of  view,  the  number 
of  deaths  occurring  at  time  t  following  age  x  is  lx+inx+idt.  As 
each  of  these  persons  lived  t  years  after  age  #,,  the  total  number  of 
years  lived  by  all  of  them  together  since  that  age  is  tlx+t  fix+t  dt. 
If  the  integral  of  this  function  between  the  limits  t  =  0  and  t  =  n 
be  taken  this  will  give  the  total  number  of  years  lived  after  age 
x  by  those  persons  who  die  between  ages  x  and  x  +  n.   That  is 

dlx+t 


I    tlx+tii,x+tdt  =  -\    t 

Jo  •'  0 


jo       dt 


■dt 


J  0 


!'■ 


ttx-i-t  ~  I  I'x+t  dt 


^X+t  ~     vx+t 


"x+t  dt  —  nlx+n 


—  J- a;       J-aj+re       Wux+n- 

Dividing  this  number  by  the  number  of  persons  dying  between 
ages  x  and  x  +  n  and  adding  x,  the  result  is  the  average  age  at 
death  of  those  persons  who  die  between  ages  x  and  x  +  n,  namely 

.    J-a:       *-x+n      ^x+n  i      p 

x  -\ — - — j — ^ —  ,  as  before. 

^x  ~  "x+n 

11.  The  method  adopted  in  the  last  paragraph  may  also  be 
employed  to  ascertain  the  complete  expectation  of  life  at  age  x ; 
for  if  the  limits  of  the  integral  be  taken  as  0  and  oo  (instead  of 
the  superior  limit  being  n)  the  result  will  be  the  total  number  of 
years  lived  after  age  *  by  those  (out  of  the  lx  persons  of  that  age) 
who  die  after  its  attainment.  But  all  the  lx  persons  must  die  after 
age  x  and  the  average  number  of  years  lived  after  that  age  is, 
therefore, 

i  r 

ex  =  r       tlx+t  Px+t  dt 
<>x  Jo 


i  r00 

r     h+tdt 

I'xJ  0 


lx' 

as  already  obtained  in  paragraph  6. 
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12.  It  has  been  stated  that  the  average  age  at  death  of  the 
la,  persons  aged  x  will  be  x  +  ex.  Now  it  will  be  found  on  refer- 
ence to  a  mortality  table  that  the  higher  the  age,  x,  from  which 
we  count,  the  greater  will  be  the  average  age  at  death.  Thus,  by 
the  HM  Table,  at  age  10,  the  average  age  at  death  is  60'257  years ; 
at  age  20,  it  is  62101 ;  at  age  30,  it  is  64726 ;  and  at  age  60,  it  is 
73808.  This  fact  exposes  a  fallacy  which  is  very  often  current. 
It  is  frequently  stated  by  shallow  reasoners  that  some  profession, 
such  as  that  of  the  lawyer,  must  be  conducive  to  longevity ;  or 
that  some  class  in  society,  such  as  the  peerage,  must  be  peculiarly 
long-lived ;  because  the  average  age  at  death  of  the  members  of 
the  profession  or  class  is  much  higher  than  that  of  the  general 
population.  But  the  general  population  starts  from  age  0;  and, 
starting  from  age  0,  the  average  age  at  death,  if  the  mortality 
were  to  follow  the  table,  would  be  only  47-784  years ;  whereas  a 
peer  does  not  become  a  peer  until  the  death  of  his  predecessor, 
when  he  himself  is  perhaps  30,  40,  or  even  50  or  60  years  of  age ; 
or  until  he  is  created  a  peer,  when  also  he  is  usually  advanced  in 
life.  The  peer  then  does  not  become  a  peer  until  he  is,  on  the 
average,  say,  40  years  of  age ;  so  that,  measured  by  the  same  table 
as  the  general  population,  the  average  age  of  peers  at  death  should 
be  about  67  or  68  years. 

In  the  same  way,  a  lawyer  does  not  enter  the  profession  until 
he  reaches  manhood ;  and  usually,  it  is  not  until  many  years  later 
that  he  attains  sufficient  eminence  for  his  death  to  be  commented 
upon.  Therefore,  even  if  the  rate  of  mortality  among  lawyers  be 
not  more  favourable  than  among  the  general  population,  the  average 
age  at  death  of  those  whose  deaths  attract  notice  must  be  greater. 

To  compare  the  average  ages  at  death  of  different  classes  or 
groups  of  persons  does  not  prove  anything,  unless  we  know  the 
average  ages  at  which  the  persons  come  under  observation,  so  as 
to  be  able  to  make  allowances  for  differences  in  this  respect.  In 
order  to  form  a  correct  idea  of  the  relative  mortality  of  different 
classes  of  persons,  we  must,  as  indicated  in  paragraph  5,  ascertain 
and  compare  the  rate  of  mortality  at  each  age  in  each  class. 

13.  It  has  been  shown  in  paragraph  8  that  the  average  age  at 
death  of  a  stationary  population  supported  by  births  alone  is 


e„  = 


5> 

14 
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What  will  be  the  effect  n  years  hence  on  the  average  age  at 
death  if  there  be  an  annual  influx  of  t  h  persons  aged  x  ? 

The  average  age  at  death  of  the  l0  deaths  occurring  each  year 
among  the  original  population  is  e„,  and  the  sum  of  their  ages  at 
death  is  l0e0  =  T„. 

The  immigration  being  spread  uniformly  over  each  year  the 
problem  can  be  dealt  with  on  the  assumption  that  on  the  average 

all  the  t  lx  immigrants  in  any  one  year  join  the  community  at 

exact  age  x  exactly  in  the  middle  of  the  year.    When,  therefore, 
the  question  is  asked,  "  What  is  the  effect  of  this  immigration  on 
the  average  age  at  the  end  of  n  years  ? "  we  can  answer  it  on  the 
basis  of  the  average  age  at  death  during  the  year  n  —  \  to  n  + 1. 
During  that  year  the  number  of  deaths  amongsb  the  immigrants 

will  be  t  (lx  ~  lx+n)  and  their  average  age  at  death 

J-a        i-x+n  —  nlx+n 

x+ j— -j 

(see  paragraph  10),  the  sum  of  the  ages  at  death  of  the  immi- 
grants who  die  in  the  year  being 

1  n      }      \  /     .  Tg,  —  Ta,+„  —  nlx+n\ 

The  total  sum  of  the  ages  at  death  amongst  the  population, 
including  the  immigrants,  is,  therefore, 

t0 + 1  (ix  -  u)  (* + Tx  ~lTi~fx+n)  - 

and  the  total  number  of  deaths  is  4  +  r  (h  —  h+n)-    The  average 
age  at  death  will,  therefore,  be 

T0  + 1  (lx -  lx+n)  (x  +  T«-.T°+"-<+") 

"■  \  <>x  ~  <x+n  ' 

14.  A  somewhat  more  difficult  question  is, "  What  is  the  average 
age  at  death  of  the  present  members  aged  *■  and  upwards  of  the 
stationary  community  represented  by  the  Mortality  Table  ? " 
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The  average  age  at  death  of  these  persons  will  be 
x  +  (average  past  life-time  since  age  x)  +  (average  future  life- time). 

Consider  first  the  total  past  life-time  since  age  x  of  the  Tx 
persons  aged  x  and  upwards.  The  lx+t  persons  of  exact  age  x+t 
have  lived  exactly  t  years,  that  is,  altogether  tlx+t  years,  since 
age  x ;  and  the  total  number  of  years  lived  since  that  age  by  all 
the  Ta  persons  is,  therefore, 


f    tlx+tdt=-\ 
Jo  Jo 


dTx+t 


dt 


dt 

\fV;,t-\TX+idt 


t=o 


=       Tx+tdt, 

JO 


oo 

T 

which  may  be  represented  by  Yx. 

Y 

The  average  past  life-time  since  age  x  is  therefore  =j^ . 

i-x 

Considering  now  the  future  life-time,  the  future  life-time  of 
lx+t  persons  aged  x  +  t  is        lx+t  dt  =  Tx+t  and  consequently  the 

f  00  «C0 

total  future  life-time  of       lx+t  dt  (=  T,,)  persons  is  I     Tx+t  dt  —  Yx. 
Jo  Jo 

Y 
The  average  future  life-time  is  thus  f~ . 

The  average  age  at  death  of  the  Tx  members  of  the  community 

2Y 
at  present  living  of  age  x  and  upwards  is  therefore  x  +  -y=^ . 

In  the  same  manner  as  T^  was  taken  as  approximately  equal  to 

£  =  00  t=00 

2  lx+t  +  ¥x>  so  also  we  can  assume  Yx  =  2  Tx+t  +  %TX. 
t=i  t=\ 

If  x  =  0,  the  average  age  at  death  of  the  present  members  of 

2Y 
the  community  is  seen  to  be  -^  ■ 

15.    In  connection  with  certain  problems  that  arise  in  practice 

it  is  convenient   to  have  a  table  giving  for  each  age  the  value 

i=oo 
of  2  lx+t,  which   value  is   generally  represented  by  N'a,.    This 

t=i 
function  is  not  really  essential,  because  if  it  be  assumed  that 

Lx  =  %(lx  +  lx+i),  it  follows  that  Nx  =  Tx-%lx,  whence,  having  a 

14—2 
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olumn  of  values  of  Tx,  the  sum  of  the  values  in  the  lx  column  fron 

age  x  +  1  upwards  is  readily  ascertained. 

The  function  N'e  has,  however,  been  tabulated  for  both  thi 

HM  (Makeham  Graduation)  Table  and  the  English  Life  Tabl< 

No.  8,  but  is  not  included  in  the  tables  at  the  end  of  this  volume 

N' 
It  will  be  observed  that  ex  =  -~  ■ 

16.   The  following  relation  between  ex  and  px  should  be  noted : 

dex 
dx 


dex      d   [m        , 
d 


-J. 


tPxdt 


o  dx 

=       tPx  (/**  -  H+t)  dt 

Jo 

=  fixex  -  1, 
_  1      1  dex 

■  ■       f*X  -  o     +  ,     -J- 

=  r  I1  +  *  ^*+1  ~  *«-$     aPPr(>x- 
ex 

17.  An  erroneous  notion  not  infrequently  met  with  is  that,  ir 
calculating  the  values  of  life  annuities,  the  life  may  be  representee 
by  a  term  certain  equal  to  the  expectation  of  life.  It  is  easj 
to  prove,  however,  that  the  value  of  a  life  annuity  is  less  than  the 
value  of  an  annuity  certain  for  the  curtate  expectation. 

Let  there  be  lx  quantities  of  which  dx  are  equal  to  v,  dx+ 

equal  to  v*,  dx+2  to  v1  and  so  on.    The  arithmetic  mean  of  these 

quantities  is 

vdx  +  «3d,.+i  +  v3dx+2  +... 

lx 

=  K, 
and  the  geometric  mean  is 

rfdx+MxH+Sdx+t+...)^ 
=  V1+e*. 

But  as  the  arithmetic  mean  of  a  number  of  positive  quantities 
is  greater  than  the  geometric  mean,  it  follows  that 

A»  >«*+«*, 
.:    l-d(l  +  ax)>l-d(l  +  a,7x\), 
whence  cQ  >  ax. 
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18.  The  term  of  the  annuity  certain  which  is  equal  to  the  whole- 
life  annuity  can  be  ascertained  by  solving  for  n  in  the  equation 

l-vn 
ax  =  —7—, 
1 

whence  we  obtain  n  =  — ,°   „ ^ . 

log  (1  +  0 

Expanding  n  as  far  as  first  powers  of  i  only,  remembering  that 
ax  is  a  function  of  i,  we  have 

-  log(l  -  iax)  =  %aa  +  K~^-+  v-^-  +  ... 


=  i  '£"(1  +  i)-e  tp.  +  ¥2  { s"(i  +  iyl  tpX  +... 

t=i  U=i  J 


^ =00 


or  for  convenience  writing  2  for  2 


<=i 


=  i  ($ tPx  ~  i  %ttpx  +  i*  2       |2      tP*  -  •  •  •  j 

+  P(2^x)a+...  etc. 
-tStf.-^Si.p.  +  tVStp.)*- (a), 

also  log(i+t)  =  t_L  +  i  +  ...etc (/3). 

Whence  dividing  (a)  by  (/3),  we  have 

n  =  2tPx  +  i{h'2  tPx  ~  2*  tPx  + 1  (2  tp,,,)2}  approx. 

(1  f=0°  ) 

=  ex  —  i\j   2  ^a+j  -  $e„  (ex  +  In  approx. 

But  Ttlx+t  =  $WX  +  i\+i 

t=i  t=x 

=  ^Tx  +  ti\+t  +  ^(N'x-Tx) 
t=x 

and  iea(ea,  +  l)  =  He!e!!  +  eil.) 

=  Hexy~h 


■.    n  =  ex-i  jjf?-i-i(e„)'|  approx. 
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EXAMPLES 

The  application  of  the  principles  discussed  in  this  chapter  will 
be  shown  by  the  following  series  of  examples. 

Ex.  1.  A  Bank  employs  300  clerks :  they  enter  at  age  18  at  a 
salary  of  £30  per  annum  which  is  increased  £10  a  year  to  a 
maximum  of  £300:  at  age  60  they  retire  on  a  pension.  Assuming 
that  10  per  cent,  leave  the  Bank  after  exactly  five  years'  service 
and  that  after  twenty  years'  service,  5  per  cent,  are  promoted  from 
the  clerical  staff  to  higher  positions,  how  would  you  proceed  to 
find  the  ultimate  state  of  the  clerical  staff  in  the  following 
particulars  ? — 

(a)  Total  annual  sum  payable  in  salaries. 

(b)  Number  superannuated  each  year. 

(c)  Number  of  pensioners  on  the  books. 

The  first  step  is  to  ascertain  the  staff  that  would  be  employed 
if  there  were  lls  entrants.   This  number  is 

aj=22  z=37  3  =  59 

Hx  +  '9SL«  +  -9x  -95  2  Lx 

a;=18  3  =  23  x=3S 

=  (T18  -  TB)  +  -9  (T23  -  T38)  +  -855  (T»  -  T60) 
=  T18  -  -1TM  -  -045T3S  -  -855T,, 
=  X,  say. 

The  withdrawal  of  10  per  cent,  of  the  staff  at  the  end  of  five  years 
is  allowed  for  by  multiplying  the  figures  given  by  the  mortality 
table  by  -9  from  age  23  onwards.  At  age  38, 5  per  cent,  are  promoted, 
but  as  10  per  cent,  previously  withdrew  this  leaves  95  per  cent,  of 
90  per  cent,  of  Lx  at  age  38  and  upwards. 

The  withdrawals  and  promotions  in  practice  would  not  all  take 
place  at  fixed  periods  as  indicated  in  the  question,  but  it  has 
evidently  been  found  that  these  changes  occur  at  such  periods  and 
in  such  numbers  as  to  be  approximately  equivalent  to  10  per  cent, 
at  the  end  of  five  years  and  5  per  cent,  at  the  end  of  twenty 
years  respectively.  Where  such  assumptions  can  be  made  without 
material  loss  of  accuracy  a  large  amount  of  work  is,  of  course, 
saved. 

The  number  of  clerks  employed  being  300,  the  method  to  be 
adopted  in  answering  the  question  will  be  to  ascertain  the  numbers 
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required  on  the  assumption  of  Z1S  entrants,  or  a  staff  of  X,  and  then 
to  reduce  the  results  in  the  proportion  -=- . 

(a)  The  total  annual  sum  payable  in  salaries  is  : 

^[30L18  +  40L19  +  ...  +  70L22 

+  -9  (801*  +  90LM  +  . . .  +  220L,*) 

+  -855  {230L38  +  240L39  +  . . .  +  300  (L45  +  L^  +  . . .  +  L59))] 

=  ^     30T18  +  10  %  Tx  -  70T23  +-9  ( 80T.  +  10  2  T*  -  220TS8) 

■&■    \_\  x=19  /  V  x=1A  I 

+  -855  f 230^  +  10*  ST.  - 300tJ]  . 

\  a;=39  /  J 

(b)  If  there  were  lJS  entrants  and  a  staff  of  X,  the  number 
superannuated  each  year  would  be  m855lm. 

The  number  required  is,  therefore, 

(c)  With  a  staff  of  X,  the  number  of  pensioners  on  the  books 
at  any  particular  time  would  be  ^oTa,. 

The  number  required  is,  therefore, 

'OODlgo  X     -y    . 

In  (c)  the  number  required  is  the  number  that  would  be  given  by 
a  census  at  any  particular  time. 

Ex.  2.  A  Company's  Staff  consisting  of  1000  men  who  all  enter 
at  age  20  has  reached  a  stationary  condition. 

Assuming  (1)  in  the  first  three  years  of  service,  15  per  cent,  of 
those  attaining  age  21  resign  at  that  age,  10  per  cent,  resign  at  age 
22  and  5  per  cent,  at  age  23,  after  which  there  are  no  resignations. 

(2)  10  per  cent,  of  those  attaining  age  55  retire  at  that  age, 
40  per  cent,  retire  at  age  60  and  100  per  cent,  at  age  65. 

(3)  HM  mortality,  find  : 

(a)  The  number  resigning  each  year. 

(b)  The  number  of  pensioners. 

If  there  were  l20  entrants  each  year  the  staff  would  be 
L20  +  -85L21  +  '85  x  -91*  +  85  x  -9  x  -95  (T„  -  T55) 

+  -85  x  -9  x  -95  |-9  (T65  -  TM)  +  -9  x  -6  (T60  -  TM)} 
=  I*  +  -851*  +  -7651^  +  -72675  {T3S  -  -IT.  -  -36T,,  -  -54T,} 
=  2,473,777. 
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By  the  question  the  staff  is  1000,  and  the  numbers  obtained  for 
(a)  and  (6)  on  the  basis  of  lw  entrants  or  a  staff  of  2,473,777  must 

therefore  be  reduced  in  the  ratio  „  ,»„„„„  . 

2,473,777 

(a)  The  number  resigning  each  year  will  be 

2473777  {*15Jb  +  '1x  -854,  +  -05  x  -9  x  -85^} 

=  105. 
This  result  means  that  the  number  will  be  10  or  11  (say  10  and 
11  in  alternate  years)  averaging  10-5  per  annum. 

(6)  The  number  of  pensioners :  that  is,  the  number  disclosed 
by  a  census  will  be 

2^^77  x  -72675  x  {-1TM  +  -4  x  -9T60  +  -6  x  -9T,} 

1000 


2,473,777 
205. 


x  -72675  x  697491 


Ex.  3.  A  staff,  including  both  those  in  active  service  and  those 
who  have  been  pensioned,  is  represented,  just  after  a  year's  entrants 
have  joined  the  staff  and  a  year's  retirements  have  taken  place,  by 
the  lx  column  from  age  20  onwards,  and  has  reached  a  stationary 
condition. 

Retirement  on  pension  takes  place  at  exact  ages  61  to  65,  and 
there  are  no  withdrawals  except  by  death.  The  proportion  of  those 
in  active  service  at  each  age  who  retire  at  that  age  and  the 
corresponding  pensions  are  as  follows : 


Proportion  of  those  in 

Amount  of  Pension 

Age 

Active  service  at  each 

(assume  payable 

age  who  then  retire 

momently) 

61 

One-tenth 

£140 

62 

One-sixth 

£160 

63 

One-third 

£180 

64 

One-half 

£200 

65 

All 

£220 
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Assuming  that  the  mortality  among  pensioners  is  the  same 
as  among  those  in  active  service  at  corresponding  ages,  find 
expressions  for  the  following,  just  after  a  year's  retirements  have 
taken  place : 

(1)  The  total  number  of  pensioners. 

(2)  The  total  pensions  payable  in  a  year. 

(3)  The  sum  (ignoring  interest)  of  all  future  payments  in  respect 
of  existing  pensions. 

The  number  of  persons  pensioned  each  year  will  be 

^  ki  +  &  •  A  h*  +  J  •  &  •  A  l«  +  *  •  §  •  *  •  rs  (L  +  L) 

(1)  The  total  number  of  pensioners  is  required  just  after  a 
year's  retirements  have  taken  place,  and  as  it  is  clear  from  the 
question  that  the  conditions  are  such  that  it  may  with  sufficient 
accuracy  be  assumed  that  these  take  place  at  a  definite  time  and 
at  exact  ages,  the  lx  and  N'z  columns  must  be  used. 

Of  those  who  retired  each  year  at  age  61,  there  are  now  persons 
surviving  at   all   (exact)  ages   over  61,  the  total  number  being 

1    TSI' 

The  total  number  of  pensioners  is  therefore 

^  (2N'60  +  3N'61  +  5N'62  +  5N'„  +  5N'M) 
=  ^  (2*«  +  51k  +  104s  +  15Z64  +  20N'64). 

(2)  In  ascertaining  the  total  amount  of  pensions  payable  in  the 
year  regard  must  be  paid  to  the  fact  that  these  are  to  be  treated 
as  payable  momently.  It  is,  therefore,  necessary  to  employ  the 
Lx  and  Ta  columns. 

The  amount  required  is 

^  {140  x  2T61  + 160  x  3Tb,  + 180  x  5T63  +  200  x  5TM  +  220  x  5TM} 
=  14T«  +  24TM  +  45TB  +  50TM  +  55T«. 

(3)  Of  the  -j^m  persons  who  have  just  retired  at  age  61,  -^l^ 
will  receive  a  full  year's  pension  in  the  first  year,  and  ^d61  will 
on  the  average  receive  half  a  year's  pension:  the  total  payable 
in  the  first  year  in  respect  of  these  retirements  will  thus  be 
•W(^82+  £^6i)  =  14L61.  Similarly,  in  respect  of  this  year's  retire- 
ments at  age  61,  the  amount  payable  in  the  second  year  will  be 
14L«>:  and  so  on. 
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Thus  the  future  pensions  payable  in  respect  of  the  -^la  persons 

3  =  <0  —  1 

who  have  just  retired  will  be  14    2     L^  =  14TV 

3=61 

The  amount  payable  in  respect  of  the  persons  who  retired  at 
age  61a  year  earlier  will  be  14T62:  and  so  on,  the  total  amount  of 
all  future  pensions  in  respect  of  persons  who  have  retired  at  age  61 

being  14    2    Ta. 

3  =  61 

Applying  similar  arguments  to  the  number  of  persons  who  have 
retired  at  ages  62  to  65,  the  sum  required  is  found  to  be 

ar=w— 1  a;=<i)  —  1  3=to-l  x=id  —  1  x—m— 1 

14    2    Tx  +  24    2    Ts  +  45    2    T.  +  50    2    T.  +  55    2    TB. 

3=61  a;=62  a;=68  3=64  3=65 

Ex.  4.  A  Society  issues  each  year  1000  endowment  assurances 
for  £100  each  on  lives  aged  40,  250  of  the  policies  effected  each 
year  maturing  at  age  55,  500  at  age  60,  and  250  at  age  65. 
When  the  Society  reaches  a  stationary  condition,  what  will  be  the 
total  number  of  policies  in  force,  and  what  sum  will  be  paid  each 
year  (a)  in  respect  of  death  claims,  and  (6)  in  respect  of  policies 
maturing  ? 

Give  numerical  answers,  assuming  that  each  year's  new  assurances 
are  equally  distributed  throughout  the  year,  that  there  are  no  with- 
drawals and  that  the  mortality  is  in  accordance  with  the  0[NM]  Table. 

If  there  were  J[40]  assurances  effected  each  year  of  which  \l[m] 
matured  at  age  55,  \l[ia]  at  age  60,  and  JZ^]  at  age  65,  the  number 
of  policies  in  force  would  be 

i  (T[4o]  -  TH)  +  \  (T[40]  -  T60)  +  \  (T[40]  -  T65) 
=  T[4o]  —  iT55  —  JT60  —  JT65 . 

The  number  of  assurances  effected  each  year  being  1000,  the 
number  of  policies  in  force  will  be 

~1  {  J-  [40]  —  i  J-66  ~i  *-m~  Z  -*-65J 

=  17383. 
The  amount  that  will  be  paid  each  year  in  respect  of  death 
claims  is 

ioo  x  152?  [i  (iUo]  _  iK) + 1  (iM  -im)+i  (iM  -  im)} 

'[40] 

=  100x^~{lUo]-llm-llm-{la} 

=  29700 (a), 
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and  the  amount  in  respect  of  policies  maturing 

=  70300     !°. (b). 

It  will  be  observed  that  (a)  +  (b)  =  100  x  1000  as  must  be  the 
case,  since  for  the  Society  to  be  in  a  stationary  condition  there 
must  be  1000  claims  each  year. 

Ex.  5.  In  a  population  hitherto  stationary,  the  birth-rate  begins 
to  increase  at  the  rate  of  1  per  cent,  per  annum.  How  would  you 
determine  the  population  at  the  end  of  the  first,  second,  third 
etc.  years  of  this  increased  birth-rate  ? 

The  "Birth-Rate"  is  presumably  the  ratio  of  the  number  of 
births  during  a  year  to  the  population  in  the  middle  of  that  year. 

Let  V,  I",  V"  represent  the  additional  number  of  births  in  the 
first,  second  and  third  years  respectively :  that  is,  the  number  by 
which  the  births  in  these  years  exceed  l0.    Then 

Population  at  the  end  of  the  First  Year  of  Increase 
l> 

=  T>  + j-L0. 

Population  at  the  end  of  the  Second  Year  of  Increase 
I'  I" 

=  To  +  y-Li  +  y-L0. 
to  H 

Population  at  the  end  of  the  Third  Year  of  Increase 

V         I"         I'" 
=  T„  +  j  L2  +  j-  Lj  +  y-  L0. 

to  "0  "0 

etc. 
In  order  to  determine  I',  I",  I'",  etc.,  we  have 
Birth-rate  in  First  Year  of  Increase 

-(1-01)  £ ^_. 

T0  +  2^L0 

Birth-rate  in  Second  Year  of  Increase 

=  a-oiv  —  = l° +  l" 

To  +  T0ll  +  2T0L° 
Birth-rate  in  Third  Year  of  Increase 


■01)3  ^-  = j, jr, Yr — ■ 

T„  +  j  l2  +  j-  h  +  q  ~jT  ^0 

I/O  t0  &    t0 

etc. 
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Considering  the  first  year  of  increase,  there  will  in  the  middle 
of  the  year  be  a  population  of  T0  plus  the  number  living  of  the 
extra  births  in  the  first  half  of  the  year.  If  we  dealt  with  V 
births  evenly  distributed  over  the  whole  year,  there  would  at  the 

r 

end  of  the  year  be  y-  Lo  of  these  surviving :  up  to  the  middle  of 

h 

the  year  there  will  have  been  \V  of  these  extra  births,  and  we 

1  V 

can  take  the  number  of  these  alive  at  that  time  as  „  j  L<,. 

The  population  at  the  middle  of  the  year  will  thus  be 

T0  +  ^L0. 

In  the  middle  of  the  second  year  there  will  be  (a)  the  original 
population  of  T0,  (6)  the  survivors  of  the  extra  births  in  the 
previous  year,  and  (c)  the  survivors  of  the  extra  births  occurring 
in  the  first  half  of  the  current  year. 

As  regards  (6),  since  the  births  were  uniformly  distributed  over 

the  year,  we  may  consider,  with  sufficient  accuracy,  that  they  all 

occurred  in  the  middle  of  the  year.    The  number  surviving  in  the 

I' 
middle  of  the  second  year  will,  therefore,  be  y  x  Z,. 

1  I" 
For  (c)  the  number  is  ■=  -=-  L0. 
Z  la 

The   total  population  in   the   middle   of  the   second  year  is, 

therefore, 

V  1  I" 

T0  +  Txl1  +  -1-xL<)> 


and  so  on  for  other  years. 


'o  ■"    'o 
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CHAPTEE  XIII 

JOINT  AND  SURVIVORSHIP  PROBABILITIES 

1.  In  order  to  obtain  a  clear  view  of  the  application  of  Mortality 
Tables  to  functions  dependent  on  the  existence  of  two  or  more 
lives,  it  is  necessary  to  commence  with  an  examination  of  the 
methods  by  which  various  probabilities  of  death  or  survival  for 
different  combinations  of  lives  can  be  evaluated. 

2.  The  first  question  that  presents  itself  is,  "What  is  the 
probability  that  two  persons,  one  aged  x  and  the  other  aged  y, 
will  both  survive  n  years  ? "  Since  the  probability  of  (x)  surviving 
n  years  is  npx,  and  of  (y)  so  surviving,  npy,  and  these  are  inde- 
pendent events,  the  probability  that  both  (x)  and  (y)  will  survive 
n  years  is  npx  x  npy.    This  probability  is  denoted  by  npxy.   Thus 

nPxy  =  nPx  x  nPy  =  ~j    "  •  ~j         (*■)• 

l*         by 

Similarly,  the  probability  that  m  persons  aged  w,  x,  y,  z  ... 
respectively  will  all  survive  n  years  is 

nPuxyz...(m)  =  nPw  *  nPx  XnpyXnpzX  ...  (m  factors)    . .  .(2). 

3.  The  probability  that  neither  of  two  lives  (x)  and  (y)  will 
survive  n  years,  or  that  both  will  die  within  n  years,  is  represented 
by  \nQzH,  the  bar  over  the  suffix  denoting  that  the  life  of  the 
survivor  (i.e.  the  longer  period)  must  fail  within  the  n  years. 

The  probability  that  (x)  will  die  within  n  years  is  \nQx  =  1  -  npx, 
and  that  (y)  will  so  die,  \nQy  =  l-npy,  and  these  being  inde- 
pendent events  the  probability  required  is 

I  n\tti~y  =  I  nVas  X  |  n  Vj/ 

=  (1-„F.)(1-»P*)    (3). 

If  n  =  1,  this  formula  becomes  q^  =  qxX-qy. 

This  also  can  be  extended  to  any  number  of  lives.    Thus 

\nQwvyJZfr)  =  (1  -  nPw)  (1  -  nPx)  (1  -  nPy)  ...  (m  factors). . .  (4). 

4.  The  probability  that  one  only  of  the  lives  (x)  and  (y)  will 
survive  n  years,  and  the  other  die  within  that  period,  is  the  sum 
of  two  separate  probabilities,  namely,  (i)  that  (x)  will  survive  and 
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(y)  fail ;  and  (ii)  that  (y)  -will  survive  and  (x)  fail.    This  proba- 
bility being  represented  by  np&]  we  have 

nPhJ  =  nP«  (1  -  nPy)  +  nPy  0-  ~  nPx) 

=  nPx  +  nPy-2nPxy    (5). 

5.  The  probability  that  at  least  one  of  the  lives  (x)  and  (y) 
will  survive  n  years  is  the  sum  of  three  probabilities,  namely, 
(i)  that  (x)  will  survive  and  (y)  fail,  (ii)  that  (y)  will  survive  and 
(x)  fail,  and  (iii)  that  both  will  survive.  Representing  this  proba- 
bility by  np^y,  we  have 

nPxy  ==  nPw  \*       nPy)  T  nPy  \\      nPx)  >   nPxy 

=  nPx  +  nPy-nPxy    (6). 

Looking  at  this  last  problem  from  another  point  of  view,  since 
either  both  lives  must  fail  within  n  years,  or  at  least  one  must 
survive  that  period,  the  sum  of  the  probabilities  of  these  two 
events  is  unity  (i.e.  \nQiy  +  nPxy  — 1)>  and  the  probability  that  at 
least  one  will  survive  is  the  complement  of  the  probability  that 
both  lives  fail  within  the  n  years,  that  is 

nPxy  =  -*-  —  I  m  V  xy 

=  nPx  +  nPy  -  nPxy  as  before. 

6.  The  probability  that  the  joint  existence  of  (x)  and  (y)  will 
fail  within  n  years  (i.e.  that  the  first  death  will  occur  or  that  at 
least  one  life  will  fail  within  that  period)  is  the  complement  of 
the  probability  that  both  will  survive  n  years,  and  is  represented 
by  UQxy    Thus 

1 7if%xy  ~  1       nPxy ( '  )• 

If  n  =  1  this  becomes  the  probability  that  the  joint  existence  of 
the  lives  (x)  and  (y)  will  fail  within  one  year ;  that  is, 

Qxy  —  1  ~~  Pxy 

_"xy~  Wi :  y+i 
Ixy 

If  the  numerator  of  this  expression  be  denoted  by  d^  it  is  seen 

that  dgy  =  lxy  —  "x+1 ;  y+1  • 

The  difference  between  the  relation  of  l^  to  lx  and  ly,  and  of 
d-gy  to  dx  and  dy,  must  be  carefully  noted : 

lxy  =  lx  x  lyt  but  dx  X  dy  =  (la  —  tx+i)  (.''y  ~  ly+lh 

which  as  just  proved  is  not  equal  to  d^. 
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7.  Probabilities  relating  to  the  (£+l)th  year  (two  lives). 
The  probability  that  the  joint  lives  (x)  and  (y)  will  fail  in  the 
(t  +  l)th  year,  that  is,  that  the  first  death  amongst  these  two 
lives  will  occur  in  that  year,  is  represented  by  t\lxy 

The  value  of  this  is  obtained  by  taking  the  product  of  two 
probabilities,  (i)  that  both  lives  will  survive  to  the  beginning  of 
the  (2  +  l)th  year,  and  (ii)  that,  both  lives  having  so  survived,  the 
joint  lives  will  fail  in  that  year.    That  is, 

V.lxy  —  tPxy  (1  —  Px+t:y+t) 

=  tPxy  ~  t+iPxy     (8). 

Expressing  this  in  terms  of  the  I  and  d  columns,  we  have 

|„      _  h+t :  y+t  —  lx+t+i :  y+t+1  _  ">x+t :  y+t 
1 1  Hxy  —  7  —        ;  • 

vxy  vxy 

8.  The  probability  that  both  the  lives  (x)  and  (y)  will  fail 
in  the  (t  +  l)th  year  is  the  product  of  the  two  independent  proba- 
bilities that,  firstly,  (x)  and,  secondly,  (y)  will  die  in  that  year. 
That  is, 

•  If-xilfc-^x^    O)- 

bx  by 

9.  The  probability  that  the  survivor  of  (x)  and  (y)  will  die  in 
the  (t  +  l)th  year  is  represented  by  t\in>y  In  this  case  it  is  not 
essential  that  both  lives  survive  to  the  beginning  of  the  (t+  l)th 
year,  since  even  if  one  of  the  lives  fail  before  the  commencement 
of  that  year  the  survivor  may  die  in  the  year.  There  are,  in  fact, 
three  probabilities  involved,  namely : 

(i)   That  (x)  will  die  before  the  end  of  the  tth.  year  and  (y) 
in  the  (t  +  l)th  year,  i.e. 

(1  -  tPx)  t\qy  =  (1  -  tPx)  (tpy  -  t+iPy) ; 
(ii)   That  (y)  will  die  before  the  end  of  the  tth  year  and  (x) 
in  the  (t  +  l)th  year,  i.e. 

(!  -  tPy)  t\q*  =  (1  -  tPy)  (tPx  ~  t+iPx) ; 
and  (iii)   That  both  (x)  and  (y)  will  die  in  the  (t  +  l)th  year,  i.e. 

*  I  q*  x  1 1  qy  =  (tPx  -  i+iPx)  (tPy  -  t+iPy)- 

The  sum  of  these  three  probabilities  is 

*  I  q*v  =  (tPx  +  tPy  -  tPxy)  -  (t+iPx  +  t+iPy  ~  t+iPxy) 

=  tPTy-t+iPw      (10), 

s.  15 
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which  is  clearly  correct,  since  the  probability  required  is  the 
probability  that  the  survivor  of  (as)  and  (y)  will  be  alive  at  the 
commencement  of  the  (i  +  l)th  year  less  the  probability  that  the 
survivor  will  be  alive  at  the  end  of  that  year. 

Since  (tpx  —  t+ipx)  =  t\lx,  the  expression  for  t\q^  can  be  put  in 
the  form 

t\qa=t\qx  +  t\qy-t\qxy (ii). 

If  t  =  0,  this  becomes  q£y  =  qx  +  qy  —  qxy>  which  alternative  form 
could  have  been  obtained  from  formula  (3)  as  follows  : 

Intyzy  =  (1  —  nPx)  \\  ~  nPy) 

===  I       nPx      nPy   i   nPxy 

=  (1  -  nPx)  +  (1  -  nPy)  ~  (1  ~  nPxy) 

=  Inr^lx  "i    \nSty       \n'vxy 

Whence,  putting  n=l, 

qxy =  qx  +  qy  ~  qxy 

10.  The  student  should  carefully  note  the  difference  between 
the  three  probabilities  respectively  represented  by  t\qxy,  t\qx  x  t\qy 
and  t\qZy\  and  that  though  q^  can  be  expressed  in  two  ways, 
qx  x  qy  and  qx+qy  —  qxy>  the  deferred  probability  4|g^  can  only  be 
expressed  in  the  latter  form. 

11.  The  probability  that  (x)  will  die  in  the  (t  +  l)th  year  being 
t\qx,  the  probability  that  he  will  not  die  in  that  year  is  1  —  t\qx, 
and  the  probability  that  neither  (ac)  nor  (y)  will  die  in  the  (t  +  l)th 
year  is 

(i-«|g-)(i-*l?„) (12)- 

12.  The  probability  that  one  at  least  of  the  two  lives  will  fail 
in  the  (<+  l)th  year  is  the  complement  of  the  probability  that 
neither  will  fail  in  that  year.    That  is 

1-(l-t\qx)0--t\qy) 

=  t\qx  +  t\qy-t\qx><t\qy  (13). 

This  expression  could  also  have  been  obtained  by  considering 
the  problem  in  detail,  the  probability  required  being  the  sum  of 
three  distinct  probabilities,  namely: 

(i)    That  (x)  will  die  in  the  (t  +  l)th  year  and  (y)  will  not 
die  in  that  year :  that  is, 
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(ii)  That  (y)  will  die  in  the  (t  +  l)th  year  and  (so)  will  not 
die  in  that  year :  that  is, 

MvO- -  Mx)\ 
and  (iii)  That  both  (x)  and  (y)  will  die  in  that  year :  that  is, 

tWx  X  My 

The  sum  of  these  three  expressions  is 

t\qx  +  t\qy-t\qxXt\qy, 

as  before. 

13.  The  probability  that  (so)  will  survive  t  years  and  (y)  will 
survive  t  —  1  years  is 

tPx  x  t-lPy 
_  "x+t     "y+t—x     <"y-l 
l>x         'j/-l  'y 

_  tPx :  y—1 

Py-i    ' 
or,  since  tpx  =  pxx  t-iPx+i  this  can  be  expressed  in  the  form 

Px  x  t—iPx+iiy 

The  latter  form  is  applicable  to  select  tables,  being  written 

Plx]  X  t-iPlxl+i:ly]', 

the  former  cannot  be  used  in  connection  with  such  tables  because 
of  the  suffix  y  —  1- 

14.  Alternative  methods  of  obtaining  \nQxv,  ete.  The  ex- 
pressions for  the  probabilities  represented  by  \nQxy  and  \nQ^  can 
be  obtained  by  summing  the  values  of  t\qxy  and  f\q^  respectively 
for  all  values  of  t  from  0  to  n  —  1.    Thus 

t  =  n-l 

nSixy =     *      t\  qxy 
t=0 

t=n-\ 

=     2      (tPxy-t+iPxy) 

=  1  —  npxy  as  in  formula  (7). 

t=n-l 

Also  \nQw=    ^    «|g^ 

t=o 

t=n-l 

=    2   (<|&  +  *|gv-*IW 

t=0 
=  (1  -  *Ps)  +  (1  -  »2fy)  -  (1  ~  nPx  X  nPj/) 

=  (1  -  nPx)  (1  -  »jo»)  as  in  formula  (3). 

15—2 
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15.  When  the  probability  the  value  of  which  is  required  refers 
to  a  period  of  years  (say  m)  deferred  for  a  number  of  years  (say  n), 
the  formulae  become 

t=n+m— 1 

n  1  mS&xy  =  ^         t\  (fzy 

t  =  n 

~  nPxy  ~  n+mPxy      |  ,-  . . 

_i      o    _i  o    I  (1  >' 

\m+n^xy        \rwxyj 
and  n\mf4xy  =  «  t]?^ 

==  n\mScx  "i"  n\m^Cy       »|mViBy V-*-^/* 

In  the  latter  case  we  cannot  write  n\mQ^y  =  n\m  Qx  *  n\mQy,  because 
in  order  that  the  survivor  shall  die  between  the  end  of  the  nth 
and  the  end  of  the  (n  +  m)th  year  it  is  not  necessary  that  both 
(so)  and  (y)  shall  be  alive  at  the  commencement  of  this  period. 

16.  Probabilities  involving  three  lives.  The  expressions  for 
probabilities  involving  three  or  more  lives  can  be  obtained  in  the 
same  manner  as  for  two  lives.  It  may  be  of  assistance  to  include 
the  following  example. 

Of  three  lives  {x),  (y)  and  (z),  find  the  probability  that  in  the 
(t  +  l)th  year  from  the  present  time, 

(a)  one  and  one  only  will  die, 

(b)  exactly  two  will  die, 

(c)  at  least  one  will  die. 

(a)  t\qx(l  -  «I?y)(l  -  t\qz)  +  t\qy(l  -  t|?»)(l  -  Mz) 

+  t\qz(l-t\q*)Q--t\qv)> 

(b)  i\q*x  t\qy0--  t\qz)+  t\qxx  t\qzQ--t\qy)  +  t\qv*  t\qg(l-t\qx)- 
(o)  1-(1-«|?.)(1-«|?,)(1 -.!?,). 

These  expressions  at  first  sight  appear  complicated  but  are 
actually  in  the  most  suitable  form  for  evaluation,  if  we  write 

l„   _^»+«       \„   _dy+t        ,     .  Olz+f 

m* T~>  t\1y  —  ~T~  ana  <l?«     "J- ■ 

t>x  °y  h 

17.  Probabilities  involving  any  number  of  lives.  If  there  are 
m  lives  all  aged  x,  the  probability  that  r  designated  lives  will 
survive  t  years  and  the  remaining  m—r  lives  will  fail  to  survive 
that  period  is  (tpx)r  (1  —  «pa)m_r ;  and  since  r  lives  can  be  selected 
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in  (™)  ways,  the  probability  that  exactly  r  lives  out  of  the  m  will 
survive  t  years  and  the  rest  fail  to  survive  that  period  is 

\m      ,      wf,      /  x  (m-r)(m-r-l),      N2 

=  \r\m-r  (tPx)  Y  ~ (m  ~  r)  *p'  +  ^2 (<P<c) 

_ (j".-r)(m-r-l)(m-r-2)  .      . ,  +  _ 

|m                               Ito 
J==—  (tPr)"  ~      _li    L T  (r  +  J)  («P«)r+1 


I  g  (r  +  l)(r  +  2) 


r  +  2|m-r-2  [2 


+  (r  +  1[a(r  +  2\A)0ft^-.- 

If  now  m  lives  of  different  ages  be  substituted  for  m  lives  of 
equal  age,  (™)  (tpx)r  will  become  the  sum  of  the  probabilities  of  r 
lives  surviving  t  years  for  all  combinations  of  r  lives  that  can  be 
made  out  of  the  m'  lives  of  unequal  age.  Representing  this  by  ZT, 
the  probability  that  out  of  the  m  lives  of  unequal  age  (say, 
w,  x,  y,  z  ...  (m  lives))  exactly  r  lives  will  survive  t  years,  the 
remaining  (m  —  r)  failing  during  that  period,  is 

Zr_(r.  +  l)Zr-H  +  (r+1)(?-+2)Zr+2__ 


(l+Z)H-i- 

This  probability  is  represented  by  tp ^,  the  square  brackets 

ivxyz...(m) 

enclosing  the  letter  r  denoting  that  exactly  the  number  of  survivors 
is  under  consideration.    We  therefore  have 

Zr 

wxyz...(w)       \*-    i   *-*} 

If  m  =  2  and  r  =  1,  the  ages  being  a;  and  y, 
Z  =  tPx  +  tpy  and  Z2  =  j^. 

Whence  tfm  =  rj-^F- =  Z  -  2Z2 

xy         \1  +  &) 

=  tf*  +  tPy-%  tPxy, 

as  in  formula  (5). 
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Applying  the  formula  to  the  probability  that  of  four  lives  aged 
w,  x,  y  and  z  respectively,  exactly  two  will  survive, 

Z  =  tP»+tPx  +  tPv  +  tPt> 

Z2  =  tpwx  +  tpm  +  tpwz  +  tpw  +  tpxz  +  tpyz, 

**  =  tPwxy  +  tPwxz  H"  tPwyz  +  tP%yz> 
"   =  tPwxyzt 

and  tp_m  = 

wxyz        {i.  +  Lif 

=  Z2-3Z3  +  6Z4 

=  tPwx  +  tPwy  +  tPwz  +  tPxy  +  tPxz  +  tPyz 

~  "  \tPwxy  T  tPwxz   >   tPwyz  "T"  tPxyz)  ~r  "tPwxyz- 

The  probability  that  out  of  m  lives  of  unequal  ages,  at  least 
r  will  survive,  is  the  sum  of  the  probabilities  that  exactly  r, 
exactly  r  +  1,  etc.,  up  to  m  lives  will  survive. 

Representing  this  probability  by  tp t_  we  have 

wxyz ...  (to) 

tp L  =  tP Er3  +  tP      [r+1]  +  •  •  •  etc. 

wajj/s ...  (m)  wxcyz ...  (m)  wxyz ...  (m) 

2r  Zr+1  Zr+2 

-I 1 \-     . 


(i  +  zy+i  ^  (i  +  zy+2    (i+ zy+* 

Zr 

=(iTzy (17)' 

the  series  being  summed  to  infinity  since  the  terms  which  would 
involve  more  than  m  lives  are  necessarily  zero. 

Applying  this  formula  to  the  case  where  m  =  4  and  r  =  2  we  have 

^5SjJ  -  (1  +  Zf 

=  Z2-2Z3+3Z4 

=  <P«;x  +  tPwy  +  tPwz  +  tPxy  +  tPxz  +  tPyz 

~  2  \tPwxy  +  *2>waz  +  tPwyz  +  tPxyz)  +  3fpwa^j, 

and  when  m  =  2  and  r  =  1, 

Z 
t?a*  _  1  +  z 
=  Z-Z2 

=  *#b  +  *ft  -  tPxy, 

as  obtained  in  formula  (6). 

When  the  probability  refers  to  the  survival  of  at  least  one  life 
the  "  1 "  is  omitted  from  the  symbol. 
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18.  Great  care  must  be  exercised  if  the  "  Z  "  formulae  be  applied 
to  probabilities  that  exactly  or  at  least  r  lives  fail  within  or  after 
a  certain  period. 

The  probability  that  at  least  one  of  three  lives  (x),  (y)  and  (z) 
will  fail  in  the  (t+  l)th  year  was  shown  in  paragraph  16  to  be 

i-a-*i9.)a-.i&)a-.i?*) 

=  t\qx  +  t\qy  +  t\qz  -  (t\qx  *t\qy  +  t\q*  x  Mz  +  My x  t\q*) 

+  t\qx  *■  t\qy  *  t\q*- 

This  probability  referring  to  "  at  least "  one  life  failing,  the 
"  Z  "  formula  to  be  employed  in  its  evaluation  would  be 

rfz=z-Z2+Z3' 

where  Za  represents  the  sum  of  the  probabilities  of  two  lives  both 
failing  in  the  (t  +  l)th  year  for  all  combinations  of  two  lives  that 
can  be  made  from  the  original  number  of  lives. 

The  probability  that  the  last  survivor  of  three  lives  (oc),  (y)  and 
(z)  will  die  in  the  (t  +  l)th  year  is 

tlqUcyi  —  t\qx+  tWy  +  t\qz~  t\qxy  —  t\qxz  —  t\qyz  +  t\qxyz- 

The  event  under  consideration  here  may  occur  whether  one,  two 
or  three  lives  fail  in  the  (t  +  l)th  year.  With  the  provision,  there- 
fore, that  the  last  death  occurs  in  the  (t  +  l)th  year,  this  probability 
also  refers  to  "  at  least "  one  life  failing,  and  the  Z  formula  to  be 
employed  in  its  evaluation  would  again  be 

rfz  =  z-Z2+z- 

Here,  however,  7?  is  the  sum  of  the  probabilities  of  the  joint 
existence  of  two  lives  failing  in  the  (£  +  l)th  year,  for  all  com- 
binations of  two  lives  which  can  be  made  from  the  original 
number. 

In  these  two  examples,  therefore,  Z2  would  have  two  distinct 
interpretations  which  are  very  easily  confused,  and  it  is  advisable 
to  avoid  the  risk  of  error  thus  introduced  by  dealing  with  such 
questions  by  more  general  reasoning. 

19.  If  there  are  m  lives  aged  x,  what  is  the  most  probable 
number  of  deaths  among  them  within  a  year  ? 

The  probability  that  exactly  r  lives  fail  and  the  rest  survive 
is  (™)  q/  •  Pxm~r-    If  therefore  we  make  r  successively  equal   to 
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0,  1,  2,  ...m  we  shall  have  the  following  series,  the  successive 
terms  of  which  represent  the  probability  that  there  will  be  no 
deaths,  exactly  one  death,  exactly  two  deaths,  etc.  among  the 
m  persons : 

p™  +  mp™-* qx  +     v  |2      V™-2 1*  +  •  •  •  +  (?)  J>-"~ ?/+.... 

This  series  is  the  expansion  of(pa  +  qx)m  by  the  Binomial  Theorem; 
and  the  sum  of  all  the  terms  is  unity,  since  (px  +  qa)  =  l. 

In  order  to  ascertain  the  most  probable  number  of  deaths,  we 
must  find  the  term  in  the  above  expansion  which  has  the  greatest 
numerical  value. 

The  (r  +  l)th  term  >  the  rth  term 

so  long  as  ^)pxm~r  2/  >  (r-i)^m_r+1  %r~\ 

\m 


:PJ^q» 


r\m  —  r 

V >i> 

\rn 


r-\ 


m  —  r  +  1 


Px           qx 

m — r+1 q 
r        p 

>1, 

m  + 1      1 
r 

>f- 

m  +  1 

>1  + 

P 

r 
(m+l)q>r. 

The  terms  of  the  expansion,  therefore,  continue  to  increase  until 
r  is  the  greatest  integer  in  (m  + 1)  q,  after  which  they  decrease. 
The  greatest  term  in  the  expansion  is  the  (r  +  l)th,  which  involves 
qj,  and  the  most  probable  number  of  deaths  is,  therefore,  r  where 
r  is  the  greatest  integer  in  (m  +  1)  qx. 

If,  therefore,  an  Office  have  on  its  books  at  the  beginning  of 
a  year  m  policies  on  lives  aged  x,  the  most  probable  number  of 
claims  that  will  arise  among  them  in  a  year  is  (m  +  1)  qx. 

20.  In  practice  it  is  usual  to  look  at  the  expected  deaths  or 
expected  amount  of  the  claims  during  the  year.  In  order  to 
ascertain  the  expected  claims,  the  probabilities  of  0,  1,  2, ...  deaths 
occurring  must  be  multiplied  by  the  amount  that  will  be  payable 
in  respect  of  each  number  of  claims.   The  series  in  paragraph  19 
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gives  the  probabilities  of  0, 1,  2, . . .  deaths  among  m  lives,  and  if  we 
assume  that  each  policy  is  for  a  sum  assured  of  1,  the  measure  of 
the  company's  probable  liability  in  respect  of  claims  during  the 
year  will  be 

0 .pxm  +  1 . mp™-1  qx  +  2. m(m-l> pm-i qx*+...  etc. 
=  mqx  {#"-»  +  (m  -  1) p."-* q  +  (m~  1^wt  "  2)j?0m-8  f  +  . . . J 

=  ™g,*(p*  +  &!)m"~1 

It  will  be  appreciated  that  this  measure  of  the  probable  claims 
refers  to  claims  by  death  only.  In  respect  of  endowment  assurances' 
maturing  during  the  year  the  full  sums  assured  must  necessarily 
be  made  available  for  payments  as  these  claims  arise. 

21.  Joint  Expectation  of  Life.  The  joint  curtate  expectation 
of  life  of  two  lives  (x)  and  (y)  is 

txy=    2    tPxy     (18) 

and  the  joint  complete  expectation  of  life  of  the  same  two  lives, 

,  =         tPxy  dt 

Jo 

=  %  tPxy  +  %  approx. 
t=\ 

=  ea*/  +  £  (19). 

Also,  we  can  write 

exy  =  Pxy    "    t—iPx+i :  y+i 

=  PxyO-+ex+1:y+1), 
and  |  ifixy  ==  Pxy  \  J-  T  I  n—i^x+i :  y+\J- 

These  formulae  clearly  follow  the  same  lines  as  those  for  the 
expectation  of  life  of  a  single  life  (x)  given  in  Chapter  XII. 

22.  Joint  Life  Probabilities  under  Gompertz's  and  Make- 
ham's  Laws.  When  a  table  follows  Gompertz's  Law  the  probability 
of  survival  of  two  or  more  lives  of  different  ages  can  be  expressed 
as  the  probability  of  survival  of  one  life  or  any  number  of  lives 
of  equal  age. 

Thus,  by  Gompertz's  Law 

tPxyz-  M  =  tPx  xtpyxtPzX---™>  factors 

=  „(ca;+cI'+c»+...)(<:'-l). 


"xy  ■ 


234  JOINT  AND  SURVIVORSHIP  PROBABILITIES     [xill  22 

If,  therefore,  an  age  w  be  found  such  that  rcw  =  d*  +  cy  +  cz  +  ... 
to  m  terms,  where  r  is  any  selected  number, 

=  tPwww...  (r)     (20). 

It  is  evident  that  r  can  equal  unity,  in  which  case 
c?  +  cy  +  <?  +  ...  =cw. 

t=<XJ 

Since  ea#«...(m>  =   2   tPxyz...(m), 

t=\ 
it  follows  that,  when  Gompertz's  Law  holds,  we  can  write 

&xyz...  (ml  =  ^www...  (r) » 

where  rcw  =  c?  +  cy  +  cz  +  . . .  m  terms. 

23.  When  a  table  follows  Makeham's  Law,  the  probability  of 
survival  of  any  number  of  lives  of  different  ages  can  be  expressed 
as  the  probability  of  survival  of  the  same  number  of  lives  of  equal 
age.    Thus, 

tPxyz ...  b»)  =  tPx  x  tPv  x  tPz  x  •  •  •  m  factors 

_  smt  g(cx+c>'+<?+...)  (c'-i) 

whence,  if  an  age  w  can  be  found  such  that 

mcw  =c?+cy  +  <?  +  ...m  terms, 
we  can  write 

=:  tPvnmo...(m)   \^'-h 

For  the  joint  expectation  of  life  under  Makeham's  Law  we  can 
evidently  write 

&xyz...  (m)  =  Gwww...  (ml- 

This  property  of  Makeham's  Law  whereby  the  same  number  of 
lives  of  equal  age  can  be  substituted  for  a  number  of  lives  of 
different  ages  is  dealt  with  more  fully  in  Chapter  XV  on  Joint 
Life  and  Last  Survivor  Annuities. 

If  in  the  equality  mcw  =  cx  +  cy  +  (f+  ...m  terms,  each  side  be 
multiplied  by  JB,  and  if  further  mA  be  added  to  each  side, 
we  have 

m (A  +  Bcw)  =  (A  +  Be")  +  (A  +  Bcy)  +  (A  +  Be*)  +  ...  m  terms, 
or  m/j,w  =  fj,x  +  fiy  +  /j,z  +  . . .  m  terms, 

from  which  it  is  seen  that  the  equal  age  w  can  be  ascertained 
from  a  table  of  /^  just  as  readily  as  from  a  table  of  d". 
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EXAMPLES 

Ex.  1.  Given  that  the  probability  that  two  persons  aged  25 
and  50  respectively  will  both  live  25  years  is  "27516,  and  that,  by 
the  same  mortality  table,  out  of  93044  persons  alive  at  age  twenty- 
five,  82277  attain  age  forty,  what  is  the  probability  that  a  person 
aged  40  will  survive  till  the  attainment  of  age  75  ? 

The  question  gives  ^p^  x  wpm  =  -27516, 

i.e.  5-5°  x^  =  ^= -27516, 

^26  ^50  ^25 

,  lm     82277 

and   _  "*"-£- 98044 • 

It  is  required  to  find  xpm. 

_  ha  _  ks   hs  _  93044     _  k_1  _ 

=  •31117. 

Ex.  2.  Find  expressions  for  the  probabilities  that  out  of  25 
persons  aged  x, 

(a)   exactly  five  will  die  in  a  year ; 

(6)    not  more  than  five  will  die  in  a  year ; 

(c)  five  designated  individuals  and   no  more  will  die  in  a 
year; 

(d)  five  designated  individuals  at  least  will  die  in  a  year. 

(a)  The  five  lives  can  be  selected  in  (f)  ways,  and  the  proba- 
bility required  is,  therefore,  (f )  (qx)6  (px)w- 

(b)  This  is  the  sum  of  the  probabilities  that  there  will  be  no 
death,  one,  two,  three,  four  or  five  deaths  in  the  year ;  and  will  be 
given  by  the  expression 

(Pxr + 25  (Pxr .  qx + a)  (p*t  (?x)2 + (f )  (p*r  (q.y 

+  (f)(^)21fe)4  +  (f)(Px)2°fe)5. 

(c)  In  this  case  there  is  no  selection  to  be  made:  the  proba- 
bility is  (pxT(qxy. 

(d)  Here  it  does  not  matter  what  happens  to  the  other  20  lives, 
so  long  as  we  provide  for  the  five  designated  individuals  all  dying. 
That  is,  (ft,)6. 


236  JOINT  AND  SURVIVORSHIP  PROBABILITIES  [xill 

Ex.  3.  Find  the  probabilities  that  amongst  three  lives  all  aged  x, 
(a)  the  first  death,  (b)  the  second  death,  (c)  the  third  death,  will 
occur  in  the  (t  +  l)th  year. 

\a)       tPxxx  ~~  t+lPxxx> 

where  tpxxx  =  (tpx)s. 

(&)     «fts- tufts 

=  C&tPxx  -ZtPxxx)  -  (3<+,_Pxx  -  %+iPxxx) 


ixxxy 


where  <l2a»:  = 


lx+t  lx+t  —  l>x+t+l  lx+t+i 


vx"x 
\p)         tPxxx  ~~  t+lPxxi 

=  (3*^3!  —  3tpxx  +  tPxxx)  —  (3t+lPx  —  3t+lPxX  +  t+lPxXx) 

=  3t\2x  —  3t\qxx  +  t\qXxx- 
A  simpler  form  for  the  evaluation  of  (c)  is 

U+iQi^i  - 1  tQ^i = (i  -  t+iPx)3  -  (i  -  tPxf- 

Ex.  4.  A  widows'  annuity  society  pays  an  annuity  of  £10  per 
annum,  the  first  payment  being  due  at  the  end  of  the  year  in 
which  the  husband  dies.  The  society  is  recruited  at  the  be- 
ginning of  each  year  by  the  entrance  of  100  married  couples,  the 
husband  being  aged  30  and  the  wife  25.  After  five  years  from  the 
formation  of  the  society,  how  many  widows  will  there  be  on  the 
fund,  and  what  will  be  the  value  of  the  pensions  then  payable  ? 

Considering  any  one  of  the  100  couples  who  entered  at  the 
beginning  of  the  first  year,  the  probability  that  at  the  end  of  the 
fifth  year  the  wife  is  still  alive,  her  husband  having  died  previously, 
is  (1  -  BpM)  5^25. 

The  number  of  widows,  out  of  the  first  year's  entrants,  on  the 
funds  at  the  end  of  five  years  will  therefore  be 

100(1-5^30)5^* 

Similarly  from  the  couples  who  entered  at  the  beginning  of 
the  second  year,  the  number  of  widows  on  the  funds  at  the  end  of 
the  fifth  year  of  the  society's  existence  will  be  100(1  —tpm)iPM> 
and  so  on  for  the  other  years. 
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The  total  number  of  widows  on  the  funds  at  the  end  of  the  fifth 
year  will  therefore  be 

100  (1  -  tPm)  ^  + 100  (1  -  iPw>)  tfv  +  ■  ■  .  + 100  (1  -  #,„) pn 

=  100  (|„ea,-  |  5625:30). 

The  value  of  the  pensions  then  payable  will  be 

100  (1  -  6pm)  5^  X  10as„  +  100  (1  -  4j03o)  4^25  x  lOaas  +  . . . 

+  100  (1  -pS0)P23  x  lOas,, 
including  the  payments  just  due. 

Ex.  5.  A  Life  Office  has  the  following  whole-life  assurances  on 
its  books,  the  sum  assured  in  each  case  being  £100 : 
930  policies  on  lives  aged  25, 
924       „  „  „       26, 


917 
910 

904 

897 


27, 
28, 
29, 
30. 


On  the  basis  of  the  HM  Table  what  is  the  most  probable  number 
of  claims  that  will  arise  during  the  following  year,  and  what  is  the 
expected  amount  of  claims  during  that  year  ? 

The  most  probable  number  of  claims  will  be  ascertained  by 
taking  the  greatest  integer  in  2  (m  +  1)  qx. 

X  (m  +  1)  q„  =  931?.  +  925j26  +  918?27  +  911?.  +  905qw  +  898?30 

=  931  (-00707)  +  925  (-00720)  +  918  (-00732) 

+  911  (-00746)  +  905  (-00759)  +  898  (-00771) 

=  6-58  +  6-66  +  6-72  +  6-80  +  6-87  +  6-92 

=  40-55. 

The  most  probable  number  is,  therefore,  40. 

The  expected  amount  of  claims  is 

100  (930^25  +  924326  +  91 7^  +  910^  +  904g29  +  897^) 

=  657-510  +  665-280  +  671-244  +  678860  +  686136  +  691"587 

=  4050-617. 

£4050.  12s.  4d. 

The  actual  amount  will  necessarily  be  a  multiple  of  £100  and 
cannot  therefore  be  exactly  the  "  expected  "  amount  which  is  how- 
ever the  measure  employed  in  making  provision  for  the  liabilities 
that  will  fall  due  for  payment  during  the  year. 


CHAPTER  XIV 

CONTINGENT  PROBABILITIES 

1.  Probabilities  involving  two  lives.  To  find  the  probability 
that  (x)  will  die  in  the  (n  +  l)th  year  from  the  present  time, 
(y)  being  alive  at  the  moment  of  death  of  (x). 

Employing  the  argument  used  in  Chapter  I  16,  tpx  is  the 
probability  that  (x)  will  survive  to  time  t,  and  fix+tdt  is  the 
probability  that  (x  + 1)  will  die  at  that  moment  of  age.  The 
probability  that  (x)  will  die  at  moment  of  age  x  + 1  is,  therefore, 
tPxf*x+t  dt. 

Similarly,  tpy  is  the  probability  that  (y)  will  survive  to  time  t ; 
and  the  probability  that  (x)  will  die  at  moment  of  time  t,  (y)  being 
then  alive,  is  consequently 

tPx  Px+t  dt  x  tpy 

=  tPxyH'x+tdt       (1). 

If  this  expression  be  integrated  between  the  limits  n  and  n+  1 
the  result  is  the  probability  that  (x)  will  die  before  (y)  in  the 
(n  +  l)th  year.   This  probability  being  represented  by  ^g^  we  have 


rn+l 

nWxy=\         tPxyPx+tdt      (2). 

J  n 


Similarly,  the  probability  that  {x)  will  die  before  (y)  within  n 
years,  \nQxy,  is  obtained  by  integrating  the  same  expression  be- 
tween the  limits  0  and  n,  thus 


rn 

I  nHxy  ~  I 
Jo 


tPxyPx+tdt (3), 

and  the  total  probability  that  (x)  will  die  before  (y)  is 

Qxy=  \     tPxyfJ-x+tdt (4). 

Jo 
Substituting  for  fi^t  in  the  last  two  expressions  the  approxi- 
mate value  x+t~n7 — ^^  the  formulae  become 

Qi  _  I  ™  *+*    y±l  W*-i  —  Ix+t+i  jj. 
xy  —  \        J      •  ~J~  • ST ab 

.'  o     «■*        by  ^°x+t 


1  J^c-1   fn  ly+t    <>x-i+t  j.  _  'x+i    f  *  ly+t    lx+i+t  jj. 

2  (   lx    J0       by         Ix..!  Lx    J  o       I y  lx+1 

■ife'-*-l"«— } <5)- 
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Similarly,- 


Ql    I  J  &x—i :  y  o 

xV~2]~v         ~P"-ex+i:y 


•(6). 


2.   Another  expression  for  the  value  of  Q]^  is  obtained  by  con- 
sidering the  differential  coefficient  of  e^  with  regard  to  x.    Thus 

d 


-/■ 

Jo 


tPw  (p*  -  Px+t)  dt 

'0 
=  l^xexy~  <4xy> 

whence  <&,  =  &>**»- -$%  I 

=  [l>x  &xy  T  ^  (,6a;— i ;  y       6s+i  :  yjj 

The  method  of  obtaining  this  expression  should  be  compared 
with  the  method  employed  in  Chapter  VIII  6,  to  obtain  a 
formula  for  the  value  of  Ax.  A  similar  method  is  employed  in 
Chapter  XVI. 

The  corresponding  formula  for  \nQxy  is 

\iMxy  =  /*as | vfixy  +  2  (I i&x—\  :y~\ nex+\  :y)      (.")■ 

3.  On  the  assumption  of  a  uniform  distribution  of  deaths  over 
the  year  of  age,  (x)  will  on  the  average  die  in  the  middle  of  a 
year,  and  the  probability  that  (x)  will  die  in  the  (£+l)th  year, 
(y)  surviving  him,  may  therefore  be  taken  as  the  product  of  the 
probabilities  that  (i)  (x)  will  die  in  the  (£  +  l)th  year,  and 
(ii)  (y)  will  be  alive  in  the  middle  of  that  year.    That  is, 

I    l    _dx+t    ly+t+j  ,Q. 

mxy--f--    j       (»;■ 

<>x  "y 

The  corresponding  expression  for  the  probability  that  (x)  will 
die  before  (y)  within  n  years  is  obtained  by  taking  the  finite 
integral  of  this  expression  between  the  limits  0  and  n  —  1.   That  is, 


'    1  dx+t     ly+t+h 
XV  ."I  1        '       1 


I  nWxy  —      « 

<=0  I'x  ly 


t=oo  J  1 


and,  similarly,  Q\y=  t  —=— , 

«=o     <>x 
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Since     dx+t  =  lx+t  —  Ix+t+i  and  ly+t+i  =  §  v-y+t  +  ly+t+i) 
these  formulae  become 

t=n-l 
I  nQly  =      2      (tpx  -  t+1px)  .  i  (tpy  +  t+iPy) 

J  t=n-l 

=  o    ^    (tP*y  ~  *+*P«v +  *P* '  *+*Py  ~  *vP*  •  *Pv> 

=  |(i-^  +  l^-i^=-1)    (10). 

t  =oo 

and  Q^=  2  («p»  -  t+ii5*)  •  \  (tPv  +  *+iPy) 

=    1 1  I  6x~1'y     e"'-y-1\  n\\ 

2\        Px-i       i>y-i/ 

4.  The  formulae  for  \nQly  and  Q^  so  far  obtained  contain  the 
suffix  x  —  1  and  are  accordingly  unsuitable  for  use  in  connection 
with  "  Select  Tables." 

If,  however,  in  formula  (10)  we  write 

\vfix— l:y  =Px— l:y\l  +  \n— iex:y+i)> 

and  |  nex .  y_]  =  px .  y^  (1  + 1  „_x  e^ .  y), 

the  expression  becomes,  inserting  "  select "  symbols, 

UQlh-.M  =  H1  ~  »H«1  :t»]  +Byl  C1  +  U-letd:[yl+i) 

-  PW  (1  +  I n-iCM+i : [»])}    ■  •  -(12). 
Formula  (11)  can  similarly  be  written 

Qm:M  =  M1  +^[y](1+eM:[s/]+i)-^M(1  +  eM+i:[y])}  ..-(13). 

Expressions  (12)  and  (13)  are  of  course  applicable  to  both  Select 
and  Aggregate  Tables. 

In  order  to  render  formulae  (5),  (6),  (7)  and  (8)  applicable  to 
Select  Tables  it  would  be  necessary  to  employ  a  different  approxi- 
mation to  the  differential  coefficient  involved,  but  as  the  resulting 
formulae  would  not  be  of  practical  value,  it  is  not  thought  necessary 
to  extend  the  discussion. 

5.  Formulae  (5)  to  (13)  can  only  be  used  provided  the  appro- 
priate values  of  the  joint  expectations  of  life  are  available,  and  as 
this  is  very  seldom  the  case,  the  simplest  method  of  evaluation  of 
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a  contingent  probability  such  as  Q^  will  (unless  the  Mortality 
Table  follow  Makeham's  Law,  to  which  reference  will  be  made 
later)  be  by  means  of  approximate  integration. 

As  an  example,  let  it  be  required  to  find  the  value  of  Q^:60  by 
the  HM  Table  (Makeham  Graduation).  The  integral  for  this 
value  is 

1     f° 

^30: 60  =  j~~jr   I      'so+<  'so-H  fho+t  ">t, 

the  approximate  integration  formula  which  will  be  employed 
being 


/ 

Jo 


f  f(x)dx  =  n[28f(0)  +  l-62/(n)  +  2-2/(3n)+l'62/(5n) 

+  -56/(6»)  +  l-62/(7n)}, 
and  as  the  probability  must  in  any  case  terminate  at  the  death  of 
(60),  we  shall  take  7n=  102  -  60,  whence  n  =  6. 

The  calculation  is  as  follows  : 


n 

3« 

5n 

6re 

t 

0 

=  6 

=  18 

=  30 

=  36 

log  ^30+1 

— 

4-9314 

4-8748 

4-7697 

4-6737 

log^eo  +  t 

— 

4-6737 

4-2645 

3-1048 

1-8513 

log  H-30+t 

3-8854 

3-9425 

2-1424 

2-4654 

2-6627 

COlog  £30  lm 

— 

10-2776 

10-2776 

10-2776 

102776 

log  coeff. 

1-4472 

•2095 

•3424 

•2095 

T-7482 

Sum  = 

33326 

2-0347 

3-9017 

4-8270 

5-2135 

log"1 

•00215 

•01083 

■00797 

•00067 

•00002  = 

•02164 
6 

<&;60= -12984 
It  is  evident  that,  when  a;  =  0,  log  lso  and  log  Z60  added  to 
colog  4„  £<so  "will  give  zero  and  these  terms  are  accordingly  omitted. 
The  value  of  f(Tn)  will  also  clearly  be  zero  and  there  is,  there- 
fore, no  object  in  adding  to  the  work  by  extracting  the  various 
logarithms. 

The  method  employed  is  equally  suitable  when  Select  Tables 
are  employed  and  also  when  (30)  and  (60)  are  assumed  to  be 
subject  to  different  rates  of  mortality.  In  the  latter  case,  colog  Z^, 
log  4o+t  and  log  /j,30+t  would  be  taken  from  one  mortality  table  and 
colog  is,  and  log  4o+t  from  another. 

6.   The  probability  that  of  two  lives  (x)  and  (y),  (x)  will  die 
second,  Q%  ,  is  the  same  as  the  probability  that  (y)  will  die  first ; 
s.  16 
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i-e-  Qly=Qxl-  Also  since  either  (x)  or  (y)  must  die  first  (unless 
both  die  at  the  same  moment,  a  contingency  which  can  be  neglected), 
Qlv  +  Qx]  =  1;  whence  Qly  =  1  —  Qly  which  also  must  be  correct  since 
(x)  must  die  first  or  second. 

When  the  probabilities  are  limited  to  a  period  of  n  years  the 
formulae  are  different.  Since  the  probability  that  (x)  will  die  at 
moment  of  age  (x  + t)  is  tpx  fix+t  dt,  and  the  probability  that  (y) 
will  not  survive  to  time  t  is  (1  —  tpy) ;  the  probability  that  (x)  will 
die  at  time  t,  (y)  being  already  dead,  is  (1  —  tpy)  tpx  /Mx+t  dt.  Inte- 
grating this  expression  between  the  limits  0  and  oo  the  result  is 
the  total  probability  that,  at  the  moment  of  death  of  (x),  (y)  is 
already  dead ;  that  is,  that  (x)  dies  after  (y) ;  and  if  the  limits  be 
taken  as  0  and  n  the  result  is  the  probability  that  (x)  dies  after 
(y)  within  n  years.    That  is, 

rn 

I  nQly  =        (1  -  tPv)  tPx  f*x+t  dt 
J  o 

=  I nSix  ~  | nSJxy        \^)- 

7.  The  probability  that  (x)  will  be  alive  t  years  after  the  death 
of  (y)  is 

n+tPx  •  nfy  Hy+n  dn 
JO 

=  tPx  I      nPx+t :  y  Py+n  dn 
JO 

=  tPx  ■  Qx+f.l     (15), 

or,  on  the  assumption  of  a  uniform  distribution  of  deaths  over  the 
year  of  age, 

2 


7l=oo  J  1 

■^     "TH-n    >>x+n+t+$ 


n=0      ty  lx 

_   l>X+t    "■5°°   dy+n       lx+t+n+l 

I'X     n=0      by  "x+t 

=  tPx  •  Qx+t :  y  • 

In  either  case  Qx+t-.l  will  be  evaluated  by  means  of  one  of' the 
formulae  already  given. 

Similarly,  the  probability  that  (y)  will  be  alive  t  years  after  the 
death  of  (x)  is  tpy .  Qx:y+t,  and  the  probability  that  at  least  t  years 
will  elapse  between  the  two  deaths  is  therefore 

tPx  ■  Qx+f.l  +  tPy-Ql:y+t       (16). 
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It  follows  that  the  probability  that  two  persons  (x)  and  (y)  will 
die  within  t  years  of  each  other  is 

l-itPx-Qx+f.l  +  tPvQl-.y+t)     (I?)- 

If  the  lives  are  of  the  same  age  x,  this  last  expression  becomes 

l-2tPx-Ql:x+t- 

8.  The  probability  that  (x)  will  die  before  (y)  or  within  t  years 
of  the  death  of  (y)  is  the  complement  of  the  probability  that  (x) 
will  be  alive  t  years  after  the  death  of  (y),  or 

I-  tPx-  Qx+f.y> 

and  the  probability  that  (x)  will  die  during  the  t  years  following 
the  death  of  {y)  is 

I      (nPx  ~  n+tPx)  nPv  ■  fJy+ndn 

Jo 

=  Vx2/  —  tPx  •  ^ix+t-.y  ) 

which  is  evidently  correct  since  the  probability  required  is  the 
probability  that  (x)  survives  (y)  less  the  probability  that  (x)  is  alive 
t  years  after  (y)'s  death. 

9.  The  probability  that  (x)  will  be  alive  at  the  end  of  the  tth 
year  succeeding  that  in  which  (y)  dies  may  be  found  as  follows : 


<*7/-t-71         VX 


V     <*y+n     l'x+n+t+l 

n=0      l>y  "x 

n=oo 

=  tPx    2    (nPy  ~  n+iPy)  n+iPx+t 
n=0 

=  tPx  {Px+t  (1  +  ex+t+i-.y)  ~  Cx+t-.y}- 

10.  Probabilities  involving  three  lives.  Expressions  for  the 
values  of  more  complicated  contingent  probabilities  are  most  readily 
obtained,  as  a  rule,  by  means  of  the  Integral  Calculus,  and  for  the 
reasons  stated  in  paragraph  5  most  readily  evaluated  by  approximate 
integration. 

The  formula  for  the  probability  that  of  three  lives  (x),  (y)  and 
(z),  (x)  will  die  first,  Q1^,  corresponding  to  formula  (6)  for  Q1^,  is 
as  follows : 

Qlrn  =  I      tPxyzPx+tdt 
Jo 


tP*yz„     ^cftapprox. 

0  ^x+t 


"J, 


lx+t-i  ~  lx+t- 

2L 


Px  •  eas+i 

X-l 


:yz)    (18) 


16—2 
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or,  commencing  with  — j^ , 


Q^xyz 


O1     -  u,  P       -       m 
Vxs/z  —  ftxVxyz        ^x 

corresponding  to  formula  (7). 

The  expression  for  Q^  corresponding  to  formula  (11)  is  too  com- 
plicated for  practical  purposes. 

11.  When  dealing  with  probabilities  involving  the  order  of 
deaths  other  than  the  first,  it  is  instructive  to  reduce  the  formula 
to  an  expression  containing  only  probabilities  dependent  on  the 
first  death,  though  it  will  frequently  be  quicker  to  obtain  the  re- 
quired value  directly  from  the  integral  by  approximate  integration. 

The  probability  that  of  three  lives  (x),  (y)  and  (z),  (x)  will  die 
second,  (y)  having  died  first,  is 


Qlyz  =]0--  tPy)  tPxzPz+tdt, 

i      Jo 


where  the  condition  is  involved  that  at  the  moment  of  death  of  (%), 
(y)  is  already  dead — (1  —  tpy) — and  (z)  is  still  alive.  Divided  into 
two  portions  the  expression  becomes 

Qlvz  =  \     tPxzPx+t  -         tPxyzPx+tdt 

1      Jo  Jo 

=  <&.-(&*  (20). 

This  is  evidently  correct  since  the  probability  that  (%)  will  die 
second,  (y)  having  died  first,  must  be  the  probability  that  (x)  will 
die  before  (z),  less  the  probability  that  he  dies  before  (y)  and  (z). 

12.  When  dealing  with  probabilities,  the  student  is  sometimes 
confused  by  the  different  ways  in  which  the  same  question  can  be 
asked.  For  example,  the  problem  might  be  to  ascertain  the  pro- 
bability that  (z)  will  die  third,  (y)  having  died  first  (i.e.  Q^l),  but 

a  little  consideration  shows  that  this  is  the  same  as  the  probability 
last  dealt  with,  namely,  that  (x)  will  die  second,  (y)  having  died 
first.  That  is,  Q^  =  Q^ 


3 

txyz       *%xyz ' 
1  1 


13.   The  probability  that  of  three  lives  (x),  (y)  and  (z),  (x)  will 
die  second,  regardless  of  the  order  of  the  other  deaths,  is  the  sum 
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of  the  probabilities  that  (x)  will  die  second,  (y)  having  died  first, 
and  that  (x)  will  die  second,  (z)  having  died  first.   That  is, 

^i  =  *%xyz  "+"  *4xyz 
1  1 

=  <&  +  <&- 2QU     (21). 

14.  The  probability  that  (x)  will  die  third  of  the  three  lives  (x), 
(y)  and  (z)  is,  since  at  the  moment  of  death  of  (x),  (y)  and  (z)  must 
be  already  dead, 

QIU  =  I    (1  -  tpy)  (1  -  tPz)  tPxPx+tdt 
Jo 

—  f     0--tPv—  *Pz  +  tPyz)  tPxPx+tdt 
J  0 

-i-Qi.-QL  +  QU (22). 

This  is  clearly  also  the  probability  that  the  survivor  of  (y)  and 
(*)  will  die  before  (x).   That  is,  (&.  =  QB!± 

15.  The  probability  that  (x)  will  die  before  the  survivor  of  (y) 
and  (z),  Qlw,  is  the  complement  of  the  probability  that  (x)  will  die 
third.   That  is, 

Vx-.yz—  1  —  *lxyz 

=  <&  +  QL-<&* (23). 

Expressed  in  the  form  of  an  integral,  this  probability  is 

|    tPxH'x+t  •  tP^dt 
Jo 

=  I      tPx  Px+t  (tPy  +  tPi~t  Pyz)  dt 
J  0 

=  tyxy  +  Hxz  ~  tyxyz 

as  before. 

The  symbol  for  this  probability  might  also  be  written  Ql'^-yz, 
representing  the  probability  that  of  three  lives  {x),  (y)  and  (z), 
(x)  will  die  first  or  second. 

16.  Another  probability  that  must  be  considered  is  that  the 
joint  existence  of  two  lives  (x)  and  (y)  will  fail  during  the  lifetime 

ofOO,  Q%:z- 

This  is  the  sum  of  the  two  probabilities,  that  of  the  three  lives, 
firstly,  (x)  will  die  first,  and  secondly,  (y)  will  die  first.   That  is, 

Qs-.z  =  Qli/z  +  Qxlz   (24). 
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17.  Probabilities  involving  four  lives.  Having  dealt  with 
most  of  the  probabilities  concerning  the  order  of  dying  of  two  or 
three  lives  it  is  only  necessary  to  give  one  or  two  examples  involving 
four  lives. 

Considering  four  lives  (w),  (x),  (y)  and  (z),  the  probability  that 
(x)  will  die  second,  (w)  having  died  first,  is 

Qwlvz  =  I     (1  -  tPw)  tPxyzPx+tdt 
1  JO 

=  ^Cxyz  ~~  *iwxyz     (25). 

The  probability  that  (x)  will  die  second,  regardless  of  the  order 
of  the  deaths  of  the  others,  is 

QJwz  —  I    tP^i  ■  tPxPx+tdt} 
Jo 

since  if  (x)  is  to  die  second  there  must  at  the  moment  of  his  death 
be  exactly  two  of  the  others  still  alive ;  whence 

QJxyz  =         (tPwy  +  tPwz  +  tPyz  ~  3  tPwyz)  tPxPx+tdt 

JO 

—  Vtrcrs/  +  tywxz  H"  *4xyz  ~  &'4wxyz (^")- 

Similarly,  the  probability  that  {x)  will  die  third  is 

/.OO 

Qvxyz  —    I      tP^z~  ■  tPxpx+tdt 
JO 

=        (tPw  +  tPy  +  tPz-ZtPuy-ZtPwz-ZtPyz+StPny^tPxtlx+tdt 
JO 

=  Viae  +  Vary  +  Qxz  ~  2 Qvixy  ~  2  Vimz  —  ^%x)Z  +  "^i«xts     (27). 

If  the  problem  be  to  find  the  probability  that  (x)  will  die  first, 
second  or  third  of  the  four  lives,  it  is  necessary  to  provide  that  one 
at  least  of  the  other  three  survives  him.   That  is, 

Q1  'I'3  :wyz  —        tP^H  •  iPxpx+tdt 

Jo 

=        (tPw  +  tPy  +  tPz  ~  tPwy  -  tPwz  -  tPyz  +  tPwyz)  tPx^x+tdt 
Jo 

—  \lwx  +  *4xy  +  klxz  ~  Vwv  ~  Vwxz  ~  Ysjw  +  *4wxyz \"°h 

which  is  equal  to  Q^z  +  QK%Z  +  Qa%,z. 

18.  The  probability  that  of  four  lives  (w),  (x),  (y)  and  (z),  (y)  will 
die  third,  (w)  having  died  first  and  (x)  second,  is 

/•OO 

Qwxlz  =        (1  -  tPw)  tPxyzPx+t  QWf.z+tdt (29). 

12  Jo 
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To  evaluate  this  expression  it  would  be  necessary  to  employ  an 
approximate  summation  formula,  the  value  of  Q^rt:z+t  being  sepa- 
rately obtained  for  each  value  of  t  employed  in  the  calculation. 

19.  Contingent  Probabilities  under  Gompertz's  and  Make- 
ham's  Laws.  If  a  Mortality  Table  follow  Gompertz's  Law,  the 
probability  that  of  m  lives  (x),  (y),  (z),  . . .  etc.  (x)  will  die  first  can 
be  expressed  in  a  very  simple  form.   Thus,  since  /j,x+t  =  Be*4"', 

Ql„z...  (m)  =  I     tPxyz...  (m)  ~Bc?+tdt 
Jo 

=  <?+cy+<?f...(mtermS)\0  #~-  «  Bc*  <*+*+"+  •  •  • «  *"»»)* 
c* 

c*  +  c"  +  c?  +...  (to  terms) 

(30). 


fj,x+fiy  +  fiz+...(m  terms)  , 

since  the  integral  represents  the  probability  that  the  joint  lives 
(%),  (y),  (z), . . .  etc.  will  fail,  the  value  of  which  is  unity. 

When  the  lives  are  all  of  the  same  age  x,  the  formula  becomes 

Oi  --^1  =  1 

V*»...M        mc*       m> 

which  is  clearly  correct  whatever  mortality  table  be  employed,  be- 
cause if  all  the  lives  are  of  the  same  age  and  subject  to  the  same 
risk  of  mortality,  each  has  the  same  chance  of  dying  first. 

For  the  probability  of  (#)  dying  first  of  the  m  lives  within  n  years, 
we  have,  when  the  table  follows  Gompertz's  Law, 


I nQlyz ...  (m)  =  I     tPxyz...  (m)  Bc^'cft 
JO 


- 1   tVxyz ..  (m)  ~Bct(<?+ cy+cz+ . . .  m  terms)  dt 

3  Jo 


cx+cy+cz+...m  terms  Jo 

=  Qlyz ...  (m)  x  \nQxyz ...  (m)   ("I)- 

That  is,  the  probability  of  (x)  dying  first  within  n  years  is  equal 
to  the  probability  that  (x)  will  die  first  multiplied  by  the  probability 
that  the  joint  lives  will  fail  within  the  n  years.  This  equality  only 
holds  when  Gompertz's  Law  applies,  but  has  been  occasionally  made 
use  of  as  sufficiently  accurate  in  connection  with  mortality  tables 
which  do  not  follow  that  law. 
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20.   If  a  table  follow  Makeham's  Law,  we  have 

Qlyz ...  (m)  =  I      tPxyz ...  (m)  (A  +  Bc*+<)  «fe 

Jo 
=  Ae^...  w  +  &c  +  cy  +  cZ+^  mterms 

x  I    »P«jr«...  (m)  Be'  (c*  +  c8'  +  cz  +  . . .  m  terms)  e& 
Jo 


(P  +  cy  +  cz+  ...  m  terms 


x  |     ^!W2...(m)(/4a;+4  +  /ij,-H  +  /iz+i+...mterms-mA)^ 
Jo 


'o 


—  Aea,j,2...  (m)  +  /     ..(Vzyz...  (m)       f^^xyz...  (m)), 

whence,  if  we  can  find  an  age  w,  such  that 

mc™  =  cx  +  cy  +  cz  +  ...  to  m  terms, 
cx 

7/lC 

=  ^  (  ™  +  l0?e  S  •  ^<»»-  W  )  _  l0S«  *•  «««w...  (m) (32). 

This  last  expression  does  not  give  the  value  of  QiTO...(m)  to  obtain 
which  we  must  write  oc  =  y  =  z=...=w  on  the  right-hand  side  of 

the  equation,  the  result  being  Qiira....(m)  =  —  • 

When  a  table  follows  Makeham's  Law  the  temporary  contingent 
probability  does  not  take  so  convenient  a  form  as  when  Gompertz's 
Law  holds.    The  formula  when  Makeham's  Law  holds  is 

\n'%xyz...{m) 


cx  +  cy  +  cz  +  . . .  m  terms 

X  (  \n\ixyz...  (m)  ~  ™  •  \ifixyz...  Ml)  "t"  -A-  •  \ifixyz...  (m) 

_e[/l,n  ,  ,  |  .  \ 

—  >M  \  ™  '  I»h!mww...  (m)  "r  lOge  S  •  \ifiwvrw ...  (m)  I 

—  10geS.  \n6Www...  (m)    (3o)j 

where  mc"  =  c*  +  c2'  4-  c2  +  . . .  to  m  terms. 

It  is  seen  from  formulae  (32)  and  (33)  that  if  expectations  of 
life  for  equal  ages  are  tabulated,  the  calculation  of  contingent 
probabilities  by  a  table  following  Makeham's  Law  is  very  simple. 
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The  values  of  exx,  exxx,  and  exxxx  for  the  HM  Table  (Makeham 
Graduation)  are  given  on  page  411. 

21.  It  was  pointed  out  in  Chapter  XIII  10,  that  there  are  two 
forms  of  q^,  namely,  qx  x  qy  and  qx+qy  —  qxy,  but  that  the  latter 
form  only  can  be  applied  to  the  deferred  probability  t\9.w- 

The  following  is  an  interesting  example  in  which  there  is  also  a 
danger  of  the  wrong  form  being  employed. 

The  probability  that  two  persons  aged  25  and  30  will  both  die 
before  reaching  age  50  can  be  expressed  as  either 

I25V25  +  120^30  —  (|»>V25:30  +  20^25:30  •  |5y45.)> 

But  if  the  problem  be  to  find  the  probability  that  both  (25) 
and  (30)  will  die  before  reaching  age  (50)  and  in  the  lifetime  of 
(40)  we  can  adopt  one  form  only,  namely : 

[26^25:40  "r  120^30:40        V 1 20^25:30: 40  T  20?,26:30:40  ■  \sXH:eo)- 

The  expression  I^Qmim  x  1 20Q30: 40  is  n°t  correct,  because  if  (45)  die 
first  both  probabilities  fail,  and  they  are  therefore  not  independent. 

22.  The  integral  expressing  the  value  of  \nQxy  is 


rn 

J  0 


rn 
■'a 


tPxy  Px+t-.y+t  dt 

and  the  combined  integral  expressing  the  value  of  \nQlv  +  \nQ4  is 

tPxy  (Vx+t  +  f^y+t)  dt ; 

whence,  since  | nQxy  =  \nQly+\ nQxl . 

it  follows  that  H-x+t-.y+t  =  px+t+  py+t    (34). 

That  this  is  so  can  be  shown  as  follows : 

1      djx+t 
/VH~     l^t'dt 

d  loge  lx+t 
dt 

j  „  _       dloge  lx+i:y+t 

and  fix+f.  y+t  = ^ 

_  _  d loge lx+t  _  dlogely+f 
dt  dt 

=  px+t  +  py+t- 
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A  similar  equality  holds  for  any  number  of  lives,  and  we  can 
therefore  write 

/*«**„.  (m)  =  /**  +  Py  +  Pz  +  ■  ■  ■  (m  terms) (35). 


EXAMPLES 

Ex.  1.  Three  persons  A,  B,  and  0  are  of  the  same  age.  Find 
the  probability  that  between  the  end  of  the  mth  and  the  end  of 
the  (m  +  w)th  years :  (1)  one  at  least  will  die,  (2)  all  will  die, 
A  dying  first  and  B  second. 

Find  also  the  probability  that  A  and  B  will  die  within  this 
period  and  that  C  will  survive  the  (m  +  w)th  year. 

(1)  The  probability  that  any  one  of  the  lives  will  die  in  the 
period  named  is  mpx  —  m+npx>  and  that  he  will  not  so  die 

A        \mPx       m+nPxh 

The  probability  that  none  of  the  three  lives  will  fail  in  this 
period  is  therefore  {1  —  (mpx  —  m+nPx)\3i  and  that  one  at  least 
will  die 

1  -  {1  -  (mPx  ~  w+nPx)Y- 

(2)  The  probability  that  all  will  die  in  the  period  named  is 
(mPx  —  m+nPx)3,  but  since  they  can  die  in  six  different  orders,  and 
one  specified  order  is  mentioned,  the  required  probability  is 

~g  \mPx       m+nPx)  • 

(3)  In  this  case  the  selection  is  already  made,  and  the  proba- 
bility is 

\mPx  ~  m+nPx)   m+nPx- 

Ex.  2.   Express  in  the  form  of  integrals : 

(i)  the  probability  that  (x),  (y),  and  (z)  will  all  die  within 
n  years  in  the  order  named,  («)  within  one  year  of  (y)  and  (y) 
within  one  year  of  (z) ; 

(ii)  the  probability  that  (x),  (y),  and  (z)  will  all  die  within 
n  years,  at  least  m  years  separating  any  two  deaths  (n  >  2m). 

(i)  In  this  case  the  probability  must  be  divided  into  three 
sections,  namely  (a)  the  first  year,  when  if  (y)  die  there  is  no  possi- 
bility of  a  year  having  elapsed  since  the  death  of  (ao),  (b)  the  period 
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from  the  second  year  to  the  last  but  one,  when  there  is  time  for  a 
year  to  elapse  on  either  side  of  the  death  of  (y),  and  (c)  the  last 
year,  when  if  (y)  die  it  is  not  possible  for  a  year  to  elapse  after 
his  death. 

The  probability  required  is 


/, 


tVv  h/+t  (1  -  tPx)  (tPz  -  t+iPz)  dt 

—i 
+  I        tPy  H-y+t  (t-iPx  -  tPx)  (tPz  -  t+iPz)  dt 


I        tPyft/+t(t-iPx-tPx)(tPz-nPz)dt. 
J  m— l 


+ 

'  n— l 


(ii)  Assume  that  the  order  of  the  deaths  is  x,  y,  z,  then  the 
probability  is 

r  7»— -m 

|  (1  —  t-mPx)  tPy  Py+t  (t+mPz  ~  nPz)  dt. 

J  m 

The  required  probability  consists  of  this  and  five  similar  integrals 
based  respectively  on  the  deaths  occurring  in  the  orders 

z,y,x  :  x,  z,  y  :  y,  z,  x  :  y,  x,  z  :  z,  x,  y. 

Ex.  3.  The  probability  that  a  life  aged  20  dies  before  a  life 
aged  40  is  '2697,  the  probability  that  a  life  aged  20  dies  within 
10  years  is  0735  and  that  a  life  aged  30  dies  within  10  years  is 
'1005.  Find  the  probability  that  two  lives  aged  20  and  30  will 
die  within  10  years  of  each  other. 

We  are  given  Qm-.m  —  '2697, 

|io&„  =  -0735, 

jI0QS0  =  -1005. 
The  probability  required  is 

1  — (I      *Pzo  /i20+«  •  t+wPno  dt  +  I      tP3ofho+t-  t+wPio  dt) 

=  1  —  (10^30  •  V20:40  "t"  loPw  ■  V30:30.) 
=  1  —  (l0.Ps0  •  V20:40  +  f  I0P20) 

=  1  -  (-8995  x  -2697  +  J  x  -9265) 
=  -2942. 
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Ex.  4.   Find  by  the  HM  Table,  in  the  case  of  two  lives  aged 
24  and  22  respectively, 

(a)   the  probability  that  one  at  least  will  die  before  attaining 
age  40 ; 

(6)    the  probability  that  the  last  survivor  will  die  aged  40. 

(a)               1  -  16P24   X  ,8^22 
_   -j    ^40       "40 

—        T  'T 

"24      "22 

=  -238S. 

«40    .     °»40         "40  "40  —  '41 '41 


(6)        p  + 


or 


"24  '22  "24  "22 

d. 
I, 

=  -00229. 


(,    _   WljA  »40  /••    _    &24+18j\ 

^22      '  "22     \  "24      ' 


It  might,  at  first  sight,  appear  that  the  following  expression 
was  correct,  namely, 

0^40  I  -,    &4o\  »40   /•<    _  ^4C|\     ,     *40      *40 

"24     \  ^22/  "22     V  "24'  ^24         "22 

*40    /,  "40i\      .     *40   /  i  ". 


_  *40    /-l    _     ^4oA      ,     ^40   /-i     _  jW\ 
^24    \  ^22/  ^22     \  "24  / 


A  little  consideration  will  show,  however,  that  this  is  incorrect. 
The  terms  of  the  question  would  be  satisfied  even  if  (24)  died  at 
age  41  or  42,  so  long  as  he  died  before  (22)  and  the  latter  died  at 
age  40 ;  but  the  last  expression  does  not  take  this  into  account. 


CHAPTER  XV 

JOINT-LIFE  ANNUITIES.     ANNUITIES  PAYABLE  UNTIL 

THE  DEATH  OF  THE  LAST  SURVIVOR  OF  TWO  OR 

MORE  LIVES 

1.  Joint-Life  Annuities.  The  values  of  joint-life  annuities, 
whether  immediate  or  deferred,  can  be  expressed  in  precisely  similar 
terms  to  those  employed  in  Chapter  III  in  connection  with  single- 
life  annuities. 

2.  The  value  of  an  endowment  of  1  payable  at  the  end  of  t  years, 
if  both  (%)  and  (y)  be  then  alive,  is  vttpxy,  and  the  value  of  an 
annuity  of  1  payable  at  the  end  of  each  year  that  both  the  lives 
(<c)  and  (y)  survive — that  is,  the  value  of  an  annuity  of  1  payable 
annually  on  the  joint  lives  of  (x)  and  (y) — is 

£=oo 

axv=  X   tftPxy  (1). 

Similarly,  for  temporary  and  deferred  joint-life  annuities, 

t—n 

\naxy=  2  v^pxy  (2), 

t=\ 

t  =  ao 
n\axy=      2     tftPxy (3). 

Similar  expressions  hold  whatever  the  number  of  lives  involved. 
Thus  the  value  of  a  whole-life  joint-life  annuity  on  m  lives  aged 
w,  x,y,  z, ...  etc.  is 

£=00 

®wxyz... (7ft)  =    «   "  tPwxyz...km)i 
t=l 

the  corresponding  temporary  and  deferred  annuity  values  being 

*=« 

\nQ>wxyz...{m)  —    2t   V  tPwueyz...  (m)> 
t=\ 

t=m 

iufl"u>xyz ...  (m)  —     &     V  tPwxyz  ..Am)  • 
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Expressions  for  the  value  of  a{™\  a%]z,  etc.  can  be  found  in  the 
same  manner  as  those  for  c4M>  were  found  in  Chapter  VII,  the  variable 
being  taken  as  the  combined  status  (xy),  (xyz),  etc.  The  formulae 
then  become,  for  two  and  three  lives, 

m  —  1     m2  —  1 
"2m         12m2 


,  ,  m  —  i.      m-  —  j.  .  _.  , . . 


Similarly, 

axy=  axy  +  h-Tzipx+My  +  S) (6)> 

axyz=axyz  +  h  -^(flx+fiy  +  flz+S) (7). 

3.  Difficulties  arise  in  the  practical  evaluation  of  joint-life 
annuities,  it  being  clearly  impossible  to  tabulate  values  of  annuities 
on  more  than  two  lives  for  all  combinations  of  lives  that  can  occur. 

In  practice,  unless  a  table  follow  Makeham's  Law,  to  which 
special  reference  will  be  made  later,  the  tables  of  values  of  joint- 
life  annuities  available  are  generally  limited  to  those  on  two  lives, 
the  values  being  given  to  three  places  of  decimals. 

4.  Commutation  columns  for  two  joint  lives  have  been  suggested 
on  two  different  plans.   The  form  adopted  by  Griffith  Davies  is 

T>xy  =  1iXlxly (8), 

where  (x)  is  the  older  of  the  two  lives.  The  power  of  v  is  here 
made  to  depend  only  on  the  age  of  (so),  although  the  lives  are 
symmetrically  involved,  and  where  ordinary  benefits  only  are  under 
consideration,  no  inconvenience  is  experienced.  But  if  the  order  of 
survivorship  of  the  lives  be  in  question,  as  for  instance  in  the  case 
of  contingent  assurances  (to  be  discussed  in  Chap.  XVII),  we  shall 
find  that  Davies's  form  of  Joint-Life  Commutation  columns  involves 
us  in  complexity ;  two  cases  requiring  solution,  namely,  for  x  >  y 
and  x  <  y.  In  order  to  avoid  the  necessity  for  so  large  a  number 
of  tables,  De  Morgan  proposed  another  and  more  convenient  form 
of  commutation  column,  wherein  the  power  of  v  would  depend  on 
the  ages  of  (x)  and  (y),  thus, 

x-\-y 

Dxy  =  v^~lxly    (9). 

In  both  Davies's  and  De  Morgan's  forms  the  power  of  v  increases 
by  unity  for  each  addition  of  one  year  to  the  ages  of  both  (x)  and 
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(y).   In  De  Morgan's  form,  if  (a>)  be  taken  one  year  older,  while  (y) 
remains  the  same  as  before,  we  shall  have 

x+y  j  1 

■*-'b+i:»  =  v  '*'j/> 

while  by  Davies's  form 

~Dx+uy  =  i?!+1lx+1ly. 

A  column  of  N^  can  be  formed  from  the  values  of  D^  in  the 
same  manner  as  Nj,  is  formed  from  Dx.   That  is, 

Nw=    i'D^H:,^    (10). 

For  Select  Tables,  adopting  De  Morgan's  form, 

x+y 
Dfc][j,]  =  ,y   2    kdkvh 

D[x]+t :  [j/]+t  =  V   2         hxl+t  ky]+t  > 

and  assuming  the  Select  Period  to  be  five  years, 

t=i 

NfcHj,]  =  2  D[x]+«:[y]+*  +  'Nx+n-.y+B- 

When  both  lives  are  "  select "  and  are  subject  to  the  same  rates 
of  mortality  the  two  ages  can  be  enclosed  in  one  bracket,  thus : 

t=i 

N[sj/]  =  2  T>lxy]+t  +  ^x+my+s, 
t=0 

but  it  might  happen  that  Z[x]  is  taken  from  one  mortality  table  and 
l[y]  from  another,  in  which  case  the  more  general  form  N^y]  etc. 
should  be  retained. 

For  the  evaluation  of  varying  Joint-Life  Annuities  a  commuta- 

tion  function   SX2/  =  2  l$x+t-y+t  could  also  be  constructed.    This, 

t=o 

however,  is  very  seldom  required  and  for  isolated  cases  can  be 
obtained  by  summing  the  requisite  values  of  the  N^  column. 

Expressed  in  Commutation  Symbols  the  formulae  for  the  values 
of  whole-life  and  temporary  joint-life  annuities  are 

aDrib/]=  tS (H)> 

aca!][»]:nl  = r> (l2)> 

N[x]+i:[y]+i  ,, « 

<*foillyl  =  —- n (lo)» 

-^  _  ^fa]+l:[y]+i  ~  ^ts>Un+i:[yl+n+i  /im 

alx\ly]:nl—  1=j  V1*/- 
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When  an  aggregate  table  is  employed,  the  expressions  will  he 
of  the  same  form,  but  the  square  brackets  in  the  suffixes  will  be 
omitted. 

As  in  the  case  of  Commutation  Functions,  when  both  lives  are 
select  and  based  on  the  same  mortality  table,  both  the  ages  x  and 
y  can,  if  preferred,  be  enclosed  in  one  bracket :  for  example,  a^j. 

5.  Where  the  values  of  annuities  on  three  or  more  joint  lives 
are  required  other  methods  must  be  employed. 

Thomas  Simpson  in  1752  suggested  the  rule  known  as  Simpson's 
Rule,  which  may  be  expressed  as  follows : 

If  it  be  required  to  find  the  value  of  a^  where  x<y<z,  take 
w  such  that  aw  =  ayz  and  find  axa;  which  will  be  the  value 
required.    That  is,  when  aw  =  ayz, 

O'xyz  =  &XW 

Except  when  all  the  lives  are  advanced  in  years,  Simpson's 
Rule  gives  too  large  a  value.  An  age  w  can  be  found  such  that 
aw  =  ayz  exactly,  no  matter  what  may  be  the  ages  of  x  and  y ; 
but  by  making  the  assumption  that  because  aw  =  ayi,  therefore 
ct-xw  =  o-xyz,  we  also  assume  that  npw  —  npyz  for  all  values  of  n,  and 
this  latter  assumption  is  not  legitimate. 

Various  modifications  of  Simpson's  Rule  have  been  suggested, 
the  one  giving  the  best  results  being  that  given  by  Milne  in  his 
Annuities  and  Assurances.  This  is  simply,  "if  (z)  the  oldest 
life  proposed  be  under  45  years  of  age,  let  the  age  of  the  sub- 
stituted life  be  the  whole  number  next  greater  than  that  which 
expresses  the  age  (w).  But  if  the  age  of  (z)  be  not  under  45  years 
let  the  age  of  the  substituted  life  be  the  next  greater  than  that 
of  (w),  which  does  not  require  more  than  one  decimal  figure  to 
express  it." 

6.  Joint-Life  Annuities  when  Makeham's  Law  holds.    If 

Makeham's  Law  hold,  the  calculation  of  joint-life  annuity  values 
is  materially  simplified. 

Considering  the  value  of  an  annuity  on  m  joint  lives  (x),(y),(z), 
etc.,  we  have,  corresponding  to  Chapter  XIII  23, 

^xyz...  (ml  =   i    1>  tPxyz...{m) 
t=\ 

t  =  m 
—    ^    vl  Smt  a  (<;1+<!l'+c2+  •  •  •  m  terms)  (c'-i)  ( 
t=\ 
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whence,  if  an  age  w  be  found  such  that  mcw=  (f  +  cv +  c'+  ... 
(m  terms), 

«W...(m)=  %  v*  smt g™m  **-" 
t=i 

—    2    V   tPvmw>...lm) 

~  awww...  (m)     (!")• 

When  a  table  follows  Makeham's  Law,  therefore,  in  the  evalua- 
tion of  a  joint-life  annuity  on  m  lives  of  unequal  ages,  the  same 
number  of  lives  of  equal  age  w  can  be  substituted,  w  being  such 
that  mcw  =  cx  +  cy  +  c'+  ...  (m  terms). 

In  Chapter  XIII  23,  it  was  pointed  out  that  if  both  sides  of 
this  equation  be  multiplied  by  Makeham's  constant  "  B,"  and  if, 
further,  mA  be  added  to  each  side,  the  result  is 

m  (A  +  Bcw)  =  (A  +  Be*)  +  (A  +  Bc^)  +  (A  +  Be2)  +  . . .  (m  terms) 
or  mfiw  =  fix  +  fiy  +  /j,z  +  . . .  (m  terms), 

from  which  it  is  seen  that  the  equal  age  w  can  be  obtained  just  as 
easily  from  the  values  of  /j,  for  the  various  original  ages,  as  from 
the  appropriate  powers  of  the  constant  c. 

It  follows  from  formula  (15),  that  with  a  table  following 
Makeham's  Law,  annuities  for  equal  ages  only  need  be  tabulated, 
and  the  employment  of  such  a  table  is  thus  an  immense  advan- 
tage in  connection  with  all  calculations  into  which  the  values  of 
joint-life  annuities  of  more  than  two  lives  enter.  The  Tables 
on  pages  420,  428  and  436  give  the  values  of  joint-life  annuities 
for  equal  ages  for  two,  three  or  four  lives  on  the  basis  of  the 
HM  Table  (Makeham  Graduation)  at  rates  of  interest  3,  3£,  and 
4  per  cent. 

Tables  based  on  the  true  HM  Table  are  printed  in  a  volume 
called  The  Institute  of  Actuaries  Life  Tables.  That  table  was  not 
graduated  by  Makeham's  Law,  but  the  values  of  joint-life  annuities 
given  on  pages  420,  428  and  436  can  if  desired  be  combined  with 
the  values  of  other  functions  based  on  the  true  HM  Table  without 
material  loss  of  accuracy. 

As  examples  of  the  method  of  calculating  the  values  of  joint- 
life  annuities  when  Makeham's  Law  holds,  let  it  be  required  to 
find  the  values  of  a^.^  and  aw.,3i.a,  on  the  basis  of  the  HM  Table 
(Makeham  Graduation)  at  3  per  cent. 

s.  17 
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For  0^.40  /*,,  =  -00798 

fi„  =  -00990 

2 


01788 


■00894  =  /u»„, 

^82 :  40  =  <he-72 :  36-72  > 

whence  by  first  difference  interpolation  between  the  values  of 
a36:S6  and  a37:37  given  on  page  420  we  find  that  a32:4o  =  14-667. 

For  a30: 3B: 46  pa  =  -00768 

/*,„  =  -00854 
^=-01204 


3  0^826 


•00942  =  ^38.48, 

^30:  35:  45  =  a38-48:  38-48:S8'48) 

whence,  by  first  difference  interpolation  between  the  values  of 
038:38:38  and  a39:3ci:39  given  on  page  420  we  find  that 
Oso:  ss:  45  =12-035. 

7.  The  method  of  evaluating  joint-life  annuities  on  the  basis  of 
a  table  following  Makeham's  Law  is  of  great  practical  import- 
ance. In  paragraph  6  the  equal  age  to  be  substituted  for  the 
original  ages  was  calculated  in  each  case  directly  from  the  values 
of  /j.,  but  a  simpler  method  depending  on  what  is  known  as  the 
Law  of  Uniform  Seniority  is  generally  adopted.  This  law  may  be 
explained  as  follows : 

When  two  lives  of  equal  age  w  are  substituted  for  two  lives  of 
unequal  ages  oc  and  y,  where  y  is  greater  than  x,  the  seniority  of 
the  substituted  age  w  over  the  younger  of  the  original  ages  x 
will  always  be  the  same  for  the  same  difference  between  the 
original  ages  (y  -  x)  whatever  the  individual  original  ages  may  be. 

This  can  be  demonstrated  algebraically,  for, 
if  2cw  =  cx  +  <P, 

then  cw  =  \&  (1  +  &-">), 

and  w_^  =  log(l  +  c^)-log2 

logo 
which  is  constant  so  long  as,  y—  x  remains  constant. 

This  law  greatly  facilitates  the  calculation  of  annuity  and  other 
values,  because  by  calculating  the  value  of  w  —  x  for  each  value  of 
y  —  x  a  table  is  obtained  from  which  the  addition  to  be  made  to 
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the  age  x  in  order  to  arrive  at  the  age  w  is  readily  found  by 
inspection,  without  reference  to  the  values  of  fix  or  cx. 

8.    A  similar  method  can  be  applied  when  three  lives  are  in- 
volved.   Consider  the  three  lives  (x),  (y),  and  (z)  where  x<y<z. 
For  the  three  lives  of  unequal  ages  three  lives  of  equal  age  u 
may  be  substituted,  provided 

3c«  =  cx  +  c»  +  cz. 
First  find  an  age  w  such  that 

2cw  =  cx  +  &, 

whence,  as  shown  above, 

log(l  +  c»-a!)-log2 

w  —  x  =  — — -, - 2—  . 

logo 

Then  3c"  =  c*  +  c^  +  c2 

=  2cw  +  <? 
=  cw  (2  +  c?-™), 
;.    (u  -  w)  log  c  =  log  (2  +  cz~w)  -  log  3, 
log  (2  +  cz-w)  -  log  3 
logo 

If,  therefore,  two  tables  be  constructed,  one  giving  the  values  of 
w  —  x  corresponding  to  the  difference  y—x,  and  the  other  giving 
the  values  of  u— w  corresponding  to  the  difference  z  —  w,  we  can,  by 
entering  each  of  the  tables  in  turn,  ascertain  without  reference  to 
the  values  of  /mx  or  <f  the  equal  age  to  be  substituted  for  the 
three  original  ages. 

Or,  if  w  —  x  =  h  and  u  —  w  =  k,  the  ages  thus  being  *,  x  +  h, 
x  +  h  +  k  respectively,  one  table  can  be  prepared  giving  for  each 
value  of  h  combined  with  each  value  of  k,  the  value  of  t,  the 
addition  to  be  made  to  the  youngest  age,  so  that 

ax :  x+h :  x+h+k  —  ax+t :  x+t :  x+t  • 

9.  Tables  of  Uniform  Seniority  on  the  basis  of  the  HM  Table 
(Makeham  Graduation)  for  two  and  three  lives  respectively  and  on 
the  basis  of  the  0[NM]  Table  for  two  lives  are  given  on  page  476. 
It  must,  however,  be  borne  in  mind  that  for  the  former  table 
equal  ages  can  only  be  used  when  all  the  original  ages  involved  are 
above  28. 

The  use  of  these  tables  can  be  illustrated  by  reference  to  the 
examples  given  in  paragraph  6.    For  the  two  lives  aged  respec- 
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tively  32  and  40,  the  difference  between  these  ages  being  eight 

years,  reference  to  the  table  for  two  lives  shows  that  the  equal  age 

will  be  32  +  4'72  =  36-72.    For  the  three  lives  aged  respectively  30, 

35  and  45,  reference  to  the  table  for  two  lives  shows  that  the  equal 

age  to  be  substituted  for  30  and  35  is  30  +  278  =  32'78.    The 

difference  between  this  last  age  and  45  is  12-22  and  reference  to 

the  table  for  three  lives  shows,  after  interpolation,  that  the  addition 

to  be  made  to  3278  is  5'7l,  giving  3849  as  the  equal  age  to  be 

employed  in  place  of  the  three  unequal  ages. 

The  following  values  of  annuities  by  the  HM  Table  at  3  per  cent. 

interest  are  given  in  order  that  the  student  may  test  the  method 

of  using  the  tables  of  uniform  seniority  for  himself,  and  also  the 

alternative  method  of  obtaining  the  equal  ages  directly  from  the 

values  of  fi : 

aS6:il     =14-185, 

ass-.m     =10-411, 

^45  :  68:  70  =       D'QQVj 

a33:37:43  =  12-043. 

10.  Even  where  a  table  does  not  follow  Makeham's  Law  the 
assumption  of  equal  ages  based  on  a  table  which  follows  that  law 
may  give  results  sufficiently  accurate  for  practical  purposes. 

Thus  Messrs  Austin  and  Symmons  in  the  introduction  to  their 
volume  of  Tables  on  Two  Joint  Lives  of  Equal  Age  based  on  the 
British  Offices  Life  Tables  say : 

"  The  0M  «6»,  0[M)  and  0[NM)  Mortality  Tables  follow  Makeham's  first 
modification  of  Gompertz's  Law.  The  Law  of  Uniform  Seniority, 
therefore,  applies  at  all  ages  and  for  all  durations  of  assurance 
under  these  three  Tables,  and  for  convenience  of  reference  a  Table 
of  Uniform  Seniority  has  been  placed  at  the  beginning  of  each  of 
these  Sections. 

"  The  0M  Mortality  Table  does  not  follow  Makeham's  first  modi- 
fication of  Gompertz's  Law,  and  the  Law  of  Uniform  Seniority 
does  not  apply  except  at  ages  85  and  upwards,  where  the  0M  and 
0M(6)  tables  are  identical.  The  substitution  of  two  lives  of  equal 
age  for  two  lives  of  unequal  age  is,  however,  a  great  convenience 
in  practice,  and  two  Tables  are  appended  indicating  the  error 
involved  by  assuming  that  the  Law  of  Uniform  Seniority  holds 
for  this  Table  of  Mortality.  The  Table  of  Uniform  Seniority  used 
was  that  applicable  to  the  other  Tables." 
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It  is  not  necessary  to  reproduce  the  tables  here,  but  after  giving 
these,  the  authors  continue : 

"  It  will  be  seen  that  where  the  difference  in  age  is  small  and 
also  where  the  age  of  the  younger  life  is  about  35  or  upwards,  the 
error  involved  by  the  assumption  is  small." 

11.  When  a  table  follows  Makeham's  Law  a  single  life  can  be 
substituted  for  two  or  more  joint  lives  provided  the  rate  of  interest 
be  changed.    Thus 

Q'xyz..Am)  —    Z   V  tP%yz...(m) 
t=l 

—    g   vt smtg(c'+c«+c'+-m terms)  (c'-i) 
t=l 

=  2  (vsm-1)tstgc°^'-l) 
t=i 

=  <*'„ (16), 

where  c"  =  cx  +  cy  +  &  +  . . .  torn  terms,  and  a'  is  calculated  at  such 

J  gm— l  1  + 1 

a  rate  j  that  Vj  =  ViS™*1,  or  ^ -.  = . ,  whence  j  =   — ;  ,  —  1.    The 

J  3  l+j        l+l>  J        sm-i 

special  rate  of  interest  at  which  a'  is  calculated  thus  depends  on 
the  number  of  lives  involved. 

In  the  case  of  the  Makeham  Graduation  of  the  HM  Table 

log  s  =  -  -0026893. 

Using  i  to  denote  the  rate  of  interest  at  which  the  value  of  the 

annuity  is  required  and  iw ,  im ,  i(ij  the  corresponding  rates  for  two, 

three  and  four  joint  lives  we  have,  calculating  i{m)  from  vlm)  =  vs"1-1, 


i 

J(2) 

'(3) 

Ht) 

■03 

■0364 

•0428 

•0493 

•035 

■0414 

•0479 

■0544 

•04 

•0465 

•0530 

•0595 

•05 

•0565 

•0631 

•0697 

•06 

•0666 

•0732 

•0799 

If  this  method  were  adopted  it  would  not  be  possible  to  obtain 
the  age  of  the  single  life  from  the  values  of  fi  because  when 

cw  =  c*  +  cy  +  cz  +  . . . 

the  corresponding  relation  does  not  hold  for  the  forces  of  mortality 
under  Makeham's  Law. 
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The  increase  in  i  is  approximately  constant  for  all  rates  of  interest 
used  in  practice,  and  in  the  case  of  the  HM  Table  (Makeham 
Graduation)  is  "0065  for  each  additional  life  involved.  That  is,  if 
the  value  of  an  annuity  on  m  lives  be  required  it  is  equivalent  to 
the  value  of  an  annuity  on  an  equivalent  single  life  calculated  at 
rate  i  +  (m  —  1)  x  -0065  when  m  is  not  large. 

12.  Evaluation  by  Approximate  Integration.  When  appro- 
priate tables  of  annuity  values  are  not  available,  whether  the 
mortality  table  follow  Makeham's  Law  or  not,  the  simplest  method 
of  evaluation  of  an  isolated  joint-life  annuity  is  by  approximate 
integration. 

Let  it  be  required  to  find  the  value  of  aso  :35:46  by  the  HM  Table 
(Makeham  Graduation)  at  3  per  cent,  by  means  of  the  approxi- 
mate integration  formula 

=  n  {-28/(0)  +  1-62/ (n)  +  2-2/(3n)  +  l-62/(5w) 

+  -58/(6»)  +  l-62/(7n)}. 

The  integral  to  be  evaluated  is 

_  If" 

a30  :  35:  45  =  j      7      j~  I        1)    ha+t  "SS+t  "45+«  <**» 
'30  hs  ''45  J  0 

and  since  the  payments  cease  on  the  death  of  any  one  of  the 
lives  involved,  we  must  take  7n  =  102  —  45,  whence  n  =  8.  The 
value  of  /(0)  is  unity,  so  that  for  this  term  it  is  only  necessary  to 
insert  the  coefficient  ('28)  in  the  calculation,  and  the  value  of/ (7m) 
will  clearly  be  zero  to  several  places  of  decimals,  and  can,  there- 
fore, be  omitted.  The  value  of  f(6n)  in  this  case  must  also  be  very 
little  more  than  zero  and  might  be  omitted,  but  as  this  is  not 
quite  so  easy  to  foresee  as  the  value  of  /(In)  the  calculation  of 
f(6n)  has  been  carried  out  in  the  same  manner  as  the  other  terms. 
The  calculation  is  as  follows : 


I  f(x)dx-- 

Jo 


n 

3n 

5n 

6rc 

t 

0 

=  8 

=  24 

=  40 

=  48 

log  v' 

— 

1-8973 

1-6919 

1-4865 

1-3838 

log^30  +  (        ••• 

— 

4-9236 

4-8320 

4-5795 

4-2645 

l0gZ36  +  t         ••• 

— 

4-9017 

4-7819 

4-4083 

3-9235 

loglie,  +  i      ... 

— 

4-8402 

4-6060 

3-7390 

2-5635 

colog  l30  l3i  Z45 

— 

15-2205 

15-2205 

15-2205 

15-2205 

log  coeff.     . . . 

1-4472 

■2095 

•3424 

•2095 

1-7482 

Sum= 

1-4472 

1-9928 

1-4747 

3-6433 

5-1040 

log"1 

•28 

■9836 

•2983 

•0044 

•0000  =  1-5663 

8 

£30:36:45  =  12-5304 
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whence,  to  three  places  of  decimals, 

«30:  35:45  =  «30:  85:  45  —  2  +  iV  (^30  +  /•%  +  /*45  +  8)  =  12035, 

which  is  the  value  found  in  paragraph  6. 

The  value  of  a  temporary  joint-life  annuity  can  similarly  be 
ascertained  by  approximate  integration. 

Let  it  be  required,  for  example,  to  find  the  value  of  a30: 35:45:201 
by  the  HM  Table  at  3  per  cent. 

We  have 

_  j         po 

a30 :  35 :  45 :  i»|  =  T — j — 7       I      *    ^30+«  ^85+<  "45+ 1  «»f 
'a)  f35  ''45      0 

and  the  formula  we  shall  employ  is 

(•20  rio  po 

I  f(x)  dx=\  f(x)dx+\  f(x)  dx 

Jo  Jo  J 10 

=  f  {/(0)  +  4/(5)  +/(10)}  +  #  {/(10)  +  4/(15)  4-/(20)} 
=  I  {/(0)  +  4/(5)  +  2/(10)4-4/(15)  4-/(20)}. 
The  calculation  is  as  follows  : 


n 

2» 

3re 

in 

t 

0 

=  5 

=  10 

=  15 

=  20 

log  B* 

— 

1-9358 

1-8716 

T-8074 

T-7433 

log^30  +  < 

— 

49352 

4-9153 

4  8916 

4-8621 

l0g^35+«        ■•• 

— 

4-9153 

4-8916 

4-8621 

4-8233 

log^  +  J 

— 

4-8621 

4-8233 

4-7697 

4-6929 

Colog  ?30 :  35 :  45 

— 

15-2205 

15-2205 

15-2205 

152205 

■0000 

1-8689 

T-7223 

T-5513 

T-3421 

log"1 

1- 

•7394 

■5276 

•3559 

■2198 

4 

2 

4 

1-  2-9576         10552         1-4236  -2198  =  6-6562 

^30:35:45:201  =  I  (6-6562)  =  11093 

the  correct  value,  obtained  by  equal  ages,  being  11-081. 

The  method  of  approximate  integration  is  equally  simple 
whether  the  lives  involved  are  assumed  to  be  subject  to  the  same 
or  to  different  rates  of  mortality.  For  example,  if  (30)  were  taken 
on  the  basis  of  Mortality  Table  A,  (35)  on  Table  B  and  (45)  on 
Table  C,  logl^t  and  colog  £30  would  be  taken  from  the  first  table, 
log  ^35+t  and  colog  l35  from  the  second,  and  log  lib+t  and  colog  l„ 
from  the  third. 

13.  Annuities  payable  until  death  of  Survivor.  The  value 
of  an  annuity  of  1  payable  at  the  end  of  each  year  that  one 
at  least  of  two  lives  (x)  and  (y)  shall  survive ;  that  is,  an  annuity 
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payable  during  the  joint-lives  and  the  life  of  the  survivor  of  (x) 
and  (y) ;  is 

a^=  2  tftVw i1*1) 

t=\ 

=   2    Vt(tpx+tPy-tPxy) 
t=l 

=  ax  +  ay  —  a^    (18). 

This  formula  can  be  obtained  by  general  reasoning.  If  there 
be  an  annuity  payable  during  the  life  of  (%),  and  a  second  annuity 
payable  during  the  life  of  (y),  the  sum  of  these  will  provide  a 
payment  of  2  so  long  as  both  survive  and  a  payment  of  1  after 
the  first  death  so  long  as  the  survivor  lives.  If,  therefore,  we  deduct 
day,  the  value  of  an  annuity  payable  so  long  as  both  survive,  the 
result  is  the  value  of  a^. 

14.  To  find  awxyz  {m),  the  value  of  an  annuity  to  continue  so  long 
as  at  least  r  lives  out  of  m  lives  survive. 

The  value  of  the  tth  payment  is  if  tPm*z  ...m  &n&  of  the  annuity 

<=» 

r_ V       *       — 

®'wxyz..Am)  ^    ™  tPwxvz...(m) 

=  *  2°  v*  JZ'  -  rZ^1  +  r(-r+V  Z'+2  -  . . .  etc.j , 
where  each  power  of  Z  represents  the  sum  of  certain  probabilities 

of  the  form  tpwxyz   (r).  Therefore,  to  obtain   2  vtipmx!/z   ^  we  must 

t=i 

take  the  sum,  for  all  values  of  t,  of  vl  multiplied  into  the  corre- 
sponding value  of  each  of  the  probabilities  included  in  each  power 

of  Z.   But   2  ^tPwxyz   mi  =  a>wxyz   (»i ,  and  therefore,  when  we  take 
t=x 

the  sum  of  the  discounted  probabilities  included  in  the  various 
powers  of  Z,  we  have  simply  to  replace  the  probabilities  by  the 
corresponding  joint-life  annuities.  Extending  in  this  sense  the 
meaning  of  Z,  so  that,  when  dealing  with  annuities,  Zr  signifies  the 
sum  of  the  values  of  the  annuities  on  r  joint  lives  for  all  the  com- 
binations of  r  lives  that  can  be  made  out  of  the  m  lives,  we  have 

WHS  =  Zr -  rZ^  +  r±+H Z'+s -  . . .  etc. 
Zr 

=  (TTzy (19)' 

in  accordance  with  Chapter  XIII,  formula  (17). 


XV  16]  SO  LONG  AS  r  LIVES  SURVIVE  265 

As  an  example  of  this  formula,  let  it  be  required  to  determine 
the  values  of  055;,  a~  and  a~. 

_  Z 

=  Z-Za  +  Z'-Z4 

=  (aw  +  ax  +  ay  +  az)  -  (awx  +  a^  +  aw  +  axy  +  axz  +  ayz) 

T  \flwxy  +  Q"axz  T  0>wyz  T  &xyz)       Q"wxyz     \™*), 


s  _ 


Z2 


(1  +  Z)2 
=  Z8  -  2ZS  +  3Z4 


3 


(1+Z)S 
=  Z3-3Z4 

==  V^wsy  ">    ^waz  t"  Q"uryz   '    ^xyz)       d&wxyz      \-"^/* 

15.  Similarly,  to  find  aaxyz  J^,  the  value  of  an  annuity  payable 
only  while  exactly  r  lives  out  of  m  lives  survive,  we  have 

M=         K 

ay>xi/z. ..(«>)        q    ,    2V+1 

-g-(r  +  l)Z^  +  (r+1)ir  +  2)Z^-.... 

If 
As  an  example  of  this  formula 


*"**      (1  +  Z)3 

=  Z2-3Z3  +  6Z4 

=  ^wx  ~i~  ^wy  "T~  ^wz  "r  ^xy  "r  ^a:z   r  ®yz 

—  o  (<xwa^,  +  a,wxz  +  tt^yz  +  ct^)  +  oaWXyz . 

16.  It  has  been  shown  that  when  a  table  follows  Makeham's 
Law  we  can  find  such  an  age  w  that  axy  =  aww,  but  it  does  not 
follow  that  a^  =  a^. 

If  Uxy  =  a^K,,  then  ^^  =  (])„,  for  all  values  of  t,  and 

tttcy  =  0W>     (&)• 

Similarly,  if  a^  =  a^  we  shall  have  a^  =  a^  or 

or  (Biaceaxy  =  ame)  ax  +  ay  =  2aw    (/3). 

It  is  fairly  obvious  that  as  a  rule  these  two  different  relationships 
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between  x,  y  and  w  cannot  hold  good,  but  a  formal  proof  can  be 
furnished  as  follows : 

Differentiating  (a)  with  respect  to  age,  we  get 

®xy  (fJ'xy  +  S)  —  1  =  «w  {Pww  +  S)  —  1, 

whence,  remembering  that  axy  =  aww,  Pxy  =  fiww,  or 

Px  +  {J-y  =  2f*w  (7). 

Differentiating  (/3)  we  get 

ax  (jix  +  8)  - 1  +  ay  (jiy  +  8)  -  1  =  2aw  (/u.w  +  8)  -  2, 
and  substituting  for  aw  and  fiw  their  values  in  (/3)  and  (7), 

axfix  +  ayfiy  =  (ax  +  ay)  \^x  2  ^ j . 

Multiplying  out,  this  reduces  to 

axfix  +  ayfi.y  =  axfjiy  +  a,,/^, 
or  ax  (fix  -  fxy)  =  ay  (fix  -  fj,y), 

which  cannot  be  true  unless 

ax  =  ay  or  /ix  =  fiy, 
and  neither  of  these  relations  can  hold  unless  x  =  y  or  fi  is  constant. 
Now  fi,  is  not  constant,  but  increases  with  the  age,  the  increase 
being  very  rapid  at  advanced  ages,  therefore  the  equations 

O'xy  =  ^ww   anO-   Ojr^y  =  Uwu,   (Or   fflJJ  =  CS^;   and    G^  =  O^k,) 

cannot  both  hold  good  unless  x  =  y,  when  the  two  sides  of  each 
become  identical.  That  the  amount  of  the  error  may  be  serious  is 
shown  by  the  following  figures  taken  from  the  HM  Table  (Makeham 
Graduation)  at  3  per  cent.,  the  values  of  w  being  calculated  to  one 
decimal  place : 


X 

y 

w 

awvi 

axt 

Error 

20 

40 

34 

22-354 

23-831 

1-477 

60 

52-7 

16204 

22  669 

6465 

80 

72-3 

8-169 

22-123 

13-954 

40 

60 

54 

15-697 

18-220 

2-523 

80 

72-7 

8-011 

17-332 

9-321 

60 

80 

74 

7-507 

10-682 

3175 

80 

90 

86-1 

3-545 

4-221 
• 

■676 

It  will  be  noticed  that  a^  is  less  than  a-  in  all  cases,  and  that 

the  difference  increases  rapidly  as  the  difference  between  x  and  y 

becomes  larger.  This  also  appears  from  the  following  considerations. 

The  joint-life  annuitycannotcontinue  longerthan  the  "complement* 

*  The  complement  of  life  is  the  difference  between  the  present  age  and  the 
limiting  age  of  the  mortality  table. 
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of  life  "  of  the  older  of  the  two  lives,  however  young  the  other  may 
be ;  therefore,  the  age  of  the  older  life  is  the  preponderating  factor 
in  determining  the  joint-life  annuity  value  a^ ;  and  this  prepon- 
derance increases  with  the  difference  between  x  and  y,  until,  in  the 
limiting  case,  when  the  older  life  (y  say)  reaches  the  limit  of  life, 
^xy  =  ay  (both  of  them  being  zero),  and  the  age  of  the  younger  life 
has  no  effect  whatever  on  the  value.  Accordingly,  the  substituted 
age  w  must  be  nearer  the  older  than  the  younger  of  the  two  lives, 
or  w  >  \{x  +  y),  and  the  excess  increases  with  the  difference  between 
x  and  y.  On  the  other  hand,  the  last  survivor  annuity  may  continue 
for  the  "  complement  of  life  "  of  the  younger  of  the  two  lives,  how- 
ever old  the  other  may  be ;  and  the  age  of  the  younger  is  therefore 
the  preponderating  factor  in  this  case,  and  the  preponderance  in- 
creases with  the  difference  between  x  and  y  until,  in  the  limit,  when 
y  reaches  the  limit  of  life,  a^  =  ax,  and  the  value  depends  solely  on 
the  age  of  the  younger  life.  Therefore  the  age  z  at  which  a^  =  a^z 
must  be  nearer  the  younger  than  the  older  life,  or  z  <  \  (x  +  y). 
Hence  z  must  be  less  than  w,  and  accordingly  a—  greater  than  a„, 
and  the  difference  between  them  increases  with  the  difference 
between  x  and  y. 

17.  The  evaluation  of  a  deferred  last  survivor  annuity  presents 
peculiar  difficulties. 

Let  it  be  required  to  find  the  value  of  an  annuity  of  1  per  annum 
payable  during  the  life  of  the  survivor  of  (x)  and  (y),  the  first 
payment  to  be  made  at  the  end  of  the  (n+  l)th  year;  that  is,  a 
joint  and  survivorship  annuity  of  1  to  (x)  and  (y)  deferred  n  years. 

If  (x)  and  (y)  both  survive  n  years  the  value  of  the  annuity  will 
then  be  ax+n:y+n  and  its  present  value  subject  to  this  condition  is 

V   nPxyax+n:j/+n- 

The  present  value  of  the  annuity  subject  to  the  condition  that 
(x)  only  survives  n  years  is  vnnpx(l  —  npy)a>x+n,  and  that  (y)  only 
survives,  vnnpy  (1  -  npx)  ay+n. 

These  three  cases  exhaust  the  possible  cases  under  the  annuity 
of  which  the  value  is  required,  and  this  value  is  therefore 

Vnnpx(l  -  npy)  (Lv+n  +  Vnnpy  (1  -  npx)  Oy+n 

-rV   nPxy  \flx+n  T  Q>y+n      ^x+n:y+n) 

=  vnnpxax+n  +  vnnpyay+n  -  vnnpxyax+n:y+n 

—  m|  ®x  T  n\  ®>y       n\  ®xy      \^")> 

which  can  be  represented  by  »|a-. 
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For  this  annuity  to  become  payable  it  is  not  necessary  that  both 
(x)  and  (y)  survive  n  years,  and  therefore  it  is  not  correct  to  write 


It  is  equally  incorrect  to  write 

«l  axy  =  v   nP^y ax+n:y+n > 

since  this  would  provide  an  annuity  corresponding  to  ax+n:i/+n  even 
when  only  (x)  or  (y)  survived  the  period  of  deferment. 

18.  An  interesting  problem  is  to  find  the  value  of  an  annuity  of 
1  payable  to  (x)  during  the  life  of  (y)  and  for  t  years  after  the  death 
of  (y)  should  (x)  live  so  long. 

During  the  first  t  years,  the  payments  of  bhe  annuity  depend 
only  on  the  survivance  of  (so),  and  the  value  of  the  annuity  for  this 
period  is  ax:j\. 

Considering  the  period  after  the  first  t  years,  a  payment  will  be 
made  at  the  end  of  the  (t  +  r)th  year,  if  (x)  be  then  alive,  and  (y) 
was  alive  t  years  before,  i.e.,  at  the  end  of  the  rth  year.  The 
value  of  this  payment  is,  therefore,  vt+ri+rpx .  rpy  and  the  present 
value  of  the  annuity  after  t  years  is 

2      Vt+rt+rpx.rpy 

r=l 

r=oo 

=  vftpx  S  vrrpx+t:y 

r=l 

=  VttPxaX+t:y 

The  value  of  the  whole  annuity  is,  therefore, 

&x:t\+    -pv      Q>x+t:y 

—  ax r=j —  (ttx+t  ~  Q>x+t:y)    (24). 

*-*x 

19.  The  value  of  an  annuity  of  1  payable  at  the  end  of  each  year 
during  the  joint  existence  of  (x)  with  the  survivor  of  (y)  and  (z) 
and  for  t  years  after  the  death  of  such  survivor  should  (x)  live  so 
long,  can  be  obtained  in  a  similar  manner. 

Here  also  the  value  of  the  annuity  during  the  first  t  years  is 
ax:t\ .  Considering  the  period  after  t  years,  a  payment  will  be  made 
at  the  end  of  the  (t  +  r)th  year,  if  (x)  be  then  alive  and  the  survivor 
of  (y)  and  (z)  was  alive  at  the  end  of  the  rth  year.  The  value  of 
this  payment  is  vt+rt+rpx .  rp-,  and  the  value  at  the  outset  of  that 
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part  of  the  annuity  which  will  fall  after  the  first  t  years  is 

2    V^t+rpx  ■  rV7z 
r=\ 

r=oo 

=  Vttpx   2   Vrrpx+t(rpy  +  rPz-rPyz) 
r=l 

=  v  tPx  \flx+t:y  +  0>x+t:z  ~  ax+t:yz)> 

whence,  the  value  of  the  whole  annuity  is 

ax : t[  +  ~j) —  (ax+t : y  +  ax+t : z  ~  Q>x+t : yz) 

=  d'x fj—  (ix+t  —  ax+t:y  —  ®x+t:z  +  Cl>x+i:yz) i*0)- 

■'-'a; 

Other  annuities  of  this  nature  (such,  for  example,  as  an  annuity 
payable  during  the  joint  existence  of  (as)  and  the  survivor  of  (y) 
and  (z)  and  for  t  years  after  the  death  of  (so)  should  the  survivor  of 
(y)  and  (z)  live  so  long)  are  readily  dealt  with  in  the  same  way. 

20.  The  methods  employed  to  reduce  expressions  for  the  values 
of  various  annuities  are  perfectly  general,  and  can  be  applied  how- 
ever many  lives  are  included  in  any  status  and  when  one  of  the 
lives  is  replaced  by  a  term  certain. 

The  value  of  an  annuity  of  1  payable  at  the  end  of  each  year  so 
long  as  three  lives  (a),  (b)  and  (c)  exist  jointly  with  three  other 
lives  (x),  (y)  and  (z)  might  be  represented  by  a^i0)^z),  but  this  is 
equivalent  to  an  annuity  payable  only  during  the  joint  existence 
of  the  six  lives  named,  the  value  of  which  is  aaiexyz. 

If  the  annuity  is  to  be  payable  so  long  as  the  three  lives  (a),  (b) 
and  (c)  exist  jointly  with  the  survivor  of  the  three  lives  (x),  (y)  and 
(z),  the  expression  for  its  value  can  be  found  as  follows : 

£=oo 

aabe:xvz  =    2    V  tPabc-  tP^i 
t=\ 
t=m 

=   2    V^pabc  .  (tpx  +  tPy  +  tPz  ~  tPxy  —  tPxz  ~  tPyz  +  tPxyz) 
t=l 

=  O'abcx   i  ttabcy  T  &dbt:z      ^oicxy      ®abcxz  ~  ^abeyz  T  &abcxyz-  •  •(.*&). 

21.  It  is  required  to  find  the  value  of  an  annuity  of  1  payable 
at  the  end  of  each  year  until  the  survivor  of  (25)  or  (30)  reaches 
age  50,  or  until  his  death  if  both  lives  die  before  attaining  that  age. 

The  value  of  this  annuity  is 

G'MiasI  +  a30:20]  —  a26:30:20|  • 

The  first  term  provides  for  an  annuity  of  1  payable  until  (25) 
reaches  age  50  or  until  his  death  before  that  age,  and  the  second 
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term  provides  a  similar  annuity  to  (30).  But  so  long  as  both  lives 
continue  in  existence  and  neither  has  reached  age  50,  these  terms 
will  provide  for  two  annuities  being  payable,  and  it  becomes  neces- 
sary to  cancel  one  of  these  by  deducting  the  value  of  an  annuity 
during  the  joint  existence  of  the  lives  for  the  period  that  must 
elapse  until  the  elder  reaches  age  50. 

This  is  a  particular  example  of  the  annuity  the  value  of  which 
can  be  represented  as  follows : 

a£7SJ)G^D  =  «»:SI  +  a2/:^l  -  Oxy-.^l    if  m  >  W 

=  Ctx:nl+ dy.^  —  axy:^\  if   n  >  m    (27). 

=  a^:Sl  ifm  =  w 

22.  The  value  is  required  of  a  deferred  annuity  of  1  payable  so 
long  as  either  of  two  persons  now  aged  25  and  30  respectively  lives 
after  age  50.   This  value  is 

25|(2'25  T  20|^S0         25|^25:30- 

In  this  case  if  (30)  lives  to  age  50  and  receives,  say,  one  payment 
of  the  annuity,  and  then  dies,  the  payments  will  cease  until  (25) 
attains  age  50. 

This  also  is  a  particular  example  of  an  annuity  the  value  of 
which  can  be  represented  as  follows : 

n\  ®x    i    m\  @"y       m\  ®xy   l*  ^  ^*  ^     1 

n\ax  +  ml^y  —  nl^sy    if  «  >  Wl    I       (28). 

n\a-  \im  =  n  J 

23.  Joint-Life  Annuities  when  Gompertz's  Law  holds.    It 

has  already  been  intimated  in  Chapter  XI  that  none  of  the 
mortality  tables  in  use  at  the  present  time  follows  Gompertz's  Law, 
though  at  the  very  old  ages  the  mortality  displayed  is  frequently 
very  similar  to  that  which  would  be  shown  on  this  basis. 

For  reasons  which  will  become  apparent,  however,  it  is  an  ad- 
vantage to  consider  the  calculations  of  joint-life  annuities  by  such 
a  table.   By  a  table  following  Gompertz's  Law 

=  2  vigc'°{ct-1'1 

=  aw  (29), 

where  cw=ti*  +  cy +  &>+  ...  (m  terms),  or  fiw  =  fix  + fj,y  +  fiz+ ■■• 
(m  terms). 
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If,  therefore,  an  age  w  be  found  such  that  /u.w  is  equal  to  the  sum 
of  the  forces  of  mortality  at  the  original  ages,  the  value  of  an  annuity 
payable  during  the  joint  existence  of  the  original  lives  is  equal  to 
the  value  of  a  single-life  annuity  to  (w). 

24.  The  Law  of  Uniform  Seniority  holds  in  the  case  of  a  table 
following  Gompertz's  Law.   For  two  lives  (x)  and  (y),  where  y  >  x, 

cw  =  cx  +  &, 
.-.     cw~x=  l  +  cp-", 

log(i  +  cy-*) 

w—x=  -2-^ . 

logc 

In  this  case  the  age  of  the  single  substituted  life  is  always 
greater  than  that  of  the  older  of  the  two  original  lives. 

When  three  lives  (x),  (y)  and  (z)  are  involved,  in  order  to  con- 
struct tables  of  uniform  seniority,  we  must  first  find  an  age  w  such 

that 

log;  (1  +  tin-*) 

cw  =  (?  +  cy,  or  w-x=  — 2-: ' , 

logc 

and  then  find  an  age  u  such  that 

cu  =  cx  +  cv  +  cz 

=  Cw+(f, 

,  log  (1  +  c*-») 

whence  u  —  w=    °  . . 

logc 

Thus  the  expression  is  the  same  in  each  case,  proving,  as  can  be 
seen  from  general  considerations,  that  all  that  is  necessary  is  to 
construct  one  table  of  uniform  seniority,  and  when  three  lives  are 
involved  to  enter  this  table  twice.  If  four  lives  were  involved  the 
table  would  have  to  be  entered  three  times,  and  so  on. 

25.  Approximations  to  the  values  of  Joint-Life  Annuities. 
It  has  been  indicated  that  even  where  Makeham's  Law  does  not 
hold  it  is  frequently  sufficiently  accurate  in  calculating  the  values 
of  joint-life  annuities  to  assume  equal  ages  based  on  a  somewhat 
similar  table  which  follows  that  law. 

In  a  note  in  J.  I.  A.  Vol.  XLIV  Messrs  Elderton  and  King  inves- 
tigated the  question  of  employing  an  approximation  to  the  joint- 
life  annuity  value  based  indirectly  on  Gompertz's  Law.  They  point 
out  that  the  formula  axy  =  aw  holds  if  /*„+„  +  /Vf»  =  /*»+«  f°r  a^ 
values  of  n,  and  proceed  to  state  that : — 
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" It  is  clear  that  an  age  w  can  be  found  at  which  ffliW  =  aw... but 
the  difficulty  in  approximating  is  to  guess  the  equivalent  age 
required  without  working  out  the  whole  of  the  joint-life  annuity 
table.  To  put  this  difficulty  in  another  way,  we  may  say,  that  if 
Gompertz's  Law  holds,  we  can  use  the  values  of  /t  at  the  ages  at 
which  the  annuity  is  calculated  (i.e.  %  and  y) ;  if  it  does  not  hold 
can  we  use  them  at  some  other  ages  we  have  yet  to  find  ?  As  soon 
as  the  question  is  stated  in  this  way,  it  occurs  to  one  that  a  good 
result  might  be  obtained  by  averaging  the  values  of  fi  from  the 
ages  at  entry  onwards,  or  by  taking  them  arbitrarily  some  years 
later." 

They  then  point  out  that  "  The  number  of  years  to  be  chosen 
depends,  so  far  as  our  investigations  have  gone,  on  the  value  of  the 
joint-life  annuity  which  it  is  required  to  find." 

As  an  example,  it  is  required  to  find  the  value  of  a20:40  by  the 
0M  Table  at  3  per  cent,  on  the  assumption  that  the  only  tabular 
values  available  are  ax  and  fix. 

The  method  of  approximating  is  as  follows : 

Hn  +  fi*  =  -00399  +  -00900  =  -01299  =  fi„.7, 
a„.7  =  14-861. 

This  annuity  value  being  approximately  15,  take 

Mso+u  +  /^o+i5  =  -00725  +  -02000  =  -02725  =  pM.m„ 
whence  a20:40  =  a44.6=  15-948, 

which  is  a  good  approximation  to  the  true  value,  15-958. 

As  a  second  example,  to  find  aw.w,  we  have 

/%  +  M30  =  "01168  =  /X4B.J3, 

aii.t3=  15-570, 
A'so+is  +  ^8o+i6  =  "02378  =  /^.flfr+u, 
whence  a30:30  =  a41.657  =  16-905, 

the  true  value  being  16933. 

In  the  case  of  joint-life  term  annuities  the  age  of  the  single  life 
to  be  used  in  the  calculations  is  taken  as  the  mean  of  the  ages 
found  for  the  single  life  when  based  on  the  ages  of  the  joint  lives 
at  each  end  of  the  term. 

Example:  To  find  the  value  of  ax:Si:^\  by  the  0M  Table  at 
3  per  cent., 

(1)  nn  +  pw=  "01035  =  /*43.12, 

(2)    /Jjjo+jo  +  /432+10  =  '01567  =  /i«.06+10- 
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Therefore  taking  the  mean  of  43-12  and  41-06,  the  age  required 
=  42-09,  and  we  have 

a20:32:iol  =  ^4209  :iol  =  O'025, 

the  true  value  being  8018.   If  the  age  had  been  taken  as  4312 
the  result  would  have  been  7 -999. 
As  a  second  example,  take  aa.„.^, 

(1)  /%  +  ^37  =  '01731  =  flK.,z, 

(2)  ^41+22  +  ^37+22  ='06160  =  ^48  02+22- 

The  mean  of  5272  and  4802  is  50-37,  whence 

a41:37:22l  =  aM-37:22l  =  12  483, 

the  true  value  being  1247 4. 

EXAMPLES 

Ex.  1.  Calculate  the  values  of  o^. 35.40  and  a35.35.35  by  *^e  HM 
Table  at  3  per  cent. 

6^30:35:40  =  ^30  +  &35  +  di0       G&30.35       G&so:40       "35:40  T  ^30:35:40 

=  Q-30  T  OJ35  +  &40         a32-8:32'8         &36'1:36'1         &87'8:  37-8  T  ^35-8: 35-8 :35'8 

=19-895+18-613+17-177-15-722-14-841-14-361+12-756 
=  23517, 

a3i :  35 :  36  =  "^hs       «a35:35  +  a35:3S:35 

=  55-839  - 45-426  +  12964 
=  23-377. 

Ex.  2.  Find  the  value  of  an  annuity  of  1  payable  yearly  so  long 
as  (x)  lives  with  (y)  and  for  n  years  after  the  death  of  (y),  but  in 
arjy  event  no  payment  to  be  made  after  m  years  from  the  present 
time,    (m  >  n.) 

The  value  during  the  first  n  years  =  ax.^\. 

The  value  of  the  payments  to  be  made  after  n  years  is 

t=m— n 

2    vn^n+tpx.tpy 
t=i 

t—m~n 

=  VnnPx      2      ifitPw.y 
t  =  \ 

_  Dz+n  

—     -rv      ax+n:y.m—n.\  • 

The  total,  value  is  therefore 


ax:n\  i      j\      ax+n:y:m-n 


x+n 
'x 

18 
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Ex.  3.  Find  by  the  HM  Table  at  3  per  cent,  interest  the  value 
of  a  curtate  annuity  of  £100  per  annum,  payable  half-yearly,  until 
the  death  of  the  survivor  of  two  lives  aged  30  and  35  respectively, 
the  annuity  to  cease  on  both  lives,  or  the  survivor,  attaining 
age  50. 

The  expression  for  the  value  is 

a36?i6]  +  "sofiiol  ~  a30:S6:15l 


,  1/       DM\  1/       D„ 

-a       -..    1(i      B--A 
80:35:Iil     4 11      D30:J- 


To  evaluate 


"3B:l6l  —  "35  —  T^j- 
■■^35 

=  18-613 -7-528 
=  11-085, 

N60 

-L»30 

=  19-895  -  6-237 
=  13-658, 

■^47-8:47-f 


^30:35:151  —  a32-8:32-8  ~  "pv 

■L'32-8:32-8 

=  15-722  -  5-302 
=  10-420, 

i(1-E-j=i(1-5424)=-114' 

£[  1    _    -^45:6o\  _  £  /l    _  -^47-8:47-8\ 
*  V  1^80:35'  4  \  l-'32'8:32-8/ 

=  i(l- -4711)  =  -132. 
Therefore,  the  value  required  is 

11-085  +  -114  +  13658  +  -138  -  10-420  -  -132 
=  14-443. 
The  values  in  this  solution  have  been  obtained  by  means  of 
four-figure  logarithms. 
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Ex.  4.  A  life  aged  30  desires  to  purchase  a  deferred  annuity  of 
£100  per  annum,  payable  yearly,  to  be  entered  upon  on  attainment 
of  age  60,  subject  to  the  following  conditions : 

(a)  provided  (30)  survives  to  age  60  the  annuity  payments 
are  to  continue  for  10  years  certain  and  so  long  thereafter  as  he 
survives ; 

(b)  in  the  event  of  a  life  now  aged  25  surviving  until  (30) 
attains  age  60,  the  annuity  is  to  continue  for  10  years  after  the 
death  of  (30)  should  (25)  live  so  long. 

Find  the  net  value  of  this  annuity  on  the  basis  of  the  HM  Table 
with  3  per  cent,  interest. 

The  value  of  the  annuity  may  be  considered  in  two  parts, 
namely: — (a)  that  part  which  depends  on  the  life  of  (30)  only 
and  (6)  that  part  which  is  also  dependent  on  the  survival  of  (25). 

The  value  of  (a)  is 

lOOxMasi+^aJ. 

•L,30  |_  ■L,60         J 

As  regards  the  value  of  (6),  provided  both  lives  survive  30  years, 
a  payment  not  included  in  (a)  will  be  made  at  the  end  of  the 
(10  +  t)th  year  thereafter  if  (25)  be  then  alive,  and  (30)  was  alive 
at  the  end  of  the  tth  year  but  not  alive  at  the  end  of  the  (t  +  10)th 
year.   The  value  of  this  payment  is  therefore 

V^nPia-.m  ■  V^'w+tPa  {tPm  ~  t+wPw), 
and  the  value  of  this  part  of  the  annuity  is  therefore 

t=co  £=oo  I 

Vwwp65  2  «'*#»:» -t^MiJMja,  2  tftPw.n] 
t=\  i=l  J 

—  i  nn  J    M    m  „  -^6s:7o         \ 

~  \W      '1      a85:60— T=j  a65:70f  • 

(U25     ''30  -L'2S:30  J 

Combining  (a)  and  (b)  the  value  required  is 

100  )TT  ai°l  +  TT  +  TT  ■  F  a65:6°  ~  n —  f  • 

lJ-'S0  ■L,30         ■L'25     "80  1JS!S:S0) 

The  equal  age  for  ages  65  and  60  is  62-8 ;  for  66  and  71,  68*8 ;  and 
for  25  and  30,  27-8.  The  values  of  logD*,  log  D„,  log  Nra  and  a^ 
are  given  in  the  tables  on  pages  418  to  420. 

The  numerical  value,  employing  four-figure  logarithms,  is 
100  {2-306  +  864  +  -671  -  -331} 

=  351. 

18—2 


100  x  E 


-L'25:30 
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Ex.  5.  A  man  aged  35  effects  a  policy  on  the  life  of  his  son 
aged  2,  payable  at  death  after  age  21. 

The  net  premiums  are  to  be  returned  if  the  son  dies  before  age  21, 
and,  should  the  father  die  before  the  son  attains  age  21,  all  pre- 
miums are  to  cease  till  the  son  reaches  age  25,  thereafter  to  resume 
and  continue  payable  during  the  life  of  the  son. 

Obtain  a  formula  for  the  net  premium  and  show  the  value  of  the 
policy  at  the  end  of  10  years. 

Let  P  represent  the  net  premium,  then 

Value  of  Benefit    =  ^-  [M21  +  P  {(M2  -  M2))  +p35  (M3  -  M21) 

2  +  sp35  (M4  -  M21)  + +  18p35  (M*  -  M21)}], 

Value  of  Payment  =  P    a2:35:^|  +  j~  a21  +  (1  -  ltpm)  jy  a^ 

-pfa.     -+   v   (5? a    _9-a  W^a.1 

—  r     >»2:si:ig|  T  19JW35  I  tT  «*m       t-v    "kIt  yT  0*25 


=  P 


D21  As  "I 

32:35:191  +  19^35  jY~  a2i:4|  +  -pj    a^     , 


M21 


P-. ^ 


I  a^sB:!^  + 19^35  t\  a2i:4|  +  -p.  a25     -p.  |(M2     M21) 

i  +2>35(M3-  ig  +  ......  +  18p35(M20-  M21)}. 

If  (35)  still  alive 

M         P 

»V  =  TT  +  if  [11  (M12  -  M21)  +p46  (MM  -  M21) 

J-'l2  -L'l2 

+  2^45  (MM  -  Ma)  + +  8j»45  (M20  -  Ma)] 

■^-'21  -^-^25 

ai2:45:gl  +  9?>45  =pT~  a2i:4-|  +  =j=r—  a^ 
^_  ±/12  J_»12 

If  (35)  dead 

10  *  =  j=j    h  jy  L-"li2 —  MaJ  —  "  jr-  a26, 

where  £  =  number  of  premiums  paid  up  to  death  of  (35). 
If  we  neglect  mortality  of  the  child  before  21 
Value  of  Benefit    =  v19  A21 , 

„  Payment  =  P[aSB:^|+v1919pa6a21:4l+?;!l34p21a2is]. 
The  policy  value  at  the  end  of  10  years  would  then  be  taken  as 
P^-l). 


CHAPTER  XVI 

JOINT-LIFE  AND   LAST-SURVIVOR  ASSURANCES.     COM- 
PLETE JOINT-LIFE  AND  LAST-SURVIVOR  ANNUITIES 

1.  The  expressions  for  the  values  of  joint-life  assurances  are 
precisely  similar  to,  and  obtained  in  the  same  manner  as,  the 
formulae  for  the  corresponding  single-life  assurances  dealt  with  in 
Chapters  III  and  IV.  For  example,  let  it  be  required  to  find  the 
value  of  an  assurance  of  1  payable  at  the  end  of  the  year  in  which 
the  joint  existence  of  two  select  lives  (x)  and  (y)  fails. 

The  probability  that  the  joint  lives  (x)  and  (y)  will  fail  in  the 
(t  +  l)th  year  is  t\<lix]iy]>  a]Qd  the  value  of  a  unit  payable  at  the  end 
of  that  year,  if  this  event  happen,  is  vt+1t\q[x][y].  The  value  of  an 
assurance  of  1  payable  at  the  end  of  the  year  in  which  the  first  of 
these  lives  fails,  represented  by  A[x][y],  is  therefore 

Mx][y]  =    2   vt+1t\q[x][y] (1) 

t=0 

=    2    Vt+1{tP[x1[y1-t+lP[x\[y\) 

=  »(1  +%][j])-fl[il[j]    (2), 

which  corresponds  to  formula  (1)  of  Chapter  IV  for  a  single-life 
assurance. 

2.  If  the  investment  of  a  unit  be  considered  in  the  manner  em- 
ployed in  Chapter  IV  5,  we  have 

■'•     ■A-fcHj,]  =  1  —  d&idiyi  (3). 

3.  For  temporary  joint-life  assurances  payable  at  the  end  of  the 

i 
year  of  death  provided  this  occurs  within  n  years,  |  nMxMy]  or  ^m :»]  > 

the  formula  is 

\nMxUy]  =  Va^xily]  -S]  -  <Z[X] [»]:»]      (4), 

and  for  a  joint-life  endowment  assurance,  payable  on  the  first  death 
if  this  occur  within  n  years,  but  at  the  end  of  that  period  if  both 
lives  survive, 

MxUy1:nl  =  va'lxUyl:^-a\.xUyl:^\\  (5) 

=  l-dO[Xny).z\   (6). 

Formulae  (4),  (5)  and  (6)  correspond  to  formulae  (2),  (3)  and  (10) 
of  Chapter  IV. 

4.  The  value  of  a  sum  of  "1"  payable  at  time  "t"  if  the  joint 
existence  of  two  lives  (x)  and  (y)  fail  at  that  moment  is 

tftPxyPx+t-.y+tdt, 
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and  the  value  of  an  assurance  of  "  1 "  payable  at  the  moment  of  the 
first  death  amongst  these  two  lives,  provided  this  occur  within  the 
next  n  years,  is  therefore 


_        rn 

\n^-xy  —  I     V  tp%y  fl>x+t  :y+tdt 
JO 


1     P, 
=  -■5-        «> 
•>xv  J  0 


dlx+f.y+t  ^ 
xy  JO  Mb 


1^ 

I'xy 


vHx+f.y+t-l^logeV.lx+f.y+tdt 

=    \-Vnnpxy-haxy.^ (7). 

For  the  whole-life  assurance,  integrating  between  the  limits  0 
and  oo ,  the  term  vnnpxy  vanishes  and 

Axy=l -Ba,xy  (8), 

and  for  the  endowment  assurance,  since  Axy:^\=\nA.Xy  +  vnnpxy, 

■n-xy : n\  =  -^  —  *  ^xy  : «1    (")• 

Formulae  (8)  and  (9),  which  are  equally  applicable  to  select  tables, 
should  be  compared  with  formulae  (2)  and  (3)  of  Chapter  VIII. 

For  practical  purposes  it  is  sufficiently  accurate,  and  frequently 
convenient,  to  assume  that 

A-xy  =  Ky  X  (1  +  ii)   and    I rAxy  =  \nKy  *  0- +  ¥)■ 

5.  Considering  the  differential  coefficient  of  a,xy^\,  the  joint 
status  (xy)  being  treated  as  the  variable,  we  have 

d(xy)      d  (soy)  Jo    %rxy 
d 


=j?ii(^y^)dt 

rn 
=  I    tftPxy  (f*xy  -  H-x+t :  y+t)  dt 

Jo 


—  (J*xy&xy  :nl  —  \n&-xy> 

whence        I  A     -  «    a      -i  -  §3sJJ^ 

=  flxydxy :«)  +  §  (a>x— l  :y— l :  n\  ~  ax+i :  y+i :»]) (■*•")> 

and  similarly 

Aa;j/  =  flxyaxy  +  2  K^x-l-.y—i  ~  ax+l:y+i)     (.*■*■)• 

These  formulae  correspond  to  formulae  (4)  and(5)of  Chapter  VIII, 
/jLxy  being  equal  to  Px  +  Py 


6.    Again,  by  assuming  /*a.+4:!,+(  = 

^•"se+t :  y+t 

proximately,  and  inserting  this  value  in  the  integral,  formulae 


«x+t— l :y+t-i  ~  "x+t+i :y+t+i 

21* 
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corresponding  to  numbers  (6)  and  (7)  of  Chapter  VIII  are  obtained. 
Thus 

\nA-xy  =  H  (  ~~  Pxytox+i:y+l:n\]     ('■2), 

■"  \  t>x— 1 :  y—\  I 

and  Hxy  =  s  (^ :y~1  -p^ax+l:y+^)    (13). 

&  \Px—i :  y—1  ' 

7.  It  is  evident  from  formulae  (3),  (6),  (8)  and  (9)  that  when  the 
value  of  the  whole-life  or  temporary  annuity  is  known,  the  value  of 
the  corresponding  whole-life  or  endowment  assurance  can  be  ascer- 
tained by  means  of  Premium  Conversion  Tables.  To  demonstrate 
this  point,  joint-life  assurances  on  two  lives  only  have  been  con- 
sidered, but  the  arguments  employed  are  applicable  where  more 
lives  are  involved. 

For  example         A^ .  (m|  =  aa^  (m)  -  axyz . .  (m) 

=  1  —  d&xyz„  (m) (14). 

8.  The  value  of  an  assurance  payable  at  the  end  of  the  year  of 
death  of  the  (r+  l)th  life  to  fail,  out  of  an  original  number  of  m 
lives  (so),  (y),  (z), . . .  etc.,  is 

a  m— r\  m-r  "\ 

+  axyz...(.m)  )  ~  axyz...{m)    I  (\K\ 

=  l-d{\  +  ax~^)\ 

since,  if  the  annuity  be  payable  so  long  as  at  least  m  —  r  lives 
continue  jointly  in  existence,  the  last  payment  of  the  annuity  will 
be  made  at  the  commencement  of  that  year  at  the  end  of  which 
there  cannot  be  more  than  m  —  r—1  survivors,  that  is  the  year  in 
which  the  (r  +  l)th  death  occurs. 

9.  Annual  Premium  for  Joint-Life  Assurances.  Reasoning  on 
the  lines  adopted  in  connection  with  single-life  assurances,  the 
annual  premium  payable  throughout  the  duration  of  the  contract 
for  a  joint  whole-life  assurance  on  (x)  and  (y),  payable  at  the  end 
of  the  year  of  death,  can  be  obtained  from  the  formula 

PwM-i£S (16)- 

Similarly,  for  temporary  and  endowment  assurances, 

W^_i*^l  (17)' 

and  Pwmfl:a-^^ (18). 
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It  follows  also  that 

P[d[»]  =  TTZ ; ^    (1^)' 

1  +  a[x][y] 

and  Pu][»l:a=T-— — -d (20), 

1    +Ol_x)[y]:n-l\ 


■alx)[y]-. 

from  which  it  is  seen  that  the  annual  premiums  for  joint-life  whole- 
life  and  endowment  assurances  can  be  ascertained  by  entering 
Annual  Premium  Conversion  Tables  with  joint-life  whole-life  and 
temporary  annuity  values  in  the  same  manner  as  for  single  lives. 
Finally,  for  limited  payment  joint-life  assurances, 

P-*H[i/]  /oi\ 

-    MM  = I/1). 

als][yJ:tl 

.    lx][y]:nl=  — —    {**)> 

•p — i   _,      lnA[T][j/]  /oq\ 

*^xm-.^\-  \Z6>- 

aM[j/]:t] 

10.  It  may  be  mentioned  that,  provided  the  term  of  the  assurance 
is  short,  the  annual  premium  for  a  joint-life  temporary  assurance 
is  very  nearly  equivalent  to  the  sum  of  the  temporary  assurance 
premiums  for  the  lives  taken  singly.    That  is,  if  n  be  small, 

very  nearly. 

For  example,  by  the  0[NM]  Table  at  3£  per  cent., 

P[36!m]:6|='01573. 

whereas  2P^]:ir,  =  "01584, 

a  difference  of  only  'Oil  for  a  sum  assured  of  £100. 

In  J.  I.  A.  xxxiii,  354,  Mr  Lidstone  suggested  that  the  annual 
premium  for  a  joint-life  endowment  assurance  can  be  approximately 
calculated  by  the  formula 

"xy :  n\  =  "x :  n\  +  " y :  nl  ~  *n\  ■ 

He  pointed  out  that  a  single-life  endowment  assurance  can  be 
regarded  as  subdivided  into  two  portions,  namely : 

(a)  A  sinking  fund  assurance  providing  for  payment  of  the 
full  sum  assured  at  the  expiration  of  the  specified  term  irrespective 
of  any  life  contingency. 

(6)  A  varying  temporary  assurance,  under  which  the  sum 
assured  in  any  one  year  is  equal  to  the  difference  between  (1)  the 
sum  assured  by  the  endowment  assurance  policy,  and  (2)  the 
reserve  in  respect  of  the  sinking  fund  policy. 
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If  a  second  life  be  now  introduced  it  will  be  necessary  to  add  a 
third  benefit  (c)  and  to  subtract  a  fourth  benefit  (d),  namely : 

(c)  A  varying  term  assurance  similar  to  (6),  but  on  the  second 
life  instead  of  the  first. 

(d)  A  varying  term  assurance  on  the  joint  lives,  the  sum 
payable  thereunder  to  be  the  reserve  on  (c)  if  the  first  life  pre- 
decease the  second,  or  the  reserve  on  (b)  if  the  second  life  predecease 
the  first.  (This  benefit  may  be  positive  or  negative,  but  will  usually 
be  negative.) 

The  annual  premiums  for  the  complete  benefit  will  be  the  sum 
of  the  annual  premiums  for  the  partial  benefits  (a),  (b),  (c)  and  (d). 
Now  it  is  evident  that  the  sum  assured  under  benefit  (d)  will  be 
numerically  small,  and  hence  the  annual  premium  for  that  benefit 
must  be  very  small.  We  may  therefore  obtain  an  approximate 
result  by  neglecting  (d),  and  we  shall  then  have 

*xy:nl  =  "n\  +  {"x:n\  ~  "tH)  +  \"y:nl~  "n\>  =  "x:  nl  +  "y:  n\  ~  "  5H  • 

For  example,  by  the  OtNM1  Table  at  3|  per  cent., 

P[35:3d:i31  =  '04651, 
whereas  2P[m]:m1  -  P^l  =  04641, 

a  difference  of  '010  for  a  sum  assured  of  £100. 

11.  Commutation  columns  applicable  to  joint-life  assurances  can 
be  constructed  on  the  basis  of  either  Davies's  or  De  Morgan's  form 
(see  Chapter  XV  4).    By  Davies's  form 

Gxy  =  vx+i  {lxly  -  lx+Jy+i),  where  x  >  y, 
and  by  De  Morgan's  form 

x+y+1 
Cxy  =  V   2         (lxly  —  Ix+ily+V- 

In  either  case,  M.xy  =  2  Cx+t :  y+t- 

t=o 


For  Select  Tables,  adopting  De  Morgan's  form, 
Qdr»]  =  "  2       (hxlky]-kx]+ihy]+i)> 


*±?+m 


Cixl+t :  [yl+t  =  V   2  (kx]+t  kvl+t  -  kx]+t+iky]+t+i), 

and  assuming  the  "  select  period  "  to  be  five  years, 

M[x][j/]=    2    Cixl+f.lyl+t  +  ^-x+s-.y+is- 

In  all  these  expressions  (x)  and  (y)  can  be  taken  on  the  basis  of 
the  same  or  of  different  mortality  tables.  Where  both  lives  are 
assumed  to  be  subject  to  the  same  rates  of  mortality  the  ages  x  and 
y  can  be  enclosed  in  brackets  thus :  [xy]. 
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For  the  evaluation  of  varying  joint-life  assurances  a  commutation 

function  R^  =  £  M,m_<:v+<  could  also  be  constructed.  This,  however, 
t=o 

is  very  seldom  required  and  for  isolated  cases  can  be  obtained  by 
summing  the  appropriate  values  of  the  Mxy  column. 

The  values  of  the  single  and  annual  premiums  for  joint-life  assur- 
ances expressed  in  terms  of  commutation  functions  are  as  follows : 


A. 

J  _    M[g][y] 

■  lx][y]  —  to- 

^Ixllyl 


A  _  m[x][yl 


I     a  _  M[a,][v]  -  MM+nifal+n 


PSh/]:nl  = 


MmM  —  M.[x]+n:[y}+n 


Hx][y]  —  ^[x]+n:[y]+n 

A  _       M[a,]  [y]  -  M[a.]+B ;  [„]+»  +  D[s]+n :  [y]+n 

■^-Wtylinl-  T^  ' 

p  Mtelty]  -  M[x]+n ;  [y]+n  +  D[a;l+n :  [y]+n 

MM!3  NWM-]W:[v]+„ 

12.  If  it  be  required  to  find  the  single  or  annual  premium  for  a 
joint-life  assurance  for  which  the  appropriate  annuity  value  or 
commutation  table  is  not  available,  the  simplest  plan  is  to  ascer- 
tain the  annuity  value  by  approximate  integration  and  enter  a 
premium  conversion  table.  For  example,  if  the  value  of  A30:36:45  be 
required,  we  have 

1       f00 

aso:3s:«=  j    j    j  V  ho+ths+tlts+t  dt, 

"SO "SB "45  JO 

from  which  the  value  of  the  annuity  can  be  calculated  in  the 
manner  shown  in  Chapter  XV  12. 

The  alternative  plan  is  to  calculate  the  single  premium  directly 
by  means  of  the  integral 


1       fM 
7-7-  I     *>'  ho+t  hn+t  ^5+«  (/*3o+t  +  /%+*  +  H>*5+t)  dt, 

1 '35 '45  J  0 


"■30:35:45  —    111 

I'm  '35  '45  J  0 

but  as  this  means,  for  each  term  of  the  approximate  integration  for- 
mula, extracting  three  values  of  p  from  the  mortality  table,  adding 
these  together  and  extracting  the  logarithm  of  their  sum,  it  is 
clearly  more  expeditious  to  enter  a  premium  conversion  table  once 
with  the  value  of  the  annuity. 

Similarly,  for  a  joint-life  endowment  assurance  on  three  lives  (a;) 
(y)  and  {z)  for,  say,  20  years,  the  simplest  plan  would  be  to  evaluate 
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the  temporary  annuity  in  the  manner  shown  in  Chapter  XV  12, 
and  enter  a  conversion  table  for  the  required  single  or  annual 
premium. 

In  the  case  of  a  temporary  joint-life  assurance  the  necessary 
relation  between  A  and  a  for  the  use  of  premium  conversion  tables 
does  not  exist  and  other  methods  must  be  employed. 

When  the  term  is  short  the  single  or  annual  premium  can  be 
calculated  in  detail  or  by  an  approximation  such  as  that  mentioned 
in  paragraph  10  for  two  lives.  The  annual  premium  for  a  short  term 
such  as  five  years  can  also  be  readily  arrived  at  by  the  formula 

\i^-xyz   _  va,xyz:l\        axyz:~6\ 
ax#2:6]  a,xyz:'i\ 

=  v_  a*yz:T\ 
axyz:l\ 

as,  in  the  evaluation  of  the  successive  terms  of  a^ziei  >  all  the  terms 
of  dxyz.-^  required  for  the  denominator  are  obtained.  With  the  aid 
of  four-figure  logarithms  the  work  is  not  great,  particularly  when 
log  Dx  and  log  lx  are  tabulated. 

For  a  longer  term  such  as  20  years,  the  endowment  assurance 
single  premium  can  be  ascertained  with  the  aid  of  conversion  tables 
and  the  single  premium  for  the  temporary  assurance  derived  there- 
from by  the  formula 

I    T       _  T       — ,      ..m'x+w''y+wh+w 
\y*a-xyz  —  ■a-xyz:io\       "  111 

"x^yh 

Similarly,  if  the  annual  premium  be  required, 

a       -i  -  a       -i  +  -(l  -  „20  lx+wly+x>lz+w\ 
axyz:20\  —  u>Xyz:M\  t  q  l1       "  III  )' 

whence  the  annual  premium,  assuming  the  sum  assured  payable  at 
the  moment  of  death, 


(»)p,i-,  —^  _ 

rxyz:w\  — 


A 

tof*-xyz 


axyz:w\ 

13.  Policy  Values  for  Joint-Life  Assurances.  The  formulae 
for  the  evaluation  of  joint-life  single  and  annual  premiums  and 
annuities  being  similar  to  those  for  single-life  assurances,  the  ex- 
pressions for  joint-life  policy  values  do  not  present  any  fresh 
difficulty. 

Representing  the  values,  at  the  end  of  t  years,  of  temporary 
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whole-life  and  endowment  assurances  on  the  joint  lives  of  (x)  and 

i 
(y)  by  «Vmm:51.  i^uaiyi  and  jV[a!]M:^i  respectively,  we  have 
i  i  i 

*  * MM ■■  »1 =  Mx]+t : [y]+t :n^i[  ~  Pfcih!]:»]  aM+< 'M+t: ^t\  •••  (24), 

t^lx]  [J/]   =  -A-[X]+<  ;  [yj+f  -   P[x]  [y]  aIa,]+i.  .  [y]+t      (25), 

tV[x][y]:n\  =  Mx]+t : [yl+l  :n^t\  ~  ^Ixlly]  :nl  &[xl+t :[y]+t  tn^il-  •  -(26). 

If  premiums  be  limited  to  A  payments  we  have  where  t  <  k 
i  i  i 

<  ^  MM :nl  =  Mx]+t:lv]+t  in^t]  _  fcP[z]M :nl  aM+« :[j/]+*  :fcl<]  •  •  -(27), 

\ V[x]  [y]  =  A[x]+< :  [j,]+4  -  fcP[a;]  [j,]  a[a.]+< .  [y]+< .  %zi}  (28), 

t^lxlly]:n\  —  Mx]+f.[y]+t:n^i\  —  kPlxUy]:nl  &[:>;]+«  :[y]+«:fc3?|" -(29), 

and  where  t  =  k, 


i 


J:  V '   —i A1 >   

<  vtx][»]:nl  —  Alx]+t:[v)+t:n-t 

*V[j.j[„]  =  A[x]+t:tj/]+( 


.(30). 


«  V[a;]  [j,]  :^]  =  Ata.]+< :  [tf]+t :  ^=71 

14.  In  the  periodical  valuation  of  a  Life  Office  having  a  large 
number  of  joint-life  assurances  of  any  one  class  in  force,  these  are 
generally  grouped  according  to  the  corresponding  "equal  ages" 
obtained  by  means  of  Makeham's  Law.  If  the  valuation  be  made 
on  a  table  which  follows  that  law,  this  is  strictly  accurate,  and  is 
sufficiently  accurate  for  practical  purposes  even  when  the  table 
employed  does  not  follow  that  law. 

For  special  classes  such  as  joint-life  endowment  assurances 
subject  to  limited  payments  etc.  the  number  of  policies  in  force  is 
frequently  so  small  that  the  assurances  are  valued  individually. 

*15.  Assurances  payable  on  the  death  of  the  survivor  of  two 
or  more  lives.  The  value  of  an  assurance  of  "1"  payable  at  the 
end  of  the  year  of  death  of  the  last  survivor  of  two  lives  (x)  and 
(y)  is 

"Sv  =  """toy     (31) 

=  1  -  d  (1  +  ax  +  av  -  axy) 

=  {l-d(l  +  ax)}  +  {l-d(l  +  ay)}-{l-d(l+axy)} 

=  -A.x  -f-  Ay  —  AXy (^/* 

Similarly,  if  the  assurance  be  payable  on  the  death  of  the  sur- 
vivor of  three  lives, 

A^=  1  —  aa^j  (33) 

=  1  -  d  (1  +  ax  +  ay  +  az  -  axy  —  a^  —  ayz  +  a^) 

=  "A.J.   +  Ay  +   AZ  —   Any  —  A.XZ  —  A.yZ  +   A.XyZ ("4). 

*  All  the  formulae  in  paragraphs  15  to  25  apply  also  to  seleot  tables. 
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It  will  be  gathered  from  these  expressions  that  the  "Z"  method 
can  be  employed  to  express  such  assurances  in  terms  of  single  and 
joint-life  assurances.  Generally  speaking,  however,  it  will  be  found 
simpler  to  calculate  the  value  of  the  annuity  involved  and  to 
ascertain  the  value  of  the  assurance  therefrom  with  the  aid  of 
Premium  Conversion  Tables.  In  the  case  of  Aj^,  for  example,  it 
will  be  simpler  to  calculate  the  value  of  a^%  and  enter  a  conversion 
table  with  this  single  value,  than  to  enter  such  a  table  several 
times  with  the  various  annuity  values  to  obtain  the  separate  values 
of  "A"  which  must  be  combined  to  give  A^. 

16.  The  annual  premium  for  an  assurance  payable  on  the  death 
of  the  survivor  of  two  lives  (a?)  and  (y)  is  obtained  from  the  formula 


A— 

rxy       „_ 

axy 

1 


1  +  ajs 


-d 


.(35), 


and  similarly  for  any  number,  say,  n  lives 

A 


-  xyz...{n) 


-^xyz.-jn) 


*a:yz...(7i) 

l 


.(36). 


1+a. 


-d 


'xyz... {n) 

It  is  evident  that  for  the  calculation  of  the  annual  premiums 
also  the  simplest  method  is  to  obtain  the  value  of  the  annuity  and 
to  enter  the  appropriate  conversion  table  with  this  value. 

17.   For  a  last-survivor  endowment  assurance  on  {x)  and  (?/)  for  n 
years;  that  is,  an  assurance  payable  on  the  second  death  in  the 
event  of  both  the  lives  dying  within  n  years,  but  payable  at  the 
end  of  n  years  provided  at  least  one  of  the  lives  survives,  we  have 
A^;n]=  1  —  o!a^:^] (3/), 

^:^\  =  -~  ~d   (38), 

a,xv:nl 

and  for  a  temporary  assurance  payable  only  in  the  event  of  both 
the  lives  failing  within  n  years, 

A|^:»"]  =  A,..„"]  +  A^.^]  —  A^:^]     (39), 


"xy:ni~ 


a»l/:»l 


1  +  a«:«-ll  +  <^:n-ll  —  axy:n-l\ 


.(40). 
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18.  In  order  to  point  out  a  further  difficulty  in  connection  with  the 
employment  of  the  "Z"  method  in  the  evaluation  of  survivorship 
assurances,  let  us  consider  the  value  of  an  assurance  of  1  payable 
at  the  end  of  the  year  in  which  the  third  death  amongst  four  lives 
(w),  (%),  (y)  and  {z)  occurs.  Since  the  third  death  leaves  only  one 
surviving,  the  assurance  continues  so  long  as  two  lives  at  least  are 
in  existence,  and  the  "Z"  formula  to  be  employed  will,  therefore,  be 

(ifzFZ2-2Z3+3Z' 

whence  the  value  is 

A-wx  +  &-wy  +  -n-wz  +  A-ocy  +  -"-aa  +  &yz 

*>  \&-wxy  ~r~  -^wxz  T  &-wyz  ">  ■"■xyz)  "r  oAMa.y;.. 

But  this  value  can  also  be  expressed  as 
1  -  d  (1  +  a^£) 

—  1       d  1 1  +  Ctyjx  "T  ®wy  H"  Q"wz  ~r  ®xy  ~T~  Q>xz  ~*~  Q*yz 

22  \Ctyjxy  T  Q<wxz  '    @"ivyz  ~r  ^xyz)  H~  &®wxyz\t 

which  in  terms  of  "A"  gives  the  same  result  as  before. 

In  this  case,  not  only  is  it  easier  to  ascertain  the  value  of  the 
annuity  and  enter  a  conversion  table,  but  there  is  the  added  diffi- 
culty, when  dealing  with  the  assurance  values,  of  determining  the 
proper  index  of  Z. 

Moreover,  since  the  annual  premium 

P— = — 2-d, 

the  value  of  the  annuity  being  available  enables  the  annual  premium 
also  to  be  ascertained  by  reference  to  a  Premium  Conversion  Table. 
It  is  not  considered  necessary  to  deal  with  further  examples  of 
this  nature. 

19.  There  is  one  danger  in  dealing  with  the  annual  premium 
for  a  joint  and  survivorship  assurance  to  which  attention  should 
be  drawn. 

The  single  premium  for  an  assurance  payable  on  the  death  of 
the  survivor  of  two  lives  {x)  and  (y)  is 

■"-xi  =  -"as  "*"  ■"»  —  ■"<*%> 

and  the  corresponding  annual  premium 

A  — 

p f^xy 

xv       a— 

-"-a:   t   Ay       -&-xy 
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The  mistake  is  sometimes  made  of  writing  P^  =  Pa,  +  Py  -  P^ 
which  is  obviously  incorrect. 

20.  Policy  Values  for  Last-Survivor  Assurances.  For  assur- 
ances payable  on  the  death  of  the  survivor  of  two  lives  (x)  and  (y), 
the  expressions  for  the  policy  values  are : 

(a)  if  both  (x)  and  (y)  be  alive 

t'xy.n]  =  Ax+f.y+f.n-tl  ~  "x~y.nl  &x+t:y+t:n-t\      (41), 

*  »  xy~  -^x+t:y+t~  "xy^x+t-.y+t   (42), 

tV~~:n~  =  &-x+t:y+t:n-t\  ~~  *xj/:nla'x+t:v+f.n-t\      V*&)> 

(b)  if  (x)  be  alive  and  (y)  dead 

t V~~:n[  =  Ax+f.n-tl  ~  "xy:n\  &x+t:n-t\    (44), 

t^xy  ~  A-x+t  —  P^&x+i       (45), 

t*xv:n\  =  -n-x+t:n-t\  —  ^xy  :n\  ax+t  :n-t\ (46). 

If  (y)  be  alive  and  (x)  dead  the  formulae  are  the  same  as  in  (b), 
provided  y  + 1  be  substituted  for  x +t  in  the  Assurance  and  Annuity 
factors. 

21.  Premiums  payable  m  times  a  year.  For  both  joint-life 
and  last-survivor  assurances  the  premiums  payable  m  times  a  year 
can  be  found  from  the  annual  premiums  in  the  same  manner  as  for 
single-life  assurances.   (See  Chapter  VII  12  to  19.) 

22.  Special  Cases.  An  assurance  may  be  payable  on  the  failure 
of  the  joint  existence  of  two  statuses,  each  of  which  involves  a  life 
and  a  term  certain.  If  an  assurance  be  payable  at  the  death  of 
either  (x)  before  reaching  age  x  +  m,  or  (y)  before  reaching  age 
y  +  n,  whichever  occur  first,  its  value  will  be 

A^:S]  +  «BnP«j,A^:S=S|       if  Wl  >  71, 
A~ :H\  +  VmmPxy  A^ :^=^|    if  W,  <  M, 

A^.^i  ifm  =  w. 

Taking  the  first  case,  the  assurance  will  clearly  be  payable  on 
the  first  death  within  n  years,  and  if  both  (x)  and  (y)  survive  that 
period  it  will  still  be  payable  if  (x)  die  during  the  remainder  of 
the  period  m  years,  that  is,  before  he  reaches  age  x  +  m. 

As  an  example,  the  value  of  an  assurance  payable  on  the  death 
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of  either  of  two  lives  aged  7  and  9  respectively  before  reaching 
age  21  can  be  expressed  thus : 

Returning  to  the  general  case,  the  annual  premium  for  this 
assurance  would  be 

■&S/:nl  +  'V   nPxyA-x+n-.m^nl         ■rOM^„ 

~a  i        71  ^^  ^       f 

"•x y :  n]  +  "   nPxy  az+n :  m-ji| 
_  ■n-£/:m\  +  V    mPxy-n~fF^:n-ml    if         - 
aaj/:m]  +  "    mPxy&y+m;n-m\ 
A  i-  — 

=  - — —  =^:^1  if  m  =  n. 

23.  If  the  assurance  be  payable  in  the  event  of  both  (x)  dying 
before  age  x  +  m  and  (y)  before  y  +  n,  its  value  will  be 

A^S  +  vnnpx  (1  -  mpj,)  A^:Sp^|     if  m  >  n, 

A^:ST|  +  ^mPy  (1  -  mPx)  A^:^    if  m  <  TO, 
A^:S|  ifm  =  ?i. 

Again  considering  the  first  case,  the  assurance  will  evidently  be 
payable  if  both  lives  fail  within  the  shorter  term,  to  years,  (A^:^), 
but  if  only  (y)  fail  within  that  period,  the  assurance  will  still  be 
payable  in  the  event  of  (so)  dying  during  the  remainder  of  the 
period  of  m  years. 

The  annual  premium  for  this  assurance  will  be  found  by  dividing 
the  single  premium  by 

a^:il  +  vnnpx  (1  -  „py)  aa;+„:^^|    if  m  >  to, 

a5/:S|  +  Vmmpy  (1  -  mpx)  &y+m  :i=S|  if  m  <  n> 

a^=™|  ifm  =  TO. 

The  Single  Premium  for  an  assurance  payable  only  in  the  event 
of  two  lives  aged  7  and  9  respectively  both  dying  before  reaching 
age  21,  is 

ArT9:i2l  +  «12i2^7  (1  - uP*)  A,1^. 

24.  Complete  Joint-Life  and  Last-Survivor  Annuities.  All 
the  formulae  for  complete  annuities  discussed  in  Chapter  IX  apply 
equally  well  to  joint-life  annuities,  the  practical  formulae  being 

m—  1  1    -r- 

n        2m 

^-^(i-fiO+IH?    <48> 

=  (H^)(l-A)     (49). 


^  =  ^+~+2-^    W 
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25.  In  the  case  of  last-survivor  annuities  the  adjustment  to  be 
made  in  the  expression  for  the  value  of  an  annuity  to  provide  a 
proportionate  payment  to  the  date  of  death  requires  careful  con- 
sideration. 

For  the  value  of  a  complete  annuity  payable  m  times  a  year 
until  the  death  of  the  survivor  of  two  lives  (x)  and  (y),  we  have 

•!»>_    _  i  m  ~  1  ,    1  T_ 
a-xy     a*v+    2m    +2m     ^ 

To  find  an  expression  for  the  value  of  a  complete  annuity  payable 
m  times  a  year  so  long  as  exactly  one  of  three  lives  (x),  (y)  and  (z) 
is  alive,  let  us  assume  that  the  annuity  is  set  up  immediately  so 
that  the  successive  payments  are  made  at  the  end  of  periods  of 

— th  of  a  year  dating  from  the  date  of  the  contract,  but  that  we 

are  only  concerned  now  with  the  payments  during  the  life  of  the 
last  survivor  after  the  death  of  the  others.   The  value  of  the  curtate 

annuity  will  be  a—11  and  the  addition  to  provide  for  the  propor- 
tionate payment  to  the  date  of  death,  which  is  evidently  in  this 

2m' 


case  the  date  of  the  last  death,  is  ^  A^-z.   The  value  is,  therefore, 


(ml  I      _ 

„  _Li]  .  _ _  a  — 
axVz  f  2m  A*vz 

=  a«  +  a<T>  +  <>  -  2<>  -  2ai™>  -  2<>  +  3og»  +  ±  A^ 


2m 
2m' 


=  ax  +  ay  +  az  —  2axy  —  Za^  —  layi  +  oa,xyz  +  „— -  A.xyz, 

where  we  have  assumed 

,  ,  rn  —  1        ,_,,  m  —  1 

oST'  =  ax  +  -^  .    <7  =  a*y+  -^ >  etc- 

For  the  value  of  a  similar  complete  annuity  payable  only  while 
exactly  two  out  of  four  lives  aged  respectively  w,  x,  y  and  z  are 
alive,  making  the  same  assumption  as  to  the  annuity  being  set  up 
immediately,  we  shall  have 

|w)  \ 

s.  19 
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In  either  of  these  cases  the  condition  might  exist  that  the 
annuity  should  only  be  entered  upon  at  the  second  death,  the 
mthly  periods  dating  from  that  event.  This  introduces  a  further 
modification  into  the  formulae,  but  as  such  annuities  are  more 
readily  treated  as  combinations  of  reversionary  life  annuities,  the 
further  discussion  of  them  will  be  deferred  until  Chapter  XVIII. 

EXAMPLES 

Ex.  1.  Find  the  annual  premium,  on  the  basis  of  the  0[M) 
Table  at  3|  per  cent.,  for  a  joint-life  whole-life  assurance  of  £100 
on  the  lives  of  (30)  and  (35). 

P       __i d 

x  30:  35  —  -i      .  «" 

A  T  Ctso :  35 

For  the  value  of  the  annuity, 

^30:  35  =  ^32-78:  32*78  =  ■*-*  I  i-Ql, 

whence,  with  the  aid  of  the  premium  conversion  table,  we  find 
that 

100  P30:35  =  2-982  (say  £2.  19s.  8d.). 

Ex.  2.  Find,  by  the  HM  Table  at  3  per  cent.,  the  net  annual 
premium  payable  throughout  the  duration  of  the  contract  for  an 
assurance  of  £100  payable  at  the  end  of  the  year  of  the  second 
death  among  four  lives  aged  30,  35,  40  and  45  respectively. 

Let  P  represent  the  annual  premium  required,  then 

P=1+     1    _,-<*. 

^30:35:40:45 

since,  if  the  premium  be  payable  so  long  as  at  least  three  of  the 
lives  survive,  this  will  be  until  the  beginning  of  the  year  in  which 
the  second  death  occurs. 

The  value  of  the  annuity  is  found  as  follows : 

^30:35:40:45  =  a30:35:40  +  &30 :  40  :  45  +  &30  :  35  :  45  +  #35:40:45  ~  3a30:s5:  40:45 

==  fl35'8  :  35'8  :  35'8  T  #39'9:39-9:  39'9  +  *38'5 :  38-5:  385 

T  #40-7 :  40-7  :  40'7         0<Zjg.8 ;  38-9 :  38'9  :  38'9 

=  12-756  + 11-635  +  12-030  +  11-412  -  3 (10418) 

=  16-579, 
whence,  entering  the  3  per  cent,  annual  premium  conversion  table 
with  16579,  we  find  that  the  premium  required  is  -0278  or  2"7& 
(say  £2.  15s.  8d.)  per  cent. 


CHAPTER  XVII 

CONTINGENT  ASSURANCES 

1.  The  simplest  form  of  Contingent  Assurance  is  one  under 
which  the  sum  assured  is  payable  on  the  death  of  a  person,  say  (x), 
known  as  the  "  failing  "  life,  provided  another  person,  say  (y),  known 
as  the  "  counter  "  life,  survive  him. 

The  value  of  such  an  assurance,  assuming  both  lives  to  be 
"  select,"  is  represented  by  At*]M  if  the  sum  assured  be  payable  at 
the  end  of  the  year  of  death,  or  by  A[J.]M  if  payable  at  the  moment 
of  death ;  it  being  sufficient  for  practical  purposes  to  take 

2.  It  is  not  necessary  that  the  same  mortality  table  should  be 
employed  in  connection  with  both  (x)  and  (y).  The  two  lives  are 
of  distinct  classes,  and  it  may  be  assumed  that  the  assurance  would 
not  be  effected  unless  (y)  were  a  healthy  life  and  there  was  some 
prospect  of  (x)  dying  first. 

In  the  calculation  of  the  value  of  the  assurance,  therefore,  (y) 
should  be  taken  on  the  basis  of  a  table  showing  as  favourable 
a  mortality  experience  as  possible,  and  need  not  be  medically 
examined.  The  failing  life  (x)  should  be  medically  examined  and 
even  then  assumed  to  be  subject  to  a  less  favourable  mortality 
experience  than  (y). 

The  basis  generally  adopted,  at  the  present  time,  is  to  take  the 
OlNM]  Table  for  the  failing  life  (x)  and  the  OW  Table  (British 
Offices  Life  Annuitants — Females)  for  the  counter  life  (y),  and 
tables  of  Aci]M  and  P[i][v]  (the  corresponding  annual  premium)  at 
3  per  cent,  on  this  basis  are  given  at  the  end  of  the  volume, 
"British  Offices  Life  Tables  1893— Select  Tables— Whole-Life 
Assurances — Males."  The  values  are  tabulated  for  every  age  of  (x) 
from  20  to  75  and  quinary  values  of  (y),  intervening  values  being 
obtainable  by  interpolation. 

19—2 
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3.    Commutation  Tables  for  Contingent  Assurances.  On  the 

assumption  of  a  uniform  distribution  of  deaths  over  each  year  of 
age,  the  value  of  a  payment  of  "  1 "  at  the  end  of  the  (t  4-  l)th  year 
if  (x)  die  in  that  year  leaving  (y)  surviving  him  is,  on  the  basis  of 

an  aggregate  table,  vt+1  -~  .  -+t+i .   Whence,  multiplying  nume- 

"X  vy 

x+y 

rator  and  denominator  by  v  2    ,  we  have 


x+y 

v  2  "'""eL+f.l. 


+t+i  j 

"x+t  •  I'y+t+j 


x+y 
V   2    lx.ly 


.  ^x+t-.y+t 


where  C^+Uv+t  =  v  2  dx+t.ly+f+i. 

The  value,  on  the  same  assumption,  of  an  assurance  of  "1'' 
payable  at  the  end  of  the  year  of  death  of  (x)  provided  (y)  survive 
him,  is 


A1 

ljxy 

s 

!+«:«+* 

M^ 

<=0O 

=  s 

t  =  0 

&i+i:v+t- 

•0), 


where 

It  is  clear,  therefore,  that  assuming  a  uniform  distribution  of 
deaths  over  each  year  of  age,  commutation  tables  can  be  con- 
structed, in  the  manner  indicated,  suitable  for  the  calculation  of 
Contingent  Assurances. 

For  the  evaluation  of  increasing  contingent  assurances  a  further 

commutation  function  RL  =  S  li-,    ,.  can  also  be  tabulated. 

xv        ~Z.        x+t:y+t 


4.   When  a  Select  Table  is  employed,  the  formulae  become 

MiRI  s  [»]+«  —  v  alx]+t  ■  Hyl+t+h . 

or  ^x+t-.y+t     —v  ax+t  ■  ly+t+hi 


.(2). 
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after  the  "select  period"  is  passed.    And,  assuming  the  "select 
period  "  to  be  five  years, 

and  A  i      —  ^MM 

Malty] 

Commutation  Tables  of  this  description  can  be  constructed  even 
when  the  two  lives  are  taken  on  the  basis  of  different  mortality- 
tables,  the  only  difference  being  that  l[x] ,  l[x]+t  and  d[x]+t  are  taken 
from  one  table  and  l[u],  l[y]+t  and  l[v]+t+%  from  the  second  table. 
This  process  was  adopted  in  connection  with  the  tables  of  A[*]M 
and  P^j  on  the  basis  of  the  0[NM'  Table  for  (x)  and  OWi  Table 
for  (y)  to  which  reference  has  already  been  made. 

For  the  annual  premium  payable  during  the  joint  existence  of 
the  two  lives  (x)  and  (y),  values  of  N^]^]  or  of  a^fo]  are  required. 

A  i       \ 
Thpn  P  i        —      MM 

a[a] !y] 

_  ^MM 
N[a][j,]/ 

5.  The  commutation  functions  discussed  in  paragraphs  3  and  4 
are  based  on  De  Morgan's  form  of  joint-life  commutation  tables. 
An  alternative  method  is  to  employ  Davies's  form,  in  which  case 

ciii :  v+t  =  ^+t+1  dx+t  ly+t+i         if  on  >  y, 
or  Cjqr( ..  v+t  =  &+t+1dx+t  ly+t+t        if  on  <  y. 

In  either  case  M^=  %  C^.v+t. 

With  the  adoption  of  this  form,  therefore,  it  is  necessary  to 
construct  two  sets  of  tables,  one  for  x  >  y  and  the  other  for  x  <  y. 
In  his  book  on  Life  Contingencies,  published  in  1858,  David 
Chisholm  gave  extensive  commutation  tables  for  contingent  as- 
surances based  on  the  Carlisle  Mortality  Table,  at  many  rates  of 
interest,  in  Davies's  form  for  both  x  >  y  and  x  <  y. 

Owing  to  the  large  number  of  female  lives  included  in  the 
Carlisle  experience,  the  effect  of  which  is  to  reduce  the  mortality 
experienced  at  older  ages,  this  table  is  rather  more  suitable  for  the 
calculation  of  Contingent  Assurances  than  the  HM  Table.    For 
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example,  the  value  of  A^.m  by  the  Carlisle  Table  at  3  per  cent,  is 
•1183,  which,  though  still  less  than  the  0™  OM  value,  is  much 
closer  to  it  than  the  value  given  by  the  HM  Table. 

6.  Evaluation  by  Approximate  Integration.  When  the  value 
of  a  contingent  assurance  is  required  on  the  basis  of  a  Select 
Mortality  Table  (or  Tables)  for  which  the  appropriate  commu- 
tation tables  are  not  available,  and  the  values  of  A^^  are  not 
tabulated,  the  simplest  plan  is  to  obtain  the  value  of  the  con- 
tinuous assurance  by  approximate  integration. 

The  value  of  a  unit  payable  at  time  t  if  (x)  die  at  that  moment 
(y)  surviving  him,  both  lives  being  select,  is  vttp[x][y]fi[x]+fdt,  and 
the  value  of  an  assurance  of  unity,  payable  at  the  moment  of  death 
of  (x)  provided  (y)  survive  him,  is 

Jo 

i     r00 

=  r— j-      tfkxi+tkvi+tHw+tdt (3). 

Similarly,  for  an  Aggregate  Table, 

V^PxyfJ-x+tdt 


Jo 


Ix+tly+tpx+tdt. 

The  method  of  evaluation  will  be  the  same  whether  a  Select  oi 
an  Aggregate  Table  be  employed,  and  as  a  table  following  Make- 
ham's  Law  affords  special  facilities  for  comparing  values  produced 
by  different  formulae,  the  HM  Table  (Makeham  Graduation)  is 
employed  in  all  the  calculations  in  this  chapter  (see,  however, 
paragraph  8). 

7.  As  an  example,  let  it  be  required  to  find  the  value  of  A3,;ei 
by  the  HM  Table  (Makeham  Graduation)  at  3  per  cent.,  the  integral 
being 

—  if00 

-A-30:60  =  i    i     I     "  ho+t'lm+ttJ'So+tdt. 
''30  'go  J  0 

The  approximate  integration  formula  we  shall  employ  is 

J  /{at)  dx  =  n  {-28/(0)  +  l'62/(n)  +  2-2/(3n)  +  l-62/(5n) 

+  -56/(6n)  +l-62/(7w)). 
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the  value  of  n  being  obtained  from  In  =  102  -  60  =  42,  whence 
n  =  6. 

The  calculation  is  as  follows : 


n 

3n 

5n 

6n 

t= 

0 

6 

18 

30 

36 

log  V* 

— 

1-9230 

1-7689 

T-6149 

1-5379 

log  ^30+(   ■ 

— 

4-9314 

4-8748 

4-7697 

4-6737 

logJeo  +  f 

— 

4-6737 

4-2645 

3-1048 

1-8513 

log  coeff. 

1-4472 

•2095 

■3424 

•2095 

T-7482 

COlog  £30  ^60 

— 

10-2776 

i0-2776 

10-2776 

10-2776 

Sum 

1-4472 

•0152 

T-5282 

3-9765 

4-0887 

(«) 

l°gF30  +  < 

3-8854 

3-9425 

2-1424 

2-4654 

2-6627 

Sum 

3-3326 

3-9577 

3-6706 

4-4419 

6-7514 

log"1 

■00215 

•00907 

•00468 

•00028 

•00001  = 

•01619 
6 

A30:«o  =  '09714 
the  correct  value  being  -0972. 

The  evaluation  of  contingent  assurances  by  this  method  is  thus 
very  accurate  and  is  not  a  lengthy  process.  The  summation  line  (a) 
can  be  omitted  if  only  the  single  premium  be  required,  but  it  has 
been  inserted  in  order  to  demonstrate  that,  by  deferring  the 
inclusion  of  log^x+t  until  the  last,  the  factors  for  the  evaluation 
of  the  annuity  value  required  for  the  calculation  of  the  annual 
premium  can  be  ascertained  in  the  same  process  as  the  Single 
Premium. 

Extracting  the  antilogarithms  of  line  (a),  we  have 

/(0)=    -28 
1-62  /(6)  =  1-036 
2-2  /(18)  =   -3374 
1-62/(30)=   -0095 
•56/(36)=   -0001 
1-663 

6 

9-978 
The  value  obtained  with  the  aid  of  equal  ages  and  taking 

a30:60  =  a3«:60  H"  '"  ~  T?  (^30  "*"  /*60  +  "J 

is  9-981. 

It  is  evident  that  this  calculation  is  just  as  simple  whether 
based  on  a  Select  or  an  Aggregate  Table,  and  whether  the  mortality 
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of  the  two  lives  be  based  on  the  same  or  on  different  tables.  If  it 
had  been  based  on  the  0^  for  (30)  and  the  OW  for  (60)  the 
values  of  log^so]+()  log /%,]+;  and  colog  lM  would  have  been  taken 
from  the  former  table,  and  of  log  ^6o]+*  and  colog  l[W]  from  the  latter. 

8.  Unsuitability  of  Aggregate  Tables.  It  was  pointed  out  in 
Chapter  IV  that  the  employment  of  an  Aggregate  Table,  as  com- 
pared with  a  Select  Table,  has  the  effect  of  underestimating  the 
mortality  of  young  lives  and  of  overestimating  that  of  older  lives. 
Consequently,  as  in  the  great  majority  of  contingent  assurances 
the  failing  life  is  comparatively  young  (say  aged  from  20  to  40) 
and  the  counter  life  more  advanced  in  age  (say,  over  60),  both 
these  tendencies  operate  towards  reducing  the  value;  and  an 
aggregate  table,  therefore,  is  not  a  suitable  one  on  which  to  calcu- 
late the  premiums  to  be  charged  in  practice  for  such  assurances. 
The  value  of  A3o:60  at  3  per  cent.,  for  example,  on  the  basis  of  the 
HM  Table  (Makeham  Graduation)  (-0972)  compares  with  -1212  by 
the  0[NM1  and  OW1  combination  of  tables.  If  the  failing  life  were 
advanced  in  age  and  the  counter  life  young,  the  tendency  of  an 
Aggregate  Table  would  be  to  give  higher  values  than  a  Select 
Table. 

9.  Formulae  by  an  Aggregate  Table.  Though  aggregate 
tables  cannot  be  considered  suitable  for  the  evaluation  of  con- 
tingent assurances  in  practice,  it  will  be  instructive  to  investi- 
gate various  formulae  for  Axy  on  the  assumption  that  such  tables 
are  used,  and  to  examine  the  difficulties  of  applying  these  formulae 
to  Select  Tables. 

If  in  the  integral  for  AJ„,  we  insert  for  /ix+t  the  approximation 

,  we  have 


''x+t—l  —  ^x+t+l 


2l>x+t 


>>x+t-l  ~  ''x 


J  0  Mx+t 


—  \  \h=±   [    vt  k-'+<    h+t  fa  _  ^5+1   [°°vt  lx+i+t    ly+t  fa 
"  \  ''x    JO  "x—i        I'y  "x    J 0  'x+i        'j/ 

■px.ax+1.y\    (4). 


2  [p.. 

The  value  of  the  assurance  payable  at  the  end  of  the  year  of 
death  is,  approximately,  A^  =  v^A}x 


*-XV 
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Other  expressions  for  A1^  can  be  obtained  by  inserting  different 
expressions  for  the  value  of  fix+t,  but  as  these  lead  to  more  com- 
plicated expressions  without  gain  in  accuracy  it  is  not  worth  while 

to  discuss  them. 

i 
10.   If  it  be  assumed  that  filt+t  =  qx+t  for  all  values  of  t  the 

expression  becomes 

txA-t  ~  tx 


Jo 


<>x+t 
=  S,xy  —  Px-^x+i:y     V^)- 

This  very  simple  formula  gives  results  sufficiently  accurate  for 
the  cases  that  usually  arise  in  practice.  Some  idea  of  the  extent 
of  the  error  introduced  in  a  particular  example  by  the  assumption 
made  can  be  obtained  by  considering  the  difference  between  the 
values  of  qx+t  and  /x^  over  the  period  representing  the  complement 
of  life  of  the  "  counter  "  life  (y).  For  the  usual  practical  cases  q  is 
greater  than  \x,  (for  the  younger  life)  over  this  period,  and  the 
values  given  by  this  formula  are  accordingly  slightly  too  high, 
and,  therefore,  from  the  point  of  view  of  the  Office  granting  the 
assurance,  on  the  safe  side. 

Bearing  in  mind  that  for  these  cases  an  aggregate  table  gives 
too  low  a  value,  if  the  circumstances  were  such  that  an  aggregate 
table  had  to  be  employed,  it  would  probably  be  advisable  to  use 
a  formula  which  is  known  to  give  a  value  on  the  safe  side. 

If  the  failing  life  were,  say,  over  60,  and  the  counter  life  much 
younger,  the  value  brought  out  by  formula  (5)  would  be  too  low. 

11.  A  formula  that  has  been  extensively  employed  in  practice 
in  the  past,  though  it  does  not  appear  to  possess  any  advantage 
over  those  already  given,  is  based  on  the  assumption  of  a  uniform 
distribution  of  deaths  over  each  year  of  age.  On  this  assumption 
the  value  of  a  payment  of  "  1 "  to  be  made  at  the  end  of  the  (t  +  l)th 
year  if  (x)  die  in  that  year,  (y)  surviving  him,  is 

t+1  dx+t    ly+t+j 
"x  I'y 

and  the  value  of  an  assurance  payable  at  the  end  of  the  year  of 
death  of  (as)  provided  (y)  survive  him  is 

*  =  <*>  r}  l 

Ai   _  y  „t+i?*±*   Wjj 

Axy  —    ■i    v  l         — / ' 

2=0  'x  vy 
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which  as  shown  in  Chapter  XIV  3  can  be  written 

t-0  (.  Px-i  Py-i      } 

—  1  \„a      —n      4-  a"!~1 :  y  -  ^-V-1 

—  2  1  vaxy       Uxy  +  —  —  ■ 

I  Px-i  Py-l  ) 

=  iJA«w  +  ^=iii' _<hutA   (6). 

{  Pm-i  Ptl-i  J 

To  obtain  the  value  of  the  corresponding  assurance  payable  at 
the  moment  of  death  the  value  given  by  this  formula  must  be 

multiplied  by  (1  +  if  or  (1  +  \i). 

12.  Another  very  simple  formula  can  be  obtained  by  a  method 
similar  to  that  employed  in  Chapter  XIV  2  to  obtain  the  value 
of®,. 

Commencing  with  the  differential  coefficient  of  the  joint-life 
annuity  with  regard  to  the  age  of  the  "  failing  "  life,  we  have 

=  I     ^tPxy(^-^x+t)dt 
J  0 


—  f^x^xy       -"\ry> 

dax 
dx 


whence      A}^  =  ^a^  -  -£* 


...(7). 
=  fixaxy  + 1  (Oji-i  :  y  -  a>x+i :  y)  approximatelyJ 

13.  In  considering  formulae  (4)  to  (7)  it  must  be  borne  in  mind 
that  the  suitability  of  these  expressions  for  use  in  connection  with 
any  particular  mortality  table  depends  on  the  extent  to  which  the 
appropriate  joint-life  annuity  values  are  available.  When  a  table 
follows  Makeham's  Law,  the  law  of  uniform  seniority  enables  these 
values  to  be  calculated  very  accurately,  provided  the  values  of 
ioint-life  annuities  at  equal  ages  are  tabulated,  and  any  one  of  the 
formulae  given  can  be  very  conveniently  employed  :  but,  as  already 
mentioned,  for  tables  for  which  the  appropriate  annuity  values  or 
commutation  tables  are  not  available,  the  simplest  plan  is  to  employ 
the  method  of  approximate  integration. 
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These  remarks  also  apply  to  the  formulae  given  in  the  following 
paragraph. 

14.  The  expressions  for  the  value  of  an  assurance  payable  on 
the  death  of  (x)  provided  two  or  more  specified  lives  survive  him 
are  exactly  similar  to  those  where  the  condition  is  that  only  one 
life  shall  survive  him. 

For  example,  where  three  lives  (x),  (y)  and  (z)  are  involved 

■°-xy»  —  I     1>  tPxyzf^x+tdt, 
J  0 

whence,  employing  the  methods  adopted  to  obtain  expressions  for 
the  value  of  A^,  we  have,  corresponding  to  formulae  (4),  (5)  and 
(7)  respectively, 

&-xvz  —  k\  ^~ Px-0>x+i:yz\    (°)> 

_  I  Px-\  ) 

Aci/z  =  axyz  ~ Px  •  ax+i:  yz       \y)i 

■n-xyz  ~  fJ-xaxyz  +  S  \ax—x :  yz  ~  ^x+1 :  yz)      (.!")• 

The  expression  for  AlyZ  corresponding  to  formula  (6)  is  too  com- 
plicated for  practical  use. 

It  is  evident  that  expressions  similar  to  formulae  (8),  (9)  and  (10) 
will  hold  whatever  the  number  of  lives  involved. 

15.  The  expressions  obtained  in  paragraph  14  for  the  value  of 
AlyZ  on  the  basis  of  an  Aggregate  Table  are  equally  applicable 
when  a  status  such  as  the  joint  existence  of  two  lives  is  substituted 
for  the  life  (x),  or  a  different  status,  such  as  the  life  of  the  survivor 
of  (y)  and  (z),  substituted  for  the  joint  existence  of  these  two  lives. 

/■CO 

Thus,   A~.z=f     vttPxyzPx+t-.y+tdt 

Jo 

l    \  &X—1 :  y—\  :z  —  {  /i  i  \ 

—  5  ■)— Pxyax+i:y+i:zf    U--U, 

I  Px-i:y-i  ) 

or  -&-xl/:z  =  (^d"  f-y)  axyz^"k(flx~i:y-\:z  ~~  Q-x+iiy+i-.z)  •••\\^h 

the  latter  expression  being  obtained  by  differentiating  the  annuity 
value  cLxyz  with  regard  to  the  joint  status  (xy). 
Similarly 

K-J^hl^^-Px.^.J (13), 

(   Px-i                                    ) 
Or  A,..^  =  flx-  ax:yz  +  2  \ax— 1:yi  ~  ax+l:yz)    (!*)> 

and  so  on. 

Generally,  however,  it  will  be  simpler  to  evaluate  cases  of  this 
kind  by  approximate  integration.    (See  also  paragraph  32.) 
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16.  As  an  example  of  approximate  integration  when  three  lives 
are  involved,  let  it  be  required  to  find  the  value  of  A30.36.45  by  the 
HM  Table  (Makeham  Graduation)  at  3  per  cent,  by  this  means. 

The  integral  for  the  value  of  the  assurance  is 


1      rm 

'so '35 ''as  J  0 


and,  for  demonstration  purposes,  we  will  employ  the  formula 


f 

J  0 


|  J(x)  dx  =  ^  [/(0)  +  2  {/(2n)  +/(4n)  +f(6n)} 

+  4{/(n)+/(3n)+/(5n)}]. 
Here  6w  =  102  —  45  =  57  and  as  the  final  terms  will  be  exceedingly 
small  we  may  take  n  =  9  rather  than  n  =  10. 

The  value  of /(6re)  is  0,  so  we  shall  only  be  concerned  with  the 
terms  f(0)...f(5n). 

The  calculation  is  as  follows : 


n 

2n 

3re 

in 

5rc 

t= 

0 

9 

18 

27 

36 

45 

log  v' 

— 

1-8845 

T-7689 

1-6534 

1-5379 

1-4223 

logZ3o  +  ( 

— 

4-9195 

4-8748 

4-8040 

4-6737 

4-4083 

log?35+( 

— 

4-8968 

4-8402 

4-7424 

4-5508 

4-1457 

log  Z45+ J 

— 

4-8320 

4-7271 

4-5195 

4-0781 

3-1048 

colog  Z30  £36 

hr>     — 

15-2205 

15-2205 

15-2205 

15-2205 

15-2205 

Sum 

■0000 

1-7533 

T-4315 

2-9398 

20610 

4-3016 

••(«) 

log^30  +  ( 

3-8854 

3-9809 

2-1424 

2-3746 

2-6627 

29855 

Sum 

3-8854 

3-7342 

3-5739 

3-3144 

4-7237 

5-2871 

log"1 

•00768 

•00542 

•00375 

■00206 

•00053 

•00002 

4 

2 

4 

2 

4 

•00768 

•02168 

•00750 

•00824 

•00106 

■00008  = 

A30:36:45= 

■04624 
3 

■■  -13872 

The  correct  value  is  -1385. 

The  approximate  integration  formula  employed  in  this  calcula- 
tion gives  good  results  when  the  values  of  the  successive  terms 
are  not  changing  very  rapidly,  but  where  this  occurs  the  formula 


f{x)dx  =  n  (-28/(0)  + 1  -62/(w)  +  2-2/(3m)  +  l*62/(5n) 

+  -56/(6n)+r62/(7n)} 
is  more  suitable,  In  being  so  taken,  as  in  the  example  in  paragraph  7, 
that/(7?i)  fallsjust  within  or  just  beyond  the  limits  of  the  mortality 
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table.  This  formula  can,  in  fact,  be  safely  used  for  all  functions 
based  on  the  mortality  table  and  will  be  employed  in  other  ex- 
amples of  approximate  integration  included  in  this  volume. 

The  summation  line  (a)  has  again  been  included  solely  to  in- 
dicate that  the  annuity  value  required  for  the  calculation  of  the 
annual  premium  can  be  obtained  during  the  process  of  arriving  at 
the  single  premium.  When  the  single  premium  only  is  required 
this  line  will  be  omitted. 

17.  When  the  lives  are  all  of  equal  age,  whatever  the  number 
of  lives  involved,  say  m,  we  have 


*-xa;x ...  (m  lives)  =         v  tPxxx  ..Am)  f^x+t^t 
J  0 

1    f°° 

—       VttPxxx...(m)  ■  mfix+tdt 

m  '  ft 


mi  o 

=  ~A-xxx..Am)     (15). 

18.  Contingent  Assurances  when  the  Mortality  Table 
follows  Makeham's  Law.  If  a  mortality  table  follow  Makeham's 
Law,  the  value  of  an  assurance  payable  at  the  moment  of  death 
of  (%)  provided  he  die  first  of  any  number,  say  m,  lives  can  be 
expressed  as  follows : 


A^...(m)  =  Cv\Vsyz...  (m)  (A  +  Bc*+<)  dt 
J  o 


=  A.amiz  Am)  +  ■ 


Ixyz...  (m)  f  cX  +  cy  +  cz  +  _  _  _  m  termg 

x  I    vltp  xyz    (m)  Be'  (cx  +  cv+cz+...m  terms)  dt 
J  o 


A-  *" 


Ixyz...  MfcX  +  cy  +  cZ+^m  terms 

x  (Axyz    (m)  —  mKaxy2   (m))  dt, 
since  Be'  (ca  +  cv  +  cz  + . . .  m  terms)  =  (fix+t  +  nv+t  +  f*z+t  +...)-  mA, 

f.X         

=  Aa^MJu,...  (m)  +  ——^  (A-www...  (m)  —  fn&-Q>wuyw ...  (m)), 
7YIG 

where  mew  =  cx  +  cv  +  <?  +  . . .  m  terms, 
1 


in 


A-www...  (m)  +  loge  S  .  a^ww...  (m) 


=  CX 


■~\oges.awww„Am)  (16). 
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The  expressions  for  the  assurances  where  m  =  2,  3  and  4  respec- 
tively are,  therefore, 

A^=(f  iA^  +  log.j.a^ _ hge s  .^     where  2cw  =  cx  +  ^ 

C 

A1      -  rx  ^      "" +       & S '  ^WWW        lno-    r    n  ^r.W-rX,„v,     z 

Ar^/z— ~ ~m MgeS-auwui         „        OCw  =  C°  +  Cy  +  c", 

1       „x  i-^-vmruw  t  lOge  8  •  Q"wwww       i  - 

xyzb  —  c  k,  L°§e  "  •  u>wwww 

C 

where  4cw  =  c*  +  c8'  +  c*  +  c6. 
*19.   If  the  functions  log  c*  log  h^^  +  ^s.a^  ^  _  ^ 


c«,  „nS'0>w 


be  tabulated,  the  calculation  of  contingent  assurances  by  a  table 
following  Makeham's  Law  becomes  very  simple.  These  functions 
are  accordingly  tabulated  on  page  477  for  two,  three  and  four 
lives   on   the   basis   of  the   HM   Table  at   3   per  cent,  interest, 

log  - — — ^      '    ww  being  represented  by  fx  (ww)  and  —  log„s .  am 

c 

by  f2  (ww)  and  so  on. 

The  following  examples  will  illustrate  the  method  of  using  the 

tables : 

Ex.  1.   To  find  AJ2:W.   HM  (Text-Book)  3  per  cent. 
By  uniform  seniority  table,  or  fi  column,  r  —  36'72. 


log  c32  =  1-26902 
log/,  (36,  36)  =3-82223 

log  c82  =  1-26902 
log/ (37,  37)  =  3-79667 

1-09125 

1-06569 

log-'=    -12338 
/2(36,  36)=   -09514 

log-^   -11633 
/2(37,  37)=   -09341 

•21852 
•20974 

■20974 

•00878  x  -72 
=   -00632 

•   •     -"-32:40 —      "21220 

*  The  method  employed  here  and  the  table  on  p.  477  are  taken  from  a  note  by 
Messrs  Hume  and  Stott  (J.  I.  A.  Vol.  xxxix). 
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Ex.  2.   To  find  AJ0;36:45,  HM  (Text-Book)  3  per  cent. 
By  uniform  seniority  table,  or  /j.  column,  r  =  38'49. 


log  c30 
log/l(38,38,38)  = 


log-1- 
/2(38,  38,  38)  = 


=  1-18971 
360755 

2-79726 

■■   -06270 
•07841 

•14111 
•13587 

•00524  x  -49 
•00257 


log  cso  =  118971 
log/x(39,  39,  39)  =  3-58236 

2-77207 


log"x  = 
/,(39,  39,  39)  = 


•05917 
•07670 

•13587 


.-.  AJ0:36:46  =   -13854 

20.  Numerical  Values  by  Different  Formulae.  In  order  to 
show  the  effect  of  adopting  the  various  formulae  obtained  in  this 
chapter,  the  values  of  A^.^  and  AJ2:40  by  the  HM  Table  (Makeham 
Graduation)  as  given  by  formulae  (4),  (5),  (6),  (7)  and  (16)  respec- 
tively are  set  out  in  the  following  table. 


Number  of 
Formula 

(4) 

(5) 

(6) 

(7) 

(16) 


Formula  for 
AL 


1  jo* 


-l-v 


-Px  ■  a. 


H 


Px-l 

axy-px.dx  +  1 

ax-l:y 


+  l-Vf 


6* 


Aw+  ft-. 

Hv&xv  +  hi&x- 

i&vm  +  log,s.a 


x  1-015 


ax-y-i\ 
Pv-l  ) 

\'y~ax  +  l;y) 

'-loge*.a„ 


Value  by  HM 

Aso:60 

•0972 
•1008 
•0970 
•0972 

•0971 


3  per  cent. 

A  1 

"■32:40 

2121 
2130 
2118 
2120 

2122 


The  calculations  have  been  made  on  the  basis  of  annuity  values 
to  three  places  of  decimals,  a  being  taken  as  equal  to  \  +  a,  except 
in  the  case  of  formula  (16)  which  may  be  taken  as  giving  the 
correct  value.  In  view  of  the  limited  number  of  decimal  places 
employed,  the  results  (apart  from  formula  (16))  cannot  be  depended 
upon  to  more  than  three  places,  and  even  the  third  place  cannot 
be  relied  upon  to  be  absolutely  accurate.  The  equal  ages  have  all 
been  taken  to  two  places  of  decimals.  All  the  formulae  dealt  with 
give  results  sufficiently  accurate  for  practical  purposes.  The  cal- 
culations have,  of  course,  been  made  on  an  aggregate  table  and 
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a  formula  such  as  number  (5)  giving  a  rather  higher  value  is 
therefore,  probably  the  best  in  this  case  for  Office  purposes. 

In  practice,  on  account  of  the  small  number  of  contingent  assur- 
ances issued,  the  premiums  charged  are  loaded  much  more  heavily 
than  for  the  more  popular  classes  of  assurances,  and  it  is  not, 
therefore,  of  great  importance  that  extreme  accuracy  in  the  net 
single  premium  should  be  attained. 

21.  The  following  table  shows  the  value  of  A^. 35.45  by  the 

HM  Table  at  3  per  cent,  by  the  formulae  given  in  paragraph  14 

and  by  formula  (16). 

Value  by  HM 
Number  of  Formula  for  3  per  cent,  of 

Formula  klvz  A80:S5:« 

(8)  ife? r-^-a»+'t4  '1375 

(9)  dxl/,-px.ax  +  1:y,  -140 
(10)                   A»«.4w,  +  H»«-i:w-««+l:»»)                       -1375 

(16)  c*  i &m° +  l°wSe  s-a™»-  l0ge .  .  a„  -1385 

22.  Application  of  Formulae  to  Select  Tables.  Formulae 
(4),  (6)  and  (7)  all  contain  the  values  of  annuities  involving  the  age 
x—\,  and  must  accordingly  be  modified  so  as  to  eliminate  this 
age  if  they  are  to  be  applied  to  Select  Tables. 

Formula  (4)  does  not  admit  of  direct  modification  in  this  way, 
but  a  very  close  approximation  will  be  obtained  if  we  assume  that 
a  similar  expression  holds  for  the  assurance  payable  at  the  end  of 
the  year  of  death,  that  is,  if  we  assume 

A-xy  —  ~%  j  ~  Px  •  ax+\  :  y  r  - 

Then  writing  ax^ .  v  =  vpx^  .  v .  &x .  y+1 ,  the  formula  becomes 

■"■mi  ~  ~Z  \VPv  •  a*  :y+l  —  Px  ■  ax+i  :y\> 

whence,  inserting  "select"  symbols,  and  taking  A*„  =  A£„(l  +  $i), 

M>m  =  i  iVPW  ■  aM-.tl/l+l  ~  PM  •  <t*«il+i:v}  (*  +  ¥)  ■  -  •  (l7)" 

Formula  (5)  is  applicable  to  Select  Tables  as  it  stands,  that  is, 

AMM  =  "1*3 tvl  ~  Plx]  ■  Oixl+i :  [j/1    (I8)- 
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Formula  (6)  must  be  modified  by  assuming  a  different  approxi- 
dax 
dx 

dax 


cla 

mation  to  the  value  of  -r~ .   Thus,  we  could  take 
ax 


dx 


=  (Ax-|AV)a*, 


but  owing  to  the  nature  of  the  progression  of  the  differences  of  ax 
when  x  is  the  variable,  a  more  accurate  as  well  as  a  simpler  ex- 
pression is  obtained  by  taking  -j^  =  /\xa,x  approximately.   With 

this  assumption,  which  is  equivalent  to  assuming  that  /Mx+t  =  qx+t 
for  all  values  of  t,  the  formula  becomes 

In  order  to  adapt  formula  (7)  to  Select  Tables,  it  is  necessary  to 
write  dx-i .  y  =  ■ypa._1 .  y .  ax .  y+1  and  ax .  y-!  =  vpx .  „_! .  &x+l .  y,  whence 

A[l]  M  =  h  [Mxi  lui  +  VPW  •  aU] :  lyl+1  ~  »PW  •  at*]+l  :[!/]}••■(  20). 

Though  formulae  (17)  to  (20)  are  applicable  to  Select  Tables, 
they  all  include  one,  or  both,  of  the  values  aixltivU-i  and  cixi+i-Avh 
neither  of  which  would  be  available  from  published  tables.  The 
quickest  way  to  obtain  the  values  of  these  annuities  would  be  by 
approximate  integration,  with  the  result  that,  as  stated  in  para- 
graph 6,  unless  the  necessary  commutation  tables  or  assurance 
values  are  already  tabulated,  the  simplest  method  in  practice  is  to 
obtain  A[i][v]  itself  by  this  means. 

23.  Contingent  Assurances  when  the  Mortality  Table  follows 
Gompertz's  Law.  If  a  mortality  table  followed  Qompertz's  Law, 
the  value  of  an  assurance  payable  in  the  event  of  (x)  dying  first  of 
to  lives  aged  (x),  (y),  (z)  ...  etc.,  could  be  expressed  as  follows : 


Vcj/2...  (m) 

'  0 


Jo 


cx  +  cy  +  cz  +  . ..  m  terms 

x  j   v'tpw ,.(m) Bct(<?  +  c»  +  cs  +  ...  (i»» dt 
Jo 

—  Qii». .Am)  x  ■^■xyz.Am) (21) 


Px 


>^r^r^^(m-Te7m7)A^  (ml (22)- 

20 
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If  an  age  "  w  "  be  obtained  such  that  cw  =  <?  +  cy  +  cz  + ...  m  terms, 
the  formula  becomes 

—  cx  — 

•°-x\/z...  (m)  =  t^,  -&-w       (23). 

24.  Approximations  to  value  of  A^.  A  method  of  obtaining 
an  approximate  value  of  AJ^,  based  indirectly  on  formula  (22),  was 
suggested  by  Messrs  Elderton  and  King,  in  J.I.  A.  Vol.  xliv. 

By  Gompertz's  Law,  where  fix-{-  (iy=  fiw, 

Ti   _       f1"      T 


and  the  problem  is  to  find  the  age  of  a  single  life  which  can  be 
substituted  for  the  two  lives  (%)  and  (y)  so  that  this  formula  can 
be  employed  with  a  sufficient  degree  of  accuracy  when  Gompertz's 
Law  does  not  hold.  As  will  be  seen  from  the  following  examples, 
the  method  involves,  for  the  purpose  of  ascertaining  the  age  of  the 
single  life,  the  addition  to  each  age  (x  and  y)  of  a  number  of  years 
determined  by  reference  to  the  single-life  annuity  value  at  the  age 
of  the  counter  life. 

As  an  example  let  it  be  required  to  find  an  approximate  value 
for  Ai:60  by  the  HM  Table  at  3  per  cent.  Since  a®,  =  10223,  we 
take 


Mso+io  — 
A'eo+io  = 


A  1 


00990, 
06353 


07343  =  ^61.7+10, 
00990 


07343 
00990 


x  Am  x  1-015 
x  -69459  x  1015 


■07343 
=  -0951, 
the  correct  value  being  "0971. 

It  will  be  observed  that  the  addition  of  10  years  to  the  ages  is 

retained  as  regards  the  force  of  mortality  (i.e. ^30+"1 —  is  taken) 

but  is  discarded  in  connection  with  the  assurance  factor  (i.e.  A®  is 
taken,  not  A®^,,). 
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Similarly,  to  find  an  approximate  value  of  A^m  by  the  HM  Table 
at  3  per  cent.,  since  o40  =  17-177,  we  have 

/^17  =  -01462, 

/*4o+i7  =  -02369 


A 1       — 

-a-32 :  40  — 


03831  =  /i46.i6+l7, 

01462 


03831 
01462 


x  A47  x  1-015 
x  -53633  x  1-015 


■03831 

=  •2077, 
the  correct  value  being  -2122. 

In  these  examples  the  HM  Table  (Makeham  Graduation)  has 
been  employed  for  convenience,  though  it  is  clearly  unnecessary 
with  this  table  to  resort  to  such  a  method.  The  next  higher 
integral  age  has  been  adopted  in  extracting  the  value  of  A^,,  but 
this  is  not  necessarily  the  most  suitable  plan  for  other  tables. 
With  the  0M  Table,  for  example,  the  next  lower  integral  age  will 
give  better  results.  The  method  will,  however,  give  a  fairly  close 
approximation  to  the  true  value  if  the  actual  fractional  age  brought 
out  be  retained  in  all  cases. 

The  method  is  not  applicable  to  Select  Tables,  and  even  with  an 
aggregate  table,  as  the  evaluation  of  a  contingent  assurance  by 
approximate  integration  is  so  simple,  it  need  not  be  considered  as 
supplying  anything  more  than  a  rough  check  on  the  value. 

*25.  Contingent  Assurances  payable  otherwise  than  on  the 
first  death.  When  the  sum  assured  is  payable  on  the  second,  or 
later,  death  it  is  often  a  useful  plan  to  express  the  assurance  in 
terms  of  simple  contingent  assurances  payable  on  the  first  death 
only.  In  the  more  complicated  cases,  however,  and  when  AJ^  is  not 
tabulated,  it  is  generally  preferable  to  obtain  the  required  value 
directly  by  approximate  integration. 

The  value  of  an  assurance  of  1  payable  at  the  moment  of  death 
of  (x)  if  he  die  after  (y),  A|„,  is 

Kv=\    *>'(!-  tpv)  tPxPz+tdt 
Jo 

=  AX-Aly (24). 

*  All  the  formulae  in  paragraphs  25  to  34  apply  also  to  Select  Tables. 

20—2 
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From  general  reasoning,  it  is  evident  that  the  value  of  an  assur- 
ance on  the  life  of  (%)  provided  he  die  before  (y)  plus  the  value  of 
an  assurance  on  the  life  of  (%)  provided  he  die  after  (y),  must  give 
the  value  of  an  assurance  payable  on  the  death  of  (%).  That  is, 
A^  +  A.%,  =  Ax,  whence  A^  =  Ax  -  A^. 

Having  established  this  relationship  for  the  continuous  assur- 
ance, since  all  the  terms  involve  the  payment  of  a  unit  on  the  death 
of  (x),  it  is  evident  that  a  similar  relation  will  hold  if  it  be  assumed 
throughout  that  the  sum  assured  is  payable  at  the  end  of  the  year 
of  death.   Thus  A|„  =  Ax  -  AJ,. 

It  is  a  simple  matter  to  prove  this  directly  on  the  assumption  of 
a  uniform  distribution  of  deaths  over  each  integral  year  of  age,  on 
which  assumption 

ajv='s"  ««+i%-'  (1  -hb*tt) 

t=0  >>a     \  ly     / 

-  A    _  A1 

26.  An  important  difference  between  the  arguments  employed 
in  dealing  with  contingent  probabilities  and  contingent  assurances 
respectively  must  be  carefully  noted.  When  dealing  with  contingent 
probabilities  the  order  of  the  events  only  need  be  considered,  and 
we  can  write,  for  example,  Qly  =  QJ^ ;  but  when  dealing  with  con- 
tingent assurances,  since  the  operation  of  discounting  is  introduced, 
the  formula  employed  must  deal  with  the  event  which  determines 
the  payment  of  the  sum  assured.   Thus 

J  0 
but  Kl=\     Vl{l-  tpx)  tPyfly+t  dt 

Jo 

-I   _Ti 

—  JXy  -0.xy 

27.  The  value  of  an  assurance  payable  at  the  moment  of  death 
of  (x)  if  he  die  before  (y)  or  within  t  years  after  the  death  of  (y) 
provides  a  good  example  of  the  point  mentioned  in  the  last  para- 
graph. In  Chapter  XIV  8,  the  value  of  the  corresponding  probability 
was  obtained  by  reference  to  the  moment  of  death  of  (y),  but  the 
assurance  being  payable  on  the  death  of  (*),  from  which  moment 
the  sum  assured  must  be  discounted,  that  method  cannot  now  be 
employed. 
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The  problem  does  not  present  any  difficulty,  since  the  value 
required  is 

Ax  —  (the  value  of  an  assurance  payable  only  if  the  death  of  (x) 
occur  at  least  t  years  after  the  death  of  (y)) 

=  Ax  -  I    vtJ^  (1  -  npy)  ^.tpxfix 
Jo 


''x+n+t 


dn 


=  AX-  tftPx        Vn(l- npy)  nPx+tflx+n+tdn 

■10 

=  AX — ~—  (Ax+t  —  Ax+i-.y)  (25), 

or  the  same  expression  might  have  been  obtained  by  taking 

Ai: t]  +  I    vt^nt+npx .  „pynx+t+ndn, 
Jo 

since  the  sum  assured  must  be  payable  in  the  event  of  (x)  dying 

during  the  first  t  years,  and  after  that  time  if  (y)  be  alive  within 

t  years  of  the  death  of  (x). 

Having  proved  formula  (25)  by  means  of  the  Integral  Calculus 

it  follows,  as  pointed  out  in  paragraph  25,  that  a  similar  relation 

holds  if  all  the  assurances  be  assumed  bo  be  payable  at  the  end  of 

the  year  of  death;  that  is,  if  "A"  be  substituted  for  "A."   The 

student  can  prove  this  independently  on  the  assumption  of  a  uniform 

distribution  of  deaths,  from  either  of  the  expressions 

W  =  OC  «=0O 

Ax-     X     ^+n+1*+n|?a;(l-»+J^)     Or    AJ.J1+     %    V^+'t+nlqx.n+iPy. 
»=0  »=0 

28.  The  sum  of  the  values  of  two  assurances,  one  payable  in  the 
event  of  (a;)  dying  before  (y),  and  the  other  in  the  event  of  (y)  dying 
before  (x),  is  the  value  of  an  assurance  payable  on  the  failure  of  the 
joint  lives  (x)  and  (y).   Thus 

Axy  =  Axv  +  Aw    (26). 

Similarly,  AS  =  A^+A^    (27). 

29.  For  an  assurance  payable  on  the  death  of  (x)  if  he  die  second 
of  three  lives  (x),  (y)  and  (z),  (y)  having  predeceased  him,  we  have 


Kyz  =         "'  (1  -  tPu)  t  PxzPx+t  dt 
1       Jo 

=  AL-A^   (28), 
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this  being  equivalent  to  an  assurance  payable  on  the  death  of 
(x)  before  (z)  less  an  assurance  payable  on  (x)  dying  before  both 
(y)  and  (z). 

30.  The  value  of  an  assurance  payable  simply  in  the  event  of 
(x)  dying  second  of  the  three  lives,  is  the  sum  of  the  values  of  two 
assurances,  one  payable  on  (x)  dying  second  (y)  having  died  first, 
and  the  other  on  (a)  dying  second  (z)  having  died  first.   That  is, 


A2      ._  A2        I     A2 

•^xyz       **-xyz  ~  **-xyz 
1  1 


=  Aiv  +  AL-2Ai„ (29). 

Expressed  in  the  form  of  an  integral, 

K;z  =        tftPx  (tPy  +  tPz  ~  %tPyz)  f*x+tdt. 

JO 

31.  The  value  of  an  assurance  payable  on  the  death  of  (x)  if  he 
die  third  of  three  lives,  A.%vz,  is 

Kyz  =        vt  (1  -  tPy)  (1  -  tPz)  tPxPx+tdt 

Jo 

=  I     &  (1  -  tPy  -  tPz  +  tPyz)  tPxf*x+tdt 

Jo 

=  Aj  —  Axy  —  A.xz  +  A;CV2  (30). 

This  could  also  have  been  obtained  from 

A~3    —  X  —  X1    —  X2 

■^■xyz       Ax        J^xyz        -^-xyz 

—  X    —  X1  — 

—  ■c^x       -"-x-.i/z- 

32.  The  value  of  an  assurance  on  the  life  of  (x)  payable  only  in 
the  event  of  (x)  dying  before  the  survivor  of  (y)  and  (z)  is 

Ac:j/z  =  Aw/  +  Acz  —  Acyz  (•")• 

This  assurance  can  also  be  represented  by  the  symbol  A\j2:J/z  or 
may  be  written  Ax  —  Axyz.   In  the  form  of  an  integral  its  value  is 


f 

Jo 


rftPy-z-tPxPx+tdt. 
'0 

33.   The  symbol  representing  the  value  of  an  assurance 
on  the  death  of  the  survivor  of  (x)  and  (y)  provided  this  occur 
during  the  lifetime  of  (z),  is  A^,:i,  or  A^:„  which  can  be  expressed 


A—     —  A  2     4-  A  2 
■"■xy  ■■  z  —  ^-xyz  ~  -n-xyz 
1  1 


-  AXJ;  +  A™  —  Axyz  —  A^j, \6l). 


XVII 36]  FOUR  LIVES  311 

It  will  be  observed  that,  though  Q^-z  =  Q^l,  a  corresponding 
equality  does  not  exist  between  the  assurances  represented  by 
A-xy.z  and  A^. 

34.  Finally,  to  give  an  example  involving  four  lives,  the  value 
of  an  assurance  payable  on  the  death  of  (x)  if  he  die  third  of  four 
lives  (w),  (x),  (y)  and  {z)  is 

r<*> 

K^yz  =        tftPw  ■  tPxPx+tdt 
J  0 

/•oo 

=  I     tfitPw+tPy  +  tPz-ZtPvy-ZtPwz-ZtPyz  +  StPwyzjtPxPx+tdt 
JO 

=  -&-wx  +  A^  +  Axz  —  "Awxy  —  2AJOTJ  —  2  A^j.  +  oA„,OTj. (ao). 

The  values  of  A^  and  A1:J:3:M1/Z  will  similarly  be  found  (with 
the  addition  of  the  factor  vl),  in  the  manner  employed  in  Chapter 
XIV  17,  to  obtain  the  values  of  the  corresponding  probabilities. 

35.  In  all  the  cases  dealt  with  in  paragraphs  29  to  34,  similar 
relations  will  hold  for  assurances  payable  at  the  end  of  the  year  of 
death,  "A"  being  substituted  for  "A." 

36.  As  a  further  example  of  approximate  integration  let  it  be 

required  to  find  the  value  of  A3o:45:60  by  the  HM  Table  (Makeham 

'  i 

Graduation)  at  3  per  cent.    Here 


-A-30 


i     r 

:  45 :  60  =  /    I    j     I     V  Im+t  •  lm+t  •  ('«  —  *«+*)  M30+* dt, 

1  ^30  M5  ^60  J  0 


and  the  formula  we  shall  use  is 


/, 


f(x)  dx  =  n  {'28/(0)  +  l-62/(n)  +  2-2/(3»)  +  l-62/(5w) 

+  -56/(6n)  +  l-62/(7n)}, 
where  In  =  102  -  60  =  42,  or  n  =  6. 

The  annual  premium  for  this  assurance  (see  paragraph  43)  would 
be  made  payable  during  the  joint  lifetime  of  (30)  and  (60),  and 
the  work  can  be  so  arranged  as  to  give  the  value  of  030 :60  during 
the  process.  In  the  following  calculation  it  is  assumed  that  the 
single  premium  only  is  required : 
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n 

3n 

5n 

6n 

t 

=  6 

=  18 

=  30 

=  36 

log  V* 

1-9230 

1-7689 

T-6149 

1-5378 

log?30  +  ( 

4-9314 

4-8748 

4-7697 

4-6737 

log  leo  +  i 

4-6737 

4-2645 

3-1048 

1-8513 

log  (hb-lts  +  t) 

3-7971 

4-3903 

4-7187 

4-8192 

logM30  +  « 

3-9425 

2-1424 

2-4654 

2-6627 

colog  4o  hb  leo 

15-3860 

15-3860 

15-3860 

15-3860 

log  coeff. 

•2095 

•3424 

•2095 

T-7482 

Sum 

4-8632 

3-1693 

4-2690 

6-6789 

log"1 

•00073 

•00148 

•00019 

•00000  =-00240 
6 

A30: 45:60= '01440 
1 

37.  In  each  of  the  examples  of  approximate  integration  given 
in  this  chapter  reference  has  been  made  to  the  arrangement  of  the 
work  so  as  to  provide,  in  the  same  process,  the  value  of  the  annuity 
required  for  the  purpose  of  deriving  the  annual  premium  from  the 
single  premium.  It  is,  however,  frequently  impossible  to  effect  this 
in  the  more  complicated  cases. 

For  example,  as  pointed  out  in  paragraph  30,  the  value  of  A^ 
expressed  in  the  form  of  an  integral  is 


Jo 


vttPx  (tPu  +  tPz  ~  ItPyz)  Hx+tdt, 


whereas  the  annuity  value  that  would  be  required  for  the  purpose 
of  calculating  the  corresponding  annual  premium  (see  paragraph 
43)  is  1  +  aX:yi>  the  integral  for  ax:yZ  being 


I    b*  tPx  (tPv  +  tpz  -  tPyz)  dt. 
Jo 


38.   Deferred  Contingent  Assurances.    The  values  of  deferred 
contingent  assurances  can  be  expressed  as  follows  : 


IA1    ■ 

l-n-xy  ' 


=  I    vn+tn+tpxy/Mx+n+fdt 
Jo 


—  V   nPxy-n-x+n-.y+n      

\KV=\     Vn+tn+tpx  (1  -  n+tPV)  /*x+n+t dt 

Jo 


.(34), 


=  vnnpx 


*-x+n  ' 


'  "   npXy A-x+n :y+n 


—  I  A    —    I  A  1 

—  n  I  -^-a:       n  \  -^-xy ' 


.(35). 
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It  will  also  be  seen  that 

„!AiI/  +  „|Axi  =  „|AX!/  and  „|A|V  +  „|A^  =  „|A-. 

In  the  case  of  an  assurance  deferred  n  years  payable  on  the 
death  of  (x)  before  (y),  in  order  that  the  assurance  may  become 
effective,  both  lives  must  survive  until  the  end  of  n  years.  But  this 
is  not  so  with  the  assurances  represented  by  n|A^  and  «[A^  which 
would  become  payable  if,  in  the  first  case,  (x)  only,  and  in  the 
second  case  either  (x)  or  (y)  only,  survived  that  period. 

39.  For  an  assurance  payable  on  the  death  of  (x),  provided  this 
occur  after  the  lapse  of  a  period  of  n  years  and  (y)  has  died  before 
(x),  (z)  surviving  (x),  we  have 

n\-°-xyz  =  A-a-xz  ~  n\A-xyz (36). 


1 


In  this  case  (y)  may  have  died  during  the  period  of  n  years  and 
the  assurance  still  be  payable  on  the  death  of  (x). 
Other  cases  can  be  considered  in  a  similar  manner. 

40.  Temporary  Contingent  Assurances.  The  values  of  tem- 
porary contingent  assurances  for,  say,  n  years,  are  readily  obtained 
by  taking  the  value  of  the  whole-life  assurance  less  the  value  of 
the  deferred  assurance,  or  by  integrating  the  expressions  already 
obtained  between  the  limits  0  and  n  (instead  of  0  and  oc )  and 
making  the  consequent  alterations  in  the  formulae  by  inserting 
temporary  annuity  values  in  place  of  those  for  the  whole  duration 
of  the  joint  lives. 

For  example,  if  it  be  required  to  find  the  value  of  ^K^.^  by 
the  HM  Table  (Makeham  Graduation),  this  can  be  obtained  by 
means  of  the  expression 

-L'30:60 

where  A3o:6o  an(i  ^so-.m  can  De  readily  calculated  by  the  method  of 
paragraph  18. 

If  the  value  of  |2oA[30][60]  be  required  on  the  basis  of  the  0[NM]  Table 
for  (30)  and  the  0^  Table  for  (60),  this  will  be  most  readily  ob- 
tained by  approximate  integration. 

We  have 

1      f20 

I  JO 


trail  t 


WljUo 
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and  as  in  Chapter  XV  12,  the  formula 
riO 

f(x)  dx  =  1 1/(0)  +  4/(5)  +  2/(10)  +  4/(15)  +/(20)} 

J  o 

can  be  employed.  The  value  of  /(0)  in  this  case  is  0,  so  only  four 
terms  would  be  calculated. 

For  use  with  Aggregate  Tables  expressions  corresponding  to 
formulae  (4)  to  (7)  can  be  obtained  from  the  integral,  these  being 
of  exactly  the  same  form  as  the  corresponding  expressions  for  the 
whole-life  contingent  assurances,  the  temporary  annuities  ax_1:!/:;g, 
<ix:y-i:n\i  e^c-  being  substituted  for  ax-1:y,  ax-y^,  etc. 

The  limitations  to  the  practical  value  of  the  various  formulae 
have  already  been  discussed.  In  view  of  the  work  involved  in 
extracting  the  values  of  temporary  annuities,  where  these  are  not 
tabulated,  the  employment  of  the  method  of  approximate  integra- 
tion is  still  more  often  an  advantage  in  the  case  of  temporary 
contingent  assurances  than  in  connection  with  those  for  the  whole 
of  life. 

41.  All  the  formulae  given  in  paragraphs  25  to  35,  expressing 
the  values  of  more  complicated  contingent  assurances  in  terms  of 
assurances  payable  at  the  first  death,  apply  also  in  the  case  of  t 
temporary  assurances,  |nA  being  substituted  for  A. 

42.  Where  only  two  lives  are  involved  the  values  of  temporary 
contingent  assurances  can  be  expressed  in  terms  of  commutation 
functions.   Thus 

I     A  1        _  M[3][y]  —  M-lx]+n:[yl+n  /oi7\ 

l»A[«]M_  n,,,.  v"/' 


and  so  on. 


Mm  —  M[x]+n  _  Mfe^  —  M[x]+n.[v]+n  ,gg. 


43.  Annual  Premiums  for  Contingent  Assurances.  In  con- 
nection with  the  annual  premiums  to  be  charged  for  contingent 
assurances,  the  question  of  the  period  during  which  the  premiums 
are  to  be  payable  requires  careful  consideration. 

For  an  assurance  payable  on  the  first  death  the  premium  would 
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be  payable  during  tbe  joint  existence  of  all  the  lives  named  in  the 

policy,  since  the  death  of  any  one  of  them  would  terminate  the 

contract;    the  premium  for  an  assurance  payable  on  (%)  dying 

A1 
before  (y)  and  (z)  would  thus  be  ~se .   If  one  of  the  counter  lives 

failed  first  no  claim  could  arise  under  the  policy,  so  that  it  is  only 

necessary  to  have  (x)  medically  examined,  (y)  and  (z)  being  assumed 

to  be  select  lives. 

If  the  assurance  be  payable  on  the  death  of  (x)  provided  he  die 

after  (y),  the  premium  should  be  made  payable  during  the  lifetime 

of  (x),  both  the  lives  being  medically  examined.    If  (y)  were  not 

medically  examined  and  died  at  an  early  date,  the  Office  would, 

in  effect,  be  granting  (x)  a  whole-life  assurance  at  a  lower  premium 

than  he  would  have  paid  had  he  effected  such  an  assurance  without 

the  condition  that  (y)  should  predecease  him.    On  the  other  hand, 

if  the  premium  were  made  payable  during  the  joint  lives  of  (x) 

and  (y),  the  premium  would  be  increased  and  the  Office  would 

probably  lose  the  business,  which  would  be  secured  by  another 

Office  quoting  the  lower  premium  payable  until  the  death  of  (x). 

A2 
The  annual  premium  should  therefore  be  —^ . 

&x 

In  the  case  of  an  assurance  payable  on  the  death  of  (x)  if  he  die 

second  of  three  lives  (x),  (y)  and  (z),  (y)  having  died  first,  the 

assurance  must  terminate  on  either  (x)  or  (z)  dying  first,  but  will 

continue  if  (y)  die  first.    The  annual  premium  should  be  made 

payable  during  the  joint  lives  of  (x)  and  (z),  and  will  thus  be 

A2 

L ,  all  three  lives  being  medically  examined. 

aa;z 

Similarly  under  an  assurance  on  the  life  of  (x)  payable  only  if 

(x)  predecease  the  survivor  of  (y)  and  (z),  the  risk  will  determine 

either  on  the  death  of  (x)  or  on  the  death  of  the  survivor  of  (y) 

and  (z).    The  annuity  to  be  employed  in  calculating  the  annual 

A1  - 
premium  is  a,..^,  the  premium  being  — ^xz,  but  in  order  to  avoid 

selection  against  the  Office,  all  three  lives  should  be  medically 
examined.  If  only  (x)  were  examined  and  (z)  were  a  bad  life,  the 
Office  might  be  granting  what  was  practically  an  assurance  on  (x) 
against  (y)  at  an  insufficient  premium. 
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The  annual  premium  to  be  charged  for  an  assurance  payable  on 

A- 
the  failure  of  the  joint  lives  (x)  and  (y)  before  (z)  is     xvlr;  and  for 

an  assurance  payable  on  the  death  of  the  survivor  of  (x)  and  (y) 

A- 
before  (z),    ^:" .   In  these  cases  (x)  and  (y)  must  both  be  medically 

examined  but  it  is  not  necessary  to  take  this  precaution  with  (z), 
since  if  (z)  die  first  the  assurance  terminates  without  a  claim 
arising. 

For  an  assurance  payable  on  the  death  of  (x)  provided  he  die 
last  of  the  three  lives  (x),  (y)  and  (z)  the  annual  premium  should 
be  made  payable  during  the  lifetime  of  (x),  all  three  lives  being 
medically  examined.   The  annual  premium  to  be  charged  is,  there- 

A3 
fore,  =as. 

8>x 

The  symbols  for  the  annual  premiums  have  been  omitted  because, 
where  the  suffix  for  the  annuity  (i.e.  in  the  denominator)  differs 
materially  from  that  for  the  assurance,  the  adoption  of  a  symbol 
consistent  with  the  assurance  only  is  misleading.  It  is,  moreover, 
of  no  importance  that  a  particular  symbol  should  be  known  so 
long  as  the  student  is  able  to  calculate  the  required  premium. 

44.  The  annual  premium  for  an  assurance  payable  on  (x)  dying 
before  (y)  or  within  t  years  after  the  death  of  (y)  may  be  made 
payable  either  during  the  joint  lives  of  (x)  and  (y),  the  annuity 
value  being  axy ;  or  until  the  risk  determines,  in  which  case  the 

annuity  value  to  be  employed  is  a,X:t\  +  ^Fr^&x+t:y 

If  the  latter  method  be  adopted,  it  might  occur  that  if  (y)  die 
early,  (x)  will  be  in  possession  of  a  temporary  assurance  for  t  years 
at  an  inadequate  premium ;  while  if  the  former  method  be  employed 
the  premium  is  increased,  with  the  result  that  the  proposer  might 
decline  to  effect  the  policy.  There  is  also  the  further  difficulty 
when  the  premiums  are  payable  throughout  the  duration  of  the 
contract,  that,  in  the  event  of  (x)  surviving,  the  last  annual  premium 
would  be  payable  on  the  average  only  six  months  before  the  termi- 
nation of  the  contract :  this  difficulty  can  be  avoided  by  arranging 
for  t  —  1  payments  only  after  the  death  of  (y). 
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45.  Similar  formulae  hold  for  the  annual  premiums  for  temporary 

contingent  assurances.   The  annual  premium  for  an  assurance  of 

unity  payable  on  the  death  of  (x)  before  (y)  and  (z)  within  n  years 

i  A1 
is  '— — ^  :  for  an  assurance  payable  in  the  event  of  (x)  dying  before 

&xyz  :n] 

I    A2 

(z)  within  n  years,  (y)  having  died  before  (x), ,  and  so  on. 

^xz:n\ 

46.  The  formulae  for  the  annual  premiums  for  contingent  as- 
surances involving  two  lives  only  can  be  expressed  in  terms  of 
commutation  functions.   Thus, 


(39), 


A3 

V*y 

1 

a* 

M, 

-Mx+n 

Miv 

—  M— 

:V+n 

1    A2 

In-^-xy 

D* 

iJxy 

&x:n\ 

N* 

-^x+n 

.(40), 

ix+n 

and  so  on.  D^ 

47.  The  approximate  method  of  paragraph  24  can  be  applied 
very  conveniently  to  annual  premiums.  Thus,  by  the  HM  Table 
at  3  per  cent.,  by  this  method, 

,m,  -00990     D       inie 

P30:60  =  :073l3X    62X 

=Sx-06624xro15 

=  -00906, 
the  correct  value  being  "00926,  and 

;01462 

r32:40       -03831  47 

=SSix-03369><1-015 

=  -01305, 
the  correct  value  being  -01354. 

48.  Values  of  Contingent  Assurance  Policies.  The  value  at 
the  end  of  t  years  of  a  policy  securing  a  payment  of  "  1 "  in  the 
event  of  the  death  of  (x)  before  that  of  (y)  is 

tVxv  =  kxTt:y+t-?lv&x+t:y+t -(41)- 

If  the  sum  assured  be  payable  on  the  death  of  (x)  provided  he 
dies  after  (y),  and  the  annual  premium  be  payable  during  the  life 
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of  (x),  the  value  of  the  policy  differs  according  to  whether  (a)  both 
(x)  and  (y)  are  still  alive,  (b)  (x)  only  is  alive. 
The  policy  value  is  for 

Case  (a)  A^rUy+t -  7ax+i)    ^ 

Case  (b)  A^       -  Fa,x+t ) 

where  P  =  ^». 

3>x 

When  the  assurance  is  payable  on  the  death  of  (x)  only,  if  he 
die  third  of  three  lives  (as),  (y)  and  (z),  and  the  value  of  the  policy 
is  required  at  the  end  of  t  years,  four  cases  must  be  considered, 
namely : 

(a)  all  three  lives  still  alive, 

(b)  (x)  and  (y)  alive,  (z)  dead, 

(c)  (x)  and  (z)  alive,  (y)  dead, 

(d)  (x)  only  alive. 

The  policy  values  in  the  respective  cases  are : 

(°0    ^-x+t:y+t:z+t~  £&x+t 
W    -^x+i-.y+t  ~  L&%+t 


(c)     ^-x+f.z+t  —  Paa;+* 

(a)   Aj:+(  —  Pax+t 


\ 


.(43), 


where  P  =  ^=». 

Other  policies  must  be  similarly  considered. 
At  the  periodical  valuation  of  the  contracts  of  a  Life  Office,  the 
contingent  assurance  policies  are  valued  individually. 

EXAMPLES 

Ex.  1.  Find  an  expression  for  the  single  premium  for  an 
assurance  payable  at  the  death  of  a  person  aged  30  if  he  die  before 
a  person  aged  40  or  within  ten  years  after  the  death  of  (40), 
leaving  another  person  now  aged  50  surviving. 

Considering  an  assurance  payable  at  the  moment  of  death,  the 
full  assurance  can  be  divided  into  two  parts  as  follows : 

(1)   During  the  first  ten  years  the  sum  assured  will  be  payable 

if  (30)  die  before  (50),  the  value  of  which  is 
>  

*    tPsO:  50  f^Stt+t  **  =  1 10  A30;5o 

•^40 :  60  T 1 


J  0 


—  A  1 

—  -^OlK)        J\ 
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(2)  After  ten  years  in  order  that  the  sum  assured  shall  be 
payable  at  the  death  of  (30)  the  life  aged  50  must  then  survive 
and  the  life  aged  40  must  have  been  alive  ten  years  before.  The 
value  of  this  portion  is 

I      V10+t  10+tPsO  .  50  flio+f  ■  tP40  dt 
J  0 

=  ^    10^30:  so  A40. 40:00  ■ 

The  value  of  the  full  assurance  is,  therefore, 

7l         _^VsO/Tl         _Tl  \ 

■n-30:50        j\  V^iOieo        ■a-WA0:m)' 


■'so:  so 


Ex.  2.  Find  an  expression  for  the  single  premium  with  a 
loading  of  1\  per  cent,  for  a  contingent  survivorship  policy  pay- 
able if  a  life  aged  30  die  before  a  life  aged  60,  or  within  5  years 
of  the  death  of  the  latter,  with  the  return  of  the  single  premium 
without  interest  five  years  after  the  death  of  (60)  if  no  claim  under 
the  policy  arises  by  the  death  of  (30). 

Let  S  be  the  single  premium  required,  then  S  will  be  equal  to 
an  assurance  payable  on  the  death  of  (30)  less  an  assurance  pay- 
able on  the  death  of  (30)  if  (60)  was  not  alive  five  years  before  plus 
a  payment  of  (1"075)  S  five  years  after  the  death  of  (60)  if  (30)  be 
then  alive.    That  is, 

S  =  Aso  -  J   u'+5  (1  -  tpm)  t+5p30  fi^+t  dt  +  (1-075)  S 
Jo 

x  I    vttp30:et,/j,60+tv\p3l>+tdt 
Jo 

=  A30  -  Vs  6pS0       V*  (1  -  tPm)  tPs5  fhs+t  dt  +  (1-075)  S  .  V5  ep„, 
JO 

"UPss:  wPw+tdt 


Jo 


—  -0.30—  j=p  (A3J  —  A35:60)  +  (l'UVO)  b  „      -A.35.jo; 
■L'SO  -^80 

A30  ~  fT  (Alt  ~~  A35-J,)) 

1  -  (1-075)  5?  A*: A 

-L'SO 

Ex.  3.  Find  an  expression  for  the  annual  premium,  payable 
throughout  the  duration  of  the  contract,  for  an  assurance  payable 
in  the  event  of  both  of  two  lives  aged  30  and  35  respectively 
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dying  before   reaching   age    50   and  in  the  lifetime  of  a  third 
person  now  aged  45. 

The  value  of  the  assurance  can  be  expressed  as 

i 

1 1B-A-36 : 46  +  |20-A-30:45  ~"  (|)6-°-30:36:46  +  "     wPm:W.4l  Is-A-^jjo), 
or  I  i6-"-3oT36 :  46  "^  "    isi'so :  46  ( 1  —  lsPas)  |  6-A-46 .  eo , 

and  the  annual  premium  will  be  found  by  dividing  this  value  by 

+  ^      lsP 30:45  (J-  —  uPss)  &<16:S0:s]' 


"30:35:46:16 


Ex.  4.  Find  an  expression  for  the  net  annual  premium  for 
an  assurance  of  unity  payable  in  the  event  of  (&■)  dying  before  (y) 
within  n  years,  all  premiums  paid  to  be  returned  in  the  event  of 
(y)  dying  before  x. 

Let  P  be  the  annual  premium  required ;  then: 
Value  of  Benefit 

_       xv x+n-.y+n    ,    /p    ,      \  /i     .    j.\       "V  x+n:y+n x+n-.y+n 

Value  of  Premiums  =  P  1*M^ •**!£**, 
whence 

p  N      3!» x+n-.y+n' ^ /  v     XV x+n-.y+n  x+%:y+%' 

(N^  -  N^*.  y+„)  -  (1  +  k)  (R„J  -  RI+n:^  -  ■n^-x+n^yTn)  ' 


CHAPTER  XVIII 

REVERSIONARY  ANNUITIES 

1.  A  reversionary  annuity  to  (x)  after  (y)  is  an  annuity  to 
commence  on  the  death  of  (y)  and  to  continue  thereafter  during 
the  life  of  (x). 

2.  If  the  annuity  be  payable  continuously  its  value  can  be 
ascertained  by  deducting  from  the  value  of  an  immediate  con- 
tinuous annuity  payable  during  the  life  of  (x),  the  value  of  a 
similar  annuity  payable  during  the  joint  existence  of  (x)  and  (y): 
the  balance  is  the  value  of  those  payments  to  be  made  during  the 
period  of  (x)'s  survival  after  the  death  of  (y). 

Representing  the  value  of  this  reversionary  annuity  by  ay\x,  we 
have 

®y  | x      ax      a Xy 

=  {ax  +  h  ~ tV (/**  +  $)}  -  foxy  +  h-Tk(f*x  +  v>y  +  8)} 
=  ax-axy  +  ^fj,y (1). 

The  value  of  the  last  term  is  very  small,  and  for  practical 
purposes  can  be  neglected,  the  formula  becoming 

®y\x  —  Q>x       Q>xy     (-^). 

3.  The  value  of  ay\x  can  be  expressed  in  the  form  of  an  integral 
in  either  of  two  ways : 

(a)  At  the  death  of  (y),  (x)  will  be  entitled  to  a  continuous 
annuity  the  value  of  which,  if  (y)  die  at  time  t,  will  then  be  ax+t. 
Treating  this  as  a  benefit  payable  at  the  moment  of  death  of  (y), 
the  present  value  can  be  expressed  in  the  form 


ay\x=      vL  tpw  fty+t  ax+t  dt (2a). 

.'o 

(b)  The  payment  at  time  t  will  be  made  if  (x)  be  then  alive 
and  (y)  has  died  previously,  the  present  value  of  this  payment 
being  vl  (1  —  tpy)  tpx  dt,  where  dt  is  the  infinitely  small  payment 
made  under  the  continuous  annuity.  The  value  of  the  payments 
to  be  made  after  the  death  of  {y);  that  is,  the  value  of  the 
s.  21 
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reversionary  annuity  is,  therefore, 

ay\x=\   vt(l-tpy)tPxdt  (26) 

Jo 

=  dx       ttxy 

That  these  expressions  are  equal  can  be  shown  in  the  following 
manner : 

The  first  integral  can  be  expressed  in  the  form 

Uy\x  =  ]  tVyPv+t  (j  "**P* dk\  dt 

=  j    v'tPxH    kPvUy+kdkjdt 

=  I  ii*  tpx  (1  -  tPy)  dt. 

Jo 

4.  Turning  to  the  practical  example  of  a  reversionary  annuity 
payable  m  times  a  year  to  (%)  after  the  death  of  (y),  three  distinct 
cases  arise  for  consideration ;  namely, 

(1)  An  annuity  to  be  entered  upon  by  (as)  immediately  on  the 

death  of  (y),  the  first  payment  of  —  to  be  made  at  the  end  of  a 

period  of  — th  of  a  year  measured  from  the  date  of  death  of  (y), 

later  payments  being  made  at  the   ends  of  successive  periods 
similarly  measured. 

(2)  An  annuity  to  be  set  up  immediately,  the  periods,  at  the 
ends  of  which  successive  payments  are  to  be  made,  being  measured 

from  the  present  time,  the  first  full  payment  of  —  to  (x)  being 

made  at  the  end  of  the  — th  period  of  a  year,  measured  from  the 

present  time,  in  which  (y)  dies,  so  that  the  actual  period  of  accrual 
is  disregarded. 

(3)  An  annuity  similar  to  (2)  under  which,  however,  the  pro- 
portionate payment  to  the  death  of  (y)  is  to  be  made  to  his  estate, 
so  that  (x)  will  only  receive  the  amount  which  has  accrued  since 
the  death  of  (y). 

5.  The  first  case  is  the  one  that  arises  when  a  Life  Office  grants 
a  reversionary  annuity.   Unless  otherwise  stated  in  the  contract 
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the  annuity  will  be  complete,  and  it  is  required,  therefore,  to 
ascertain  the  value  of  a  complete  reversionary  annuity  of  1  per 
annum  payable  m  times  a  year  to  (%),  the  annuity  to  be  entered 
upon  at  the  death  of  (y). 

The  symbol  for  the  value  of  this  annuity  is  djJfL  where  the 
sign  A  is  placed  over  the  letter  a  to  indicate  that  the  annuity  is 
entered  upon  at  the  death  of  (y). 

If  (y)  die  at  time  t,  (x)  will  then  be  aged  x  + t  and  will  be 
entitled  to  a  benefit,  the  value  of  which  will  then  be  dS+'j.  The 
present  value  of  the  reversionary  annuity  can,  therefore,  be  ex- 
pressed as  follows : 

a>v\l  =      vt  tPxy  Py+t  «£+*  dt 
Jo 

=  I  •*  <P*v  Vv+t  {a*+t  (l  -  ~)  +  i^y  dt 

=  (1-2^)^  +  liI-     <3>" 

The  value  of  the  last  term  is  exceedingly  small  and  can  be 
neglected,  the  formula  becoming 

^l=(^-^~){ax-axy)  (4) 

S 


=   1 


V1  ~  w  (a*  ~  axy) (5)- 


An  alternative  formula  can  be   obtained   by  substituting  for 
£<,+>,  the  value 

1         1   T 

The  expression  then  becomes 

"»""  =  Jo  "* tPxv ^w+(  (S*+i  ~  2^  +  2m  I-x+t)  dt 


La  i    _L~- 

2m     w  +  2mJ 


_  _  i.    -r    j         J.     -r- 


~  a^x      2m  A"*  +  2m  ^  ~  A*^ 

=  al,_%DI,  +  _(I1,_A.y) (6) 

=  aa,  —  a^  +  ^  (Ax  —  Axv) (7). 

21—2 
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Formula  (5)  is  more  convenient  for  practical  use. 

If  the  reversionary  annuity  be  curtate,  the  benefit  on  the  death 

of  (y)  must  be  taken  as  al$t  =  ax+t  -  5—  .    With  this  substitution 
we  have 

av\x=  ax  —  O-xy  ~  n~-  A-xy    (8). 

6.    In  the  second  case   mentioned  in  paragraph  4  (%)  is  to 

receive  a  full  payment  of  —  at  the  end  of  the  — thly  interval 

m  m     J  ' 

measured  from  the  date  of  the  contract,  in  which  (y)  dies.    Again 

assuming  the  annuity  to  (%)  to  be  complete ;  if  (y)  die  at  time  t, 

and  it  be  further  assumed  that  deaths  are  uniformly  distributed 

over  each  year  of  age,  so  that,  on  the  average,  (y)  dies  in  the 

middle  of  a  —thly  period,  the  value  of  the  benefit  to  (x)  at 

time  t,  will  be 

2m 


*.]*%& +  z-.±*+f 


The  value  of  the  reversionary  annuity  will,  therefore,  be 
*W.  =  jQ  *'  tP*v  Pv+t  (-L I a£&  +  ^  Ax+t)  dt 

=  Jo  *»*  tPxv  Py+t  Ux+t  +  i  +  2^  ^* 


dt 
-■-(_-■-      -      zm     "  ■ '  j 

=  ax  —  axy  +  y—;  (Aj.  —  Axy)  (9). 

If  the  annuity  be  curtate,  the  formula  becomes 

affix=ax-axy    (10)- 

7.  Formula  (10)  is  easily,  and  perhaps  more  convincingly, 
ascertainable  by  general  reasoning.  If  the  annuity  be  set  up 
immediately  and  (tc)  is  to  receive  the  whole  of  any  payment 
falling  due  during  his  lifetime  after  the  death  of  (y),  the  first 

payment  to  (oc)  thus  being  made  at  the  end  of  the  —thly  period 

(measured  from  the  date  of  the  contract)  in  which  (y)  dies,  it  is 
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evident  that  the  value  of  the  curtate  annuity  will  be  found  by 
deducting  from  the  value  of  an  immediate  annuity  payable  rn 
times  a  year  during  the  life  of  (%),  a{™\  the  value  of  a  similar 
annuity  payable  during  the  joint  existence  of  (*)  and  (y),  a{$ . 
That  is, 

n(m)  _  n{m)  _  n(m) 
ay\x—  ux  axy 

m  —  1      m2  —  1  .  ~ 


III,  —  i  III,    —  L    .  .. 


ra  —  1      m2  —  1 
2  m         12m2 

=  ax-axy  +  12m2  fj,y     (11), 

whence,  if  we  neglect  the  last  term,  the  value  of  which  is  very 
small,  we  have,  for  all  values  of  m,  affix  =  ax  —  axy. 

The  addition  to  be  made  to  formula  (10)  to  provide  for 
a  complete  annuity  can  also  be  arrived  at  by  general  reasoning. 
Assuming  a  uniform  distribution  of  deaths  over  each  year  of  age, 

(%)  will  on  the  average  die  in  the  middle  of  a   —  thly  period, 

and  the  proportionate  payment  to  the  date  of  his  death  will  be 

g — .    It  is  thus  necessary  to  add  to  formula  (10)  the  value  of  an 

assurance  of  —  payable  at  the  death  of  (x)  if  he  die  after  (y) ; 

whence,  using  A2,,  as  sufficiently  approximate  to  A2^  the  formula 
becomes 

av\x  ~ax  —  0>xy  +  5ZT  Aajj, 

as  in  formula  (9). 

8.  In  the  third  case  of  paragraph  4  the  value  of  the  rever- 
sionary annuity  can  be  ascertained  as  in  paragraph  7  by  taking 

ux  "'xy 

(        m-1  ,    1     .   \      {  m-1       1    .     \ 


—  ax  —  cixy  +  9     (As     Aci/)) 


2m' 
which  is  formula  (7). 

A  little  consideration  will  show  that  this  annuity  is  very  similar 
to  that  represented  by  a^x .   In  both  cases  the  annuities  are  com- 
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plete,  and  though  the  times  of  payment  of  the  respective  instalments 
differ  by  ^—  of  a  year — in  formula  (7)  the  first  payment  of  —  is 

made  — th  of  a  year  after  the  death  of  (y)  and  in  the  present  case 

the  first  payment  of  = —  is  made  ^— th  of  a  year  after  that  event, 

later  payments  in  each  case  being  made  at  intervals  of  — th  of  a 

year  after  the  first  payment — at  any  moment  of  time  the  total 
amount  paid  and  accrued  will  be  the  same  in  the  two  cases. 

It  will  also  be  observed  that  the  annuity  now  being  considered 
is  similar  to  the  second  case  of  paragraph  4  except  that  in  respect 

of  the  period  in  which  (y)  dies  (x)  will  receive  the  sum  of  =~ 

instead  of  — .   In  other  words  the  value  of  this  reversionary  annuity 

will  be  found  by  deducting  from  ajfj.  (formula  (9))  the  value  of  an 

assurance  of  „ —  payable  in  the  event  of  (y)  dying  before  (x). 

Employing  A^J  in  place  of  A^  the  expression  becomes 

am L  A  * 

vlx      2m     ^ 

—  n  n       -L— _    A2 —  A    1 

—  ax      u,xy  -r  2m  ^m      £m     ^ 

=  O-x  —  axy  +  ^  (-A-x  —  Ajuj,) 

as  before. 

If  the  annuity  to  (x)  were  to  be  curtate  the  formula  would 
become 

_JL  A  i 

®x       axy       a       Acv 

which  is  the  same  as  formula  (8). 

9.  The  expression  ax-axy  has  been  obtained  for  both  avia  an<i 
a^ll,  while  the  remainder  of  each  of  the  expressions  for  djfj, 
reduces  the  value — (1  —9—)  being  less  than  unity  and  A^-A^ 

being  negative — and  the  third  term  in  the  expression  for  a$x, 
though  positive,  is  very  small. 


XVIII 12]  GENERAL  FORMULA  327 

The  result  is  that  in  practice,  whether  the  annuity  is  to  be 
curtate  or  complete,  and  whether  the  first  payment  is  to  be 
made  at  the  end  of  the  interval  in  which  (y)  dies  or  at  the  end 

of  —  th  of  a  year  from  his  death,  it  is  usual  to  employ  the  for- 
mula ax  —  axy  without  modification,  whatever  the  value  of  m. 

10.  The  values  of  the  respective  annuities  payable  annually  are 
obtainable  directly  from  the  foregoing  formulae  by  writing  m  =  1. 

11.  When  the  annuity  is  payable  annually,  the  form 

can  be  employed  even  when  combinations  of  lives  or  of  lives  and 
terms  certain  are  substituted  for  the  lives  (x)  and  (y).   In  symbols 

^s\z  =  ®z       Q>$z \*-**n 

where  either  s  or  z  may  represent  a  life  or  a  term  certain,  a  com- 
bination of  lives,  or  of  a  life  (or  lives)  and  a  term  certain.  When, 
however,  the  annuity  is  payable  more  frequently  than  annually  and 
a  term  certain  is  involved,  consideration  must  be  given  to  the 
different  type  of  formula  thereby  introduced. 

For  example,  an  annuity  of  1  per  annum  payable  annually  to 
(%)  after  the  expiration  of  a  term  of  n  years  is 

aril  |  x  =  a«  ~  &x :  n\ 

but  if  the  annuity  were  payable  m  times  a  year,  this  would  become, 
using  only  practical  formulae  for  the  annuity  values, 
„<™>    _  „(m)  _  „<«■> 

an\\x~ax  ax:nl 

(  m-\\         f  TO-l/_        T>x+n\) 

-ax     ax:^+    2m      ^ 
which  is  the  same  as  the  ordinary  formula  for  the  deferred  annuity, 

*Jx+n     '—>         L>3.4_„  /  Itl  ■ 


"L\Ta*+"-  A,    \x+n        2m  J' 


12.  The  value  of  an  annuity  to  commence  on  the  death  of  (%) 
but  in  no  case  to  continue  beyond  n  years  from  the  present  time 
is,  if  payable  annually, 
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But  if  this  annuity  be  payable  m  times  a  year  the  formula 
becomes 


i        f  m  —  1 


13.  Where  lives  only  are  involved  it  is,  in  the  general  case,  safe 
to  assume  that  d'™]  =  a<™>  =  aftf,  =  az  —  asz  whatever  combinations  are 
represented  by  s  and  z. 


.(13). 


Taking  cases  involving  three  lives  we  have 

®z\xy  =  &xy  ®xyz 
Qyz  |  x  ==  "x  ^xyz 
™z\xy  ~ 

^yz  I  x  '" 

As  an  example,  the  last  of  these  may  be  examined  more  fully, 

the  annuity  being  assumed  to  be  payable  m  times  a  year.  We 

then  have 

aJ?>  =aim)  —  a'"^- 

yz  I  x  x  x:yz 

which,  when  we  write 

b.  i  m  —  1      m2  —  1  ,  .. 

aft'  =  a-xy  +  -2^-  -  -j^j-  (/*.  +  /*»  +  S), 


etc.,  reduces  to 


ayz \x~  ax~  \flxy  +  axz  ~  ^xyz) 


—  CLX      ax:yz> 

all  the  terms  involving  /j.  and  8  cancelling  out. 

Again  if  the  value  of  a^\x  be  required,  following  the  method 
employed  to  obtain  formula  (3),  the  expression  is 

J°<?>    -%im)    ,   |(m)_2(m) 
"IsIs        "j  I  a;  T  "s  |  x       uyzlx 


'0 

x 


~  V1  ~2m)  (5yl"  +  "•I-"5*'!")  +  12m^A^| 
'  1  ~  2m)  ^'^  aPProx' 
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Or  following  the  method  employed  to  obtain  formula  (6) 
a.  /•c0 

^w\x  =         vt  (tPyPy+t  +  tPzfr+t  ~  tPyzH*v+t:z+t)  tPx 
JO 


[;,-!-L+LA^ili 


lx+t 


1  1  — 

=  (ay\x  +  azlx  —  Kyzio;)  — 2^AJ..-  +  ^^Axyi, 

=  ax  —  \axy  +  axz  —  a^z)  +  ^—  (Ax  —  A,,.^), 


since 


A3    —  A 

■n-xyz  —  ai 
■Jjm) 


'  -&-x:yz   anc*   Ax:1/2.  +  Aj..^  —  Ax:!/S, 
3 


•  ■  <*i«i*  =  a^ij.  +  ^  (Ax  -  A,..^)  approx. 

In  both  these  cases  it  is  evidently  sufficient,  in  accordance  with 
the  arguments  already  put  forward  in  connection  with  a{y[x,  to  take 
for  practical  purposes 

*J™>  _    _ 

®*yz\X       ^yz\x 


14.  In  the  following  tabular  statement  the  various  formulae 
are  brought  together  for  the  purpose  of  comparison.  The  general 
formula,  number  10,  is  given  first  without  a  representative  symbol, 
as  this  formula  has  been  suggested  for  universal  use  (see  para- 
graph 9):  the  remaining  formulae  are  given  in  the  order  in  which 
they  appear  in  this  chapter.  The  numerical  results  are  based  on 
the  HM  Table  (Makeham  Graduation)  at  4  per  cent.,  the  ages  being 
taken  as  x  =  30  and  y  =  45,  while  m  =  4. 

Number 

of 
Formula 

10 


11 


Formula 

Numerical  Example 

x  =  30,  i/  =  45,m  =  4 

HM  4  per  cent. 

(&x      &xy 
ay\x  =  ax~  axy  +  To  F» 

4-771 

4-772 

«^=(i-i)(^-a^+A^ 

12m2 

A  2 

4-749 

2vt=(l-^)  (%-«*,) 

4-748 

"J/ 1 X  =  ax  -  axy  +  g~  ( Ax  -  Aw) 

4-748 

"11 1  x  —  <*x  —  axy  ~  K~  ^xy 

4-729 

avtl  =  ax-axv  +  —(Az-  A£„) 

4-766 

(m)                        m2— 1 
ft    i '  —  an      1                  if 

4-772 

av\x—ax      dxy+              „  jXy 
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It  is  evident  from  this  table  that  the  formula  ax  —  axy  gives 
sufficiently  accurate  results  for  practical  purposes.    When  applied 

as  the  value  of  d^*.  it  gives  a  result  somewhat  in  excess  of  the  true 
value,  but  from  the  point  of  view  of  the  Life  Office  this  is  on  the 
safe  side. 

15.  Deferred  Reversionary  Annuities.  If  the  reversionary 
annuity  to  (x)  after  (y)  be  curtate  and  subject  to  the  condition 
that  no  payment  is  to  be  made  until  after  the  expiration  of  n  years 
— that  is,  a  deferred  reversionary  annuity — the  value  can  be 
obtained  as  follows : 

|n(m)   _      I  rAm   _      \n(m) 
n  |  uy  |  x  —  n  |  ""x  n\  wxy 

/  m—l\„  (  m  —  ] 

=  Vnnpx  [ax+n  +  "2^-J  -  *   nP*y  [a*+n :  V+n  +  ~^ 

=  n\ax  -  n\aXy  +  -^—  Vnnpx(l  -  nPy) (14). 

In  this  case  it  is  not  necessary  that  both  (x)  and  (y)  should 
survive  n  years. 

If  the  annuity  be  only  payable  to  (x)  after  (y)  subject  to  both 
lives  surviving  n  years,  the  value  will  be 

"   nPxy  (flx+n       ax+n :  y+n)> 

while  if  it  is  only  to  be  payable  to  (x)  from  the  end  of  n  years, 
provided  (y)  die  before  that  time,  the  value  is 

VUnpx(l-nPy)<^+n- 

16.  The  value  of  a  complete  deferred  reversionary  annuity  to  (x) 
after  (y),  to  be  entered  upon  at  the  end  of  n  years  if  (y)  has  died 
previously  or  immediately  on  the  death  of  (y)  should  he  survive 
that  period,  can  be  found  as  follows : 

n  I  ay  I  x  =  "   nPx  (1  —  nPy)  ax+n  +  v  ''n'Pxy  aj/-Bi  |  x+n 

=  V\px  (1  -  npy)  (l  -  ~j  ax+n  +  vnnpxy  [1  -  2^J 

X  X&x+n  ~  Mx+n-.y+n) 
=  11       „      j  [V   nPx^x+n       v   nPxyax+n : y+n) 

=  [^-l^{n\ax-n\avy  +  \vnnpx(\-n'Pv))     (15). 

corresponding  to  formula  (5). 
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Or,  substituting  for  ay+l™l+n  the  value  given  in  formula  (7) 
-loSfl.  =  vnnP*  (1  -  npu)  (ax+n  +  ^-  +  ^  Ax+nJ 

"r  v    nPxy  j  ax+n       ax+n :  y+n  +  S~  (, Aa;+n      Ag..^ :  y+n)  r 


m  —  1 
2m     '  2r 


-  VnnPx  (  dx+n  +      0_     +  g^  A-x+n) 


»         f  m-1       1     .  \ 

"   nPxy  I  0W« :  y+n  +     qm     ~*~  2m      a!+m : !/+"  J 
=  n  [  aa! —  n  I  aa;j/ H      g         VnnPx  (1  ~  nPy)  +  H~  (m|Aa.—  m|  A.^) 

(16). 

If  »  =  20,  taking  as  before  a;  =  30,  y  =  45  and  m  =  4,  the  value 

A 

°f  n\&v\l  on  the  basis  of  the  HM  Table  at  4 per  cent,  is  by  formula 
(15),  3-098,  and  by  formula  (16),  3094.  If  formula  (14)  be  employed 
the  result  is  3-097. 

17.  Temporary  Reversionary  Annuities.  The  formulae  for 
the  value  of  a  temporary  reversionary  annuity  to  (x)  after  (y),  no 
payment  to  be  made  after  the  expiration  of  n  years,  can  be 
similarly  ascertained.   Thus 

I    „(m)  _  „  <™>        ,,  to) 

\nUy\x—   ax:^\  aXy^\ 


Also        \na{fil=\   v\pwHv+t&x+l?hildt 

=  J    vttpxypy+tax+t:^\l--~)dt 


1  —  tvZ,  / '  I  ™a*  —  I  "aa^) 

1  ~  2m)  ^c:"1  ~  °a*!"1  ~  ^"P* ^  ~ "^  " " -(-18-)' 
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or    |naSj|L=      APwHv+t&x+uk=t[dt 

J  o 


= 

J        tftPxy/My+t 

j  Q>x+t :  n—t[  ~ 

2m  \ 

Dx+n 

2m 

1  n—t  A-x+t  | 

>dt 

= 

\rfay\x  ~ 

'2m''' 

%   xv  ^  2m 

y%p*(i 

~nPy) 

2m ' 

X2 
n**-xy 

= 

\n@"y\x  ~ 

m  — 
"~2m 

-vnnpx(l 

—  nPy)  ~ 

2^^* 

A     — I 

n&-x) 

(19). 

18.  Taking  as  before  x  =  30,  y  =  45,  n  =  20  and  m  =  4,  the  value 

of  \n&£\x  on  the  basis  of  the  HM  Table  at  4  per  cent,  by  formula 
(18)  is  1655  and  by  formula  (19),  T652.  The  value  given  by  the 
approximate  formula  (17)  is  1680.  It  is  therefore  sufficiently 
accurate  for  practical  purposes  to  use  this  simple  form  for  all  kinds 
of  temporary  reversionary  annuities. 

19.  If  the  complete  annuity  is  to  be  entered  upon  at  the  moment 
of  death  of  (y)  provided  he  dies  within  the  first  n  years,  but  is 
thereafter  to  be  payable  to  (x)  for  life,  the  value  is 

Zfa)  _»,n    n      2.      (m) 
{J'v\x       "   ni'xy'J'y+n\x+n 

=  (flx       &xy)       1)   nPxy  \P*x+n       ®%+n : y+n) (*")■ 

20.  Another  type  of  annuity  is  one  to  (oc)  after  {y)  which,  how- 
ever, in  the  event  of  (y)  dying  within  n  years  is  to  continue  until 
the  end  of  n  years  whether  (#)  survive  that  period  or  not.  The 
value  of  this  would  be 


*(m) 


(m) 


U'y  |  n\    *   n\Ujy\x 

—  Cln\  X  '■ a ,..^]  +  n I ax  ~  n\axy 

Jim) 

i        j  m  —  1  /        Dj/+n\        1    a  i     1      /■  I  I      \ 

~a^XJ^)~   ry:"1  +  "2^rl  ^j  +  ^^v.^  +  Kn^x-n^xy) 

(21). 

If  this  annuity  were  payable  annually  and  were  set  up  now,  the 
first  payment  being  a  full  year's  payment  at  the  end  of  the  year 
of  death  of  (y),  the  expression  would  become 

(a^i-ay.^)  +  (n\ax-n\aXy)  (22). 
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21.  General  use  of  Formula  (12).  It  has  been  stated  that 
formula  (12)  is  employed  in  practice  in  all  normal  cases  whatever 
combinations  of  lives  are  involved. 

This  simple  formula  enables  us  to  write  down  the  answers  to 
many  practical  questions  by  inspection. 

Three  persons  (x),  (y)  and  (z)  agree  to  purchase  an  annuity  of  1 
payable  during  the  longest  of  their  lives,  that  is,  until  the  death 
of  the  last  survivor.  It  is  to  be  shared  equally  between  them  while 
they  are  all  living ;  on  the  death  of  one  it  is  to  be  divided  equally 
between  the  two  survivors,  and  the  last  survivor  is  to  have  the 
whole.    What  is  the  value  of  the  share  of  each  ? 

The  value  of  the  share  of  (x)  is  found  as  follows : 

(a)  While  all  three  are  alive  (%)  will  receive  one-third  of  the 
annuity,  and  the  value  of  his  share  during  this  period  is,  therefore, 

3  ^xyz- 

(b)  If  (y)  die  first,  (x)  will  receive  half  the  annuity  so  long  as  he 
survives  jointly  with  (z) :  if  (z)  die  first  (x)  will  receive  half  the 
annuity  so  long  as  he  survives  jointly  with  (y).  The  value  of  his 
share  of  this  portion  of  the  annuity  is,  therefore, 

2  \^y\xz  "T  a-z]xy)  =  i®xz  T  '^O'xy       &xyz- 

(c)  Lastly,  after  the  death  of  the  survivor  of  (y)  and  (z),  (x)  will 
receive  the  whole  of  the  annuity  during  the  remainder  of  his  life. 
The  value  of  this  portion  of  his  share  is 

®Jyz\ x  =  Q-x       ^xy       ®xz  "T"  &xyz* 

The  total  value  of  the  share  of  (x)  is,  therefore, 

3  ^xyz  ~r  \2@'xz   >    "2  Q'xy       ®xyz)  ~r  \^x       ^xy       ®xz  ~r  CLxyz) 
—  az~  i  \flxy  "t"  Uxz)  +  3axyz- 

Similarly  the  value  of  the  share  of  (y)  is 

ay  ~  2  \axy  +  ayz)  +  3  axyz 

and  the  share  of  (z)  is 

O'z  ~  U  (flxz  T  &yz)   i   'S  Qxyz  ■ 

The  sum  of  these  three  shares  is 

dx  +  &y  +  Otz      Q/xy       ®xz      ®yz  "r  ^xyz 

"xyz 

which  is  the  value  of  the  whole  annuity. 
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The  value  of  the  share  of  (x)  might  have  been  written  down 
directly  in  its  final  form,  by  considering  how  far  short  of  a  whole- 
life  annuity  of  the  full  amount  his  share  falls. 

Commencing  with  a  whole-life  annuity  to  (x)  the  value  of  which 
is  ax,  if  we  deduct  the  value  of  an  annuity  of  \  payable  during  the 
joint  existence  of  (x)  and  (y)  and  the  value  of  a  similar  anuuity 
payable  during  the  joint  lives  of  (x)  and  {z) — giving  ax  —  \axy  -  \axz 
— we  shall  have  provided  for  (x)  receiving  the  whole  annuity  after 
both  (y)  and  (z)  are  dead,  and  only  £  while  one  only  of  (y)  and  (z) 
survives  jointly  with  him.  But  unless  this  expression  be  modified 
so  long  as  all  three  are  alive  the  two  joint-life  annuities  will  cancel 
the  single-life  annuity  and  no  payment  at  all  will  be  made:  to 
avoid  this  we  must  add  the  value  of  the  share  of  (x)  while  all  three 
are  alive,  that  is,  %axyz. 

We  thus  have,  as  before,  ax  —  \axy  —  \axz  +  ^axyz. 

Eeversing  the  argument  in  this  manner  frequently  shortens  the 
solution  of  a  problem,  but,  until  he  has  acquired  a  fair  amount  of 
experience,  the  student  is  advised  to  employ  the  more  straight- 
forward though  longer  method,  applying  the  reverse  process  as  a 
check  on  his  formula. 

22.  Suppose  the  three  persons  (x),  (y)  and  (s)  have  purchased 
an  annuity  (as  in  paragraph  21)  payable  until  the  death  of  the  last 
survivor,  but  that  it  is  to  be  shared  in  the  following  manner : 

(a)  (x)  and  (y)  are  to  take  half  of  the  annuity  each  during 
their  joint  lives; 

(b)  if  (x)  die  first,  (y)  and  (z)  are  to  share  it  equally  during 
their  joint  lives,  and  the  survivor  of  them  is  to  have  the  whole; 

(c)  if  (y)  die  first,  (x)  is  to  enjoy  the  whole  during  his  life,  and 
after  his  death  the  whole  annuity  goes  to  (z). 

The  value  of  the  share  of  (x)  is 

$&Xy~r  0-y\X 
~ax~  iaxy 

The  value  of  the  share  of  (y)  is 

2axy  ~r  iQ>x\yz  +  &Siy 
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The  value  of  the  share  of  (z)  is 

2  ®x  |  yz  T  Ct^,  |  z 
=  az—  ax2  —  \(Xvi  +  ^dXyz- 
The  sum  of  these  values  is  a—. 

In  each  case  the  first  expression  is  obtained  by  the  more  straight- 
forward method,  the  first  method  employed  in  paragraph  21 ;  the 
second  expression  is  obtained  by  considering  how  far  the  share  of 
each  falls  short  of  a  whole-life  annuity  of  the  full  amount.  The 
student  should  in  each  case  prove  both  formulae  by  general  reason- 
ing, and  the  equality  of  the  two  expressions  algebraically. 

A  further  more  complicated  example  is  given  on  page  340. 

23.  Approximate  Integration.  In  the  absence  of  joint-life 
annuity  values,  the  values  of  reversionary  annuities  can  be  ascer- 
tained by  approximate  integration.  As  an  example  let  it  be 
required  to  find  on  the  basis  of  the  HM  Table  at  4  per  cent,  the 
value  of  a46|3o.  It  has  been  shown  that  this  is  practically  identical 
with  a45|3o,  and  it  will  be  sufficient,  therefore,  if  by  means  of  the 
formula 

I  f(x)  dx  =  n  (-28/(0)  +  l'62/(n)  +  2-2/(3n)  +  l-62/(5n) 

Jo 


we  ascertain  the  value  of 


+  -56/(6n)+l-62/(7n)} 


If" 

■  =  1 — T~    I       V  »S0+t  ■  «45+t/A45+tffl80+t"k 
^  "45  J  0 


Since  the  annuity  becomes  payable  on  the  death  of  (45)  we  must 
take  In  =  102  —  45  =  57,  whence  n  —  8  approximately. 


n 

3d 

5?t 

&n 

7n 

t 

=  0 

=  8 

=  24 

=  40 

=  48 

=  56 

log  V1 

0-0000 

1-8637 

1-5912 

1-3187 

1-1824 

1-0461 

l°g^0+f 

4-9527 

4-9236 

4-8320 

4-5795 

4-2645 

3-6338 

log^46+<        •■• 

4-8916 

4-8402 

4-6060 

3-7390 

2-5635 

o-oooo 

log  im+t      ... 

2-0806 

2-2632 

2-7674 

T-3651 

1-6763 

T-9906 

log(£  +  a30+() 

1-2469 

1-2065 

1-0730 

0-8321 

0-6587 

0-4487 

log  coeff.     ... 

1-4472 

0-2095 

0-3424 

0-2095 

1-7482 

0-2095 

Colog  £30:45  ... 

10-1556 

10-1556 

10-1556 

10-1556 

10-1556 

10-1556 

Sum 

2-7746 

1-4623 

T-3676 

2-1995 

4-2492 

"7-4843 

log"1       ... 

•0595 

•2899 

•2331 

■0158 

■0002 

■0000 

=    -5985 
8 


«46l30  =  4"7880 

The  value  is  -017  in  excess  of  that  given  by  the  general  formula 


a~  —  a. 


xy 
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24.  It  sometimes  happens  that  the  value  of  a  reversionary  annuity 
is  required  with  the  condition  that  during  the  lifetime  of  the  life 
tenant  both  lives  are  subject  to  the  rate  of  mortality  displayed  hy 
one  mortality  table,  but  that  after  his  death  the  reversioner  is 
subject  to  the  mortality  shown  by  another  table.  For  example,  a 
reversionary  annuity  may  be  granted  while  a  married  couple  are  in 
India  to  be  enjoyed  by  the  wife  after  the  death  of  her  husband; 
and  it  may  be  known  that  so  long  as  the  husband  lives,  he  and  his 
wife  will  remain  in  India,  but  that  on  the  death  of  the  husband, 
his  widow  will  return  to  reside  in  Europe. 

In  such  a  case,  if  it  could  be  assumed  that  after  the  death  of  the 
husband  the  widow  will  be  subject  to  the  risk  of  death  correspond- 
ing to  that  shown  by  a  table  based  on  the  experience  of  female 
annuitants  resident  in  Europe,  the  form  of  the  integral  to  be  em- 
ployed would  be  I  vttpXy/^i/+tO'x+tdt.  In  ascertaining  the  value  by 
Jo 

approximate  integration  the  values  of  all  the  functions  except  ax+t 
would  be  taken  from  a  mortality  table  applicable  to  residents  in 
India,  and  ax+t  from  a  table  of  annuities  on  female  lives  in  Europe. 

/■QD 

The  alternative  form  of  the  integral,  namely  I    vttpx(l  —  tpy)dt 

Jo 

i  r 

—  I    tflx+t  (ly  —  ly+t)  dt,  could  not  be  used  for  such  a  case. 

xy  J  0 

25.  The  value  may,  however,  be  required  on  the  assumption  that 
the  mortality  experience  of  the  two  lives  will  be  throughout  that 
shown  by  two  separate  tables.  Thus  in  ay\x  it  may  be  assumed 
that  the  mortality  experience  applicable  to  (y)  is  that  shown  by 
the  0[NM]  Table  and  (ac)  may  be  assumed  to  be  of  the  class  from 
which  the  experience  shown  by  the  British  Offices  Female  An- 
nuitants Experience — Ofo/] — was  drawn. 

In  this  case  either  form  of  the  integral  can  be  used  but  the 

arithmetical  work  will  be  reduced  if  the  form 

1      [» 
a[y\  I  lx]      =  I — 7—         «'  kx]+t  (ky]  -  ky]+t)  dt 
OtNM](j[«/J     Kx]  Hy]  J  0 

be  employed,  l[x]  and  l[x]+t  being  taken  from  the  0[c^]  Table,  and 

l[y]  and  lly]+i  from  the  0™  Table. 

If  the  value  of  a^j,]  on  the  basis  of  the  two  tables  combined  be 

available,  it  is  only  necessary  to  take 


or  I 

11  xy 
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A  table  of  the  values  of  ci[x][y]  at  3  per  cent,  for  all  values  of  [x\ 
(by  0[NM1  Table)  from  20  to  75  and  for  quinary  values  of  t,  where 
[y]  (by  O^1  Table)  =  [x  ±  t\  and  ranges  between  the  limits  of  20 
and  99,  is  given  on  pages  420  to  422  of  the  (Blue)  volume  of 
Tables  based  on  the  "0[M]  and  0[NMJ  Select  Tables— Whole-Life 
Participating  and  Non-Participating  Assurances— Males."  Similar 
tables  at  3£  per  cent,  are  given  in  the  /.  I.  A,  Vol.  xlv. 

26.  Annual  Premiums  for  Reversionary  Annuities.  Assurance 
companies  generally  grant  reversionary  annuities  in  consideration 
of  periodical  premiums  payable  during  the  joint  lives  of  the  life 
tenant  and  the  reversioner,  the  formula  for  the  annual  premium 
thus  being 

p  _0>y\x 

ruylx  — 

a-xy 

It  sometimes  occurs,  however,  that  the  value  of  ay\x  increases  as 
the  ages  x  and  y  increase,  with  the  result  that  the  uniform  annual 
premium  brought  out  by  this  formula  is  too  large  at  the  outset  and 
too  small  later  on.  If  the  assured  realised  this,  he  would  naturally 
wish  to  drop  the  original  policy  and  take  out  a  fresh  one  at  a 
reduced  rate  of  premium. 

The  difficulty  can  be  overcome  by  charging  an  increasing  premium 
or  by  loading  the  net  premiums  more  heavily  at  higher  ages  than 
at  the  younger  ages.  The  net  premium  for  the  first  year  must  be 
sufficient  to  cover  the  risk  of  that  year  and  should  not,  therefore, 
be  less  than  qy.ax. 

The  annual  premium  for  a  reversionary  annuity  to  (x)  after  the 
failure  of  the  joint  lives  (y)  and  (z)  will  be  payable  during  the  joint 
existence  of  the  three  lives  and,  therefore,  obtained  by  the  formula 

vz]x .   Similarly  the  annual  premium  to  secure  a  reversionary  an- 

nuity  to  (x)  after  the  death  of  the  survivor  of  (y)  and  (z)  would  be 


Premiums  payable  more  frequently  than  yearly  can  be  obtained 
by  dividing  by  the  "mthly''  annuity  value,  but  in  practice  would 
probably  be  arrived  at  by  increasing  the  annual  premium  by  a  fixed 
percentage  considered  sufficient  to  cover  the  extra  cost  and  risk 
involved.    (See  Chap.  VII.) 

s.  22 
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27.   Alternative  forms  of  Integrals.   It  will  be  useful  to  set 
out  the  two  forms  of  the  integral  for  the  following  reversionary 


annuities : 


1     r 
a*\xv  =  TTT]    vth+tlv+t(lz-h+t)dt     (23a), 

i    r 

=  ;    7    7    I     Vth+tly+tlz+tH'z+tax+t:y+tdt     (236). 

1        /"* 

"i/2|x  =  yj-t  I    tfh+tihlz-ly+tlz+ddt (24a), 

t>x  vyvz  J  0 

i    r00 

=  f-r-r-  I    iflx+t ly+t lz+t  (fiy+t  +  (iz+t)  ax+t dt  (24  6). 

/•OO 

^1^  =  1    «'  G^x  +  tPy  ~  tPxy)  (1  -  tPz)  dt   (25a), 

Jo 

=  /    vtipzfiz+t(tPxax+t  +  tPyav+t-tPxyax+t:y+t)dt  ...(256). 
Jo 

i     r00 

"x  "y  "Z  J  0 
1        f™ 

=    7      ,      7  VHX+t   {ly+tlly+t    (lZ  ~  lZ+t)  +  lZ+t  pZ+t  (^  ~   ly+t)}   ^X+t^t 

»S»J»»2  J  0 

(266). 

EXAMPLES 

Ex.  1.  Find  the  value  of  an  annuity  payable  for  n  years  certain 
and  so  long  thereafter  as  (y)  may  live,  the  first  payment  to  be 
made  on  the  death  of  (x)  or  at  the  end  of  m  years  if  («)  be  then 
alive,  the  annuity  to  be  paid  yearly  and  to  be  non-apportionable 
to  the  death  of  (y). 

The  value  will  be  ascertained  in  three  parts : 

(a)  An  endowment  assurance  on  the  life  of  (x)  to  secure  an 
annuity-due  for  n  years.  The  question  says  "  on  the  death  of  (%) " 
but  it  will  be  sufficiently  accurate  to  interpret  this  to  mean  that 
in  the  event  of  (x)  dying  within  m  years  the  first  payment  will  be 
made  at  the  end  of  the  year  of  death  of  (x).  The  value  of  this 
portion  is,  therefore,  A.x:^\  .  a^. 

(6)  An  annuity  during  the  life  of  (y),  first  payment  to  be  made 
at  the  end  of  the  mth  year  after  that  in  which  (x)  dies.   The  value 

of  this  is  -j^ (ay+n-ax :y+n). 
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(c)  In  order  to  provide  for  payments  to  be  made  from  the 
(m  +  n)th  year  onwards  within  n  years  of  the  death  of  (x),  we 
must  add 

2    Vm+n+tm+n+tPy.m+tPx 

=  Vm+nm+npy.mpx   2   tftPv+m+n-tPx+m 
t=0 

=  "         m+nPy  •  mPx  ^x+m-.y+m+n- 

The  value  of  the  entire  contract  is  therefore 

*:ml  •  ^n]  "■      t\       (,*2/+n       ^x-.y+n)    •         rj  •  jnPa;  •  &x+m:y+m+n' 

Ex.  2.  Find  the  value  of  an  annuity  deferred  until  the  failure 
of  the  joint  lives  (x)  and  (y)  to  be  payable  thereafter  for  a  term  of 
20  years  or  until  10  years  after  the  death  of  the  survivor,  whichever 
be  the  longer  term. 

The  annuity  can  be  dealt  with  in  two  parts : 

(a)  A.  joint-life  assurance  to  secure  an  annuity  certain  for 
20  years,  the  first,  payment  assumed  to  be  made  at  the  end  of  the 
year  of  death.   The  value  of  this  part  is  Axy .  a^ . 

(6)  After  20  years  from  the  present  time  a  payment  will  be 
made  at  the  end  of  any  particular  year  even  though  20  years  have 
elapsed  since  the  failure  of  the  joint  lives  of  (x)  and  (y)  provided 
the  survivor  was  alive  10  years  prior  to  the  date  of  such  payment. 
For  example,  at  the  end  of  the  (20  +  t)th  year,  a  payment  (which 
is  not  allowed  for  in  (a))  will  be  made  even  if  one  of  the  lives  (x) 
and  (y)  died  before  the  end  of  the  tih  year  provided  the  other 
survived  to  the  end  of  the  (t  +  10)th  year.  The  probability  of  this 
happening  is  (1  —  tpy)  t+wPx  +  (1  -  tPx)  t+wPv,  and  the  value  of  the 
payment  is  therefore  v(+w  {(1  -  tpv)  t+wpx  +  (1  -  tpx)  t+v>py}- 

In  order  to  provide  for  these  payments  it  is  therefore  necessary 
to  add 

2  vl+w  {(1  -  tpy)  t+wpx  +  (1  -  tpx)  t+wp} 
t=l 

=  V*>wpx    2    V1  (1  -  tPy)  tPx+10  +  V2\0py   2    V*  (1  -  tpx)  tpy+w 
=  v     — jc      (<V|-io  —  ax+io:y)  +  1>    ^j=j      \ay+w  ~  ^x-.y+ia)- 

XJX  Uy 

22—2 
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The  total  value  required  is,  therefore, 

-™-xy  •  &2o\  "H  "     T=>      \aa!+io  —  ^x+w.y)  +  ^     ~T\       \ay+l0  ~  ax:y+io)- 

±JX  Dy 

This  question  can  also  be  dealt  with  by  assuming  that  the 
annuity  payable  for  20  years  certain  or  until  10  years  after  the 
death  of  the  survivor,  whichever  be  the  longer  term,  is  set  up  im- 
mediately, and  having  found  the  value  of  this  immediate  annuity, 
deducting  axy. 

By  this  method  the  expression  for  the  value  of  the  whole  annuity 
will  be 

On\  +     2    «t+2°  {tpxy  +  (1  -  tVv)  t+wPx  +  (1  -  tPx)  t+10Pu}  ~  «W 
t  =  l 

=  \a2o]  "t"  "    axy  ~  axy)  +  V     — s=r —  (Clx+10  —  ax+io:y) 

"+-  "     ^pj       \ay+io  —  ax:  J/+10/- 
v 

It  will  be  noticed  that 

^io"|  4"  ^    "ay       ®xy  =  "20]  \1       l^xy) 

=  (1  +  i)  cii5]  («  -  da^) 

the  two  expressions  thus  being  identical. 

Ex.  3.  A  (aged  50)  is  in  possession  during  his  life  of  a  perpetuity 
of  £100  per  annum  for  20  years  from  the  present  time,  to  be  in- 
creased to  £200  per  annum  thereafter;  and  B  (aged  35)  and  C 
(aged  25)  are  entitled,  during  their  respective  lives,  to  the  per- 
petuity, in  succession  to  one  another,  after  A's  death. 

What  is  the  value  of  C's  interest  by  HM  Table  at  3  per  cent.  ? 

The  required  value  will  be  given  by  the  expression 

200  {fl.35.50 1 26        3  •  [20  ^36: 50 1 25  J 
=  200  (0.25  —  a.25 :  36  —  G&25 :  bo  +  fflas :  35 :  so —  "2  vhs :  20 1       aM :  35  :  iol 

—  a26:  60:20!  4"  1*25 :  35:  bo:  20  Mr 

Reference  to  the  tables  of  Uniform  Seniority  on  page  476  shows 
that  lives  of  equal  ages  can  be  substituted  as  follows : 
For  two  lives  aged  25  and  35  :  two  lives  aged  311, 
25  and  50:  „         „       43-5, 

„     three      „  25,  35  and  50  :  three  lives  aged  41  "3. 

Employing  these  ages  and  the  annuity  values  tabulated,  the  value 
is  found  to  be  £657.  8s. 


CHAPTER  XIX 

COMPOUND  SURVIVORSHIP  ANNUITIES 
AND  ASSURANCES 

1.  The  difference  between  simple  and  compound  survivorships 
may  be  illustrated  by  means  of  a  reversionary  annuity  to  (x)  after 
the  failure  of  the  survivor  of  (y)  and  (z).  If  no  stipulation  be  made 
as  to  the  order  in  which  (y)  and  (z)  shall  die,  the  benefit  is  the 
ordinary  reversionary  annuity,  a^]x,  of  which  the  value  was  found 
in  Chapter  XVIII  13.  There  the  conditions  include  only  one 
order  of  survivorship,  namely,  that  (x)  shall  die  third.  But  now, 
let  the  annuity  be  payable  to  (x)  after  the  death  of  the  survivor  of 
(y)  and  (z),  only  if  (y)  be  that  survivor.  Here  there  is  a  compound 
condition  of  survivorship.  The  failure  of  (y)  before  (x)  is  to  follow 
the  failure  of  (z)  before  (y);  and  unless  the  double  event  happen, 
the  annuity  will  never  come  into  possession. 

2.  Instead  of  an  annuity  to  (x)  after  the  death  of  the  survivor 
of  (y)  and  (z),  there  may  be  an  annuity  to  (x)  after  the  failure  of 
the  joint  lives  (y)  and  (z).  If  there  be  no  stipulation  as  to  which 
of  the  lives  shall  fail  first,  the  annuity  is  the  ordinary  reversionary 
annuity,  ayzix,  of  which  also  the  value  was  found  in  Chapter  XVIII 
13.  But  the  annuity  becomes  a  compound  survivorship  if  the 
condition  be  added,  that  the  failure  of  the  joint  lives  shall  take 
place  by  the  death  of  (z).  The  annuity  then  depends  on  a 
double  event,  namely,  that  (x)  shall  survive  (z),  and  that  (z)  shall 
die  before  (y). 

3.  It  is  convenient  to  use  for  compound  survivorships  a  notation 
similar  to  that  employed  for  contingent  assurances  and  reversionary 
annuities,  adding  numerals  to  indicate  the  order  in  which  the  lives 
are  to  fail.  The  numerals  are  placed  above  the  letter  representing 
the  life  on  the  failure  of  which  the  benefit  is  to  come  immediately 
into  possession,  and  below  the  letters  representing  the  lives  which 
are  to  fail  previously  in  assigned  orders.  Thus,  an  annuity  to  (x) 
after  the  death  of  the  survivor  of  (y)  and  (z),  if  (y)  be  that  survivor,  is 
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represented  by  ayc\x,  or  a^ix,  and  an  annuity  to  (x),  after  the  failure 

of  the  joint  lives  (y)  and  (z)  caused  by  the  death  of  (z),  by  a^lx. 

4.  In  Chapter  XVIII  it  was  shown  that  in  the  case  of  ordinary 
reversionary  annuities  there  is  little  difference  in  the  numerical 
value  whether  the  annuities  are  payable  yearly  or  momently ;  that 
for  all  practical  purposes  ct,ylx=ay]x  and  ayz]x  =  ayts\x.  It  does  not 
numerically  affect  these  approximate  relations  if  another  contin- 
gency be  added,  and  we  may  write  as  a  near  approximate  equation 
avllx  =  avl]x.  This  fact  may  be  made  further  evident  by  another 
line  of  reasoning.  In  the  case  of  ayz]x,  when  the  annuity  comes  into 
possession  the  first  payment  will  be  made,  on  the  average,  six 
months  after  the  death  of  (z);  and  therefore  at  the  moment  of  the 
death  of  (z)  the  value  of  the  benefit  on  which  (x)  will  then  enter 
(his  age  then  being,  say,  x  +  t)  will  be,  on  the  average,  ^a^.  In 
the  case  of  the  continuous  annuity,  ayllx,  at  the  moment  of  the 
death  of  (z),  (x)  will  enter  on  a  continuous  annuity  on  his  life,  and 
its  value  will  then  be  ax+t.  But  in  Chapter  VII  8  it  was  shown 
that,  approximately  j  |  &x+t  =  ax+i   and   therefore,   approximately, 

a  1      -  Ti  x 
U'yz  I  x        V'yz  I  x  * 

5.  To  find  the  value  of  ayzlx.  If  both  (x)  and  (y)  be  alive  at  the 
moment  of  the  death  of  (z),  (x)  will  then  enter  into  possession  of 
a  continuous  annuity  on  his  life.  The  present  value  of  the  benefit, 
therefore,  is 

J  o 


"yz  I  x  ' 


i    r° 

j-y  I      V  'x+t<'y+t<'z+tlJ'z+la'x+tdt 
I'yl'zJ  0 


lx  "y  ''z 


•(I), 


and  by  means  of  an  approximate  integration  formula  the  value 
may  be  computed.  Comparing  formula  (1)  of  this  chapter  with 
formula  (24  6)  of  Chapter  XVIII  for  the  value  of  OyZ[x,  it  will  be 
seen  that  only  fxz+t  is  included  in  the  case  of  the  compound  sur- 
vivorship annuity,  whereas  in  the  case  of  the  reversionary  annuity 
the  factor  (fiy+t  +  fa+t)  appears.  In  other  respects  the  formulae 
are  identical. 

6.  The  work  of  obtaining  the  value  of  ayl]x  may  be  conveniently 
arranged  to  give  also  the  value  of  axyz ;  and  it  is  desirable  to  do  so, 
because  if  the  compound  survivorship  annuity  is  to  be  secured  by 
an  annual  premium,  the  divisor  will  be  (1  +  a>xyz)- 
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7.  To  find  the  value  of  a?vc]x.  At  the  moment  of  the  death  of  (y), 
provided  (z)  has  died  previously,  (x),  if  he  be  alive,  will  enter  on 
a  continuous  annuity  on  his  life.  The  present  value  of  the  benefit, 
therefore,  is 

.00  ^ 

Kz\x  =        tftPxy  (1  ~  tPz)  Hy+tax+tdt 
J  0 


-- -L-fV 


h+tly+t  (Jz  ~  h+t)  f^j+t&x+tdt 


.(2). 


In  using  formula  (2),  the  work  may  be  arranged  to  find  at  the 
same  time  the  value  of  axy  which  will  be  useful  in  calculating  the 
annual  premium,  the  divisor  for  which  is  (1  +  axy). 

8.  Referring  again  to  the  value  of  avlix,  the  payment  at  time  t 
will  be  made  if  (x)  be  then  alive  and  (z)  has  died  previously  leaving 
(y)  surviving  him.   The  value  of  this  payment  is  therefore 

rftPx-\tQv\dt 

and  the  value  of  the  annuity  can  be  expressed 


/. 


tftPx-ltQvldt- 
o 


If,  therefore,  it  be  assumed  that  for  all  values  of  t, 
the  expression  becomes 


av\\x  =  Qv\-      tftPx-UQ: 
Jo 


yZ&t 


=   y„j..  dyz\x (.«)• 

This  expression  is  sometimes  used  to  give  an  approximate  value 
for  a„£|X;  and  the  result  is  not  far  from  the  truth  if  (y)  and  (z)  are 
advanced  in  age.  It  would  be  strictly  accurate  if  Gompertz's  Law 
prevailed. 

9.  If  the  value  of  ay\lx  be  known,  the  value  of  a\^x  can  be  found 
at  once,  because  avl\x  +  alzix  =  ayz\x-    Whence 

ayz\x  ~  ayz\x  ~  ayz\x      (*)■ 

10.  An  intimate  relation  subsists  between  the  two  compound 
survivorship  annuities,  ay\\x  and  avz[x.  The  annuity  ayllx  comes  into 
possession  immediately  on  the  death  of  (z),  provided  both  (x)  and 
(y)  be  then  alive;  but  the  annuity  al%ix  is  further  deferred  until 
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the  death  of  (y).  The  annuity  a£]x,  therefore,  includes  all  the  pay- 
ments of  the  annuity  a\z{x,  and  it  includes,  besides,  an  annuity 
during  the  joint  lives  of  (x)  and  (y)  after  the  death  of  (z).   That  is 


A/yz\x 


Az\xy 


.(5). 


11.    The  following  numerical  examples  will  be  useful  to  the 
student : 

(i)   To  find,  by  the  HM  Table  at  4  per  cent,  interest,  the  value 

°'  a45:C0|30- 

Employing  the  approximate  integration  formula 

[  f(x)  dx  =  n  1-28/(0)  +  l'62/(n,)  +  2"2/(3ji)  +  l-62/(5n) 

+ -56/(6*) +  l-62/(7n)}, 
we  must  take  In  =  102  —  60  =  42,  whence  n  =  6.    The  integral  for 
the  value  required  being 
1 


"30  ^45  'e 


«  CO 

V  l-M-Yt  hs+t  lm+t  Mgo+«  ^30+i  dt, 
JO 


the  calculation  is  made  as  follows : 

n  3re  5n  6n 

t  =0  =6  =18  =30  =36 


log  V* 

— 

1-8978 

1-6934 

1-4890 

1-3868 

logho+t     ■■ 

— 

4-9314 

4-8748 

4-7697 

4-6737 

log^45  +  i       •• 

— 

4-8552 

4-7271 

4-4083 

4-0781 

log^eo  +  !     •• 

— 

4-6737 

4-2645 

3-1048 

1-8513 

log  coeff.    .. 

1-4472 

■2095 

•3424 

•2095 

1-7482 

Colog  £30:45: 60 

— 

15-3860 

15-3860 

15-3860 

15-3860 

Sum     .. 

1-4472 

1-9536 

1-2882 

3-3673 

5-1241 

logwo  +  f     •• 

2-4654 

2-6627 

1-0977 

1-5591 

1-7939 

loga30+<     .. 

1-2469 

1-2179 

1-1332 

•9977 

•9049 

Sum     .. 

1-1595 

1-8342 

1-5191 

3-9241 

5-8229 

log-1^)    •• 

•2800 

•8988 

•1942 

•0023 

•0000 

.(a) 


m 

L-3753 
6 


«30-.45:eo=8-2518 


log"1  (0) 


•1444 


•6827 


•3305 


■0084 


■0001 


=1-1661 
6 


^45:60130= 

It  is  not  necessary  to  fill  in  the  values  of  the  various  factors 
when  t=  0,  as  it  is  evident  that  in  the  case  of  aso:45:so>/(0)  =  1. 
(ii)   To  find,  by  the  HM  Table  at  4  per  cent.,  the  value  of 
1       [°° 

V  ^so+i  Ht>+t  (lw  ~  lm+t)  H-M+t  <%>+<  ™- 


^30  £45  '61 
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Employing  the  same  approximate  integration  formula  as  in  the 
last  example,  we  must  take  7w=  102  —  45  =  57,  whence  n  =  8. 
Here  {lm  —  lw+t)  vanishes  when  t  =  0,  and  the  value  of  /(56)  will  be 
zero  to  several  places  of  decimals,  so  that  we  are  only  concerned 
with  the  evaluation  of  the  terms  involving  /(8),  /(24),  /(40)  and 
/(48). 

The  calculation  is  as  follows : 


11 

3« 

5n 

6n 

t 

=  8 

=  24 

=  40 

=  48 

logv'    ... 

1-8637 

T-5912 

T-3187 

1-1824 

log  ho+t 

4-9236 

4-8320 

4-5795 

4-2645 

log^s+t 

4-8402 

4-6060 

3-7390 

2-5635 

tog&o -£«+«) 

4-2080 

4-7160 

4-7696 

4-7697 

log^45  +  « 

2-2632 

2-7674 

1-3651 

T-6763 

l°g<%>  +  ! 

1-2065 

1-0730 

•8321 

•6587 

log  coeff. 

■2095 

•3424 

•2095 

T-7482 

colog  l30li5  lm 

..       15-3860 

15-3860 

15-3860 

15-3860 

Sum 

2-9007 

1-3140 

2-1995 

4-2493 

log"1    ... 

•0796 

•2061 

•0158 

•0002  = 

a2 

™&f,  ■  fin  I  an 

■-   -3017 
8 

2-4136 

By  formula  (5),  we  have 


Hs-.wty, 


)+  a60|S0:45  —  a46:60l30- 


By  means  of  equal  ages  it  will  be  found  that  the  value  of 
»eoi3o:45  by  the  HM  Table  at  4  per  cent,  is  4-617,  whence  employing 
the  usual  approximations, 

<:6oi3o  +  a6oi3o:45  =  2-414  +  4-617  =  7-031, 

as  compared  with  6'997  obtained  by  approximate  integration  for 


the  value  ol  aa.&w 


a  difference  of  '034. 


12.  To  find  the  value  of  axvl]w.  At  the  moment  of  the  death 
of  (z),  if  all  the  other  lives  still  exist,  (w)  will  come  into  possession 
of  a  continuous  annuity  on  his  own  life.  Therefore,  using  for 
conciseness  the  symbols  %  etc.,  for  lx+t  etc. 


7    J 

"xyz\w  ' 


I     vt  tPwxyz  pz+t  0>w+t  dt 
J  0 

1    p 
-j —    vttiw.tix.tiy.tiz./j,z+t., 

"wxyz  J  0 


<-w+t 


dt 


.(6). 
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Similarly, 


-co 
ayz\wx  =   I      v 

Jo 


tPwxyz  •  f^z+t  aw+t :  x+t 


dt 


Also, 


1     r" 

I         V.la.lx.ty.lz.ft; 

wxyzJ  0 


■z+t  •  u'w+t:x+t 


dt 


[XIX  12 


..(7). 


Q'tlvAilzr.  —  &', 


Ajyz\wx        uyz\w   '    ®yz\x        ^yzlwx      (o), 

where  the  values  of  the  annuities  on  the  right-hand  side  of  the 
equation  must  be  calculated  separately  by  formulae  (1)  and  (7). 

13.    To  find  the  value  of  axv%\w.    At  the  moment  of  the  death 

i 
of  (y),  if  (z)  has  died  previously,  and  if  (w)  and  (x)  be  still  alive, 

(w)  will  come  into  possession  of  a  continuous  annuity  on  his  life. 

Therefore 

axyz\w  =  I     "   tPwxy  (1  ~~  tPz)  P>y+t  •  0"w+t  dt 
1  JO 

i   r 

=  t —  I    v( .  % .  % .  Hy .  (lz  -  %)  fXy+t .  aK+t  dt 

"wxyz  Jo  J 

Similarly 

avz\wx  =         vt  tPwxy  (1  —  tPz)  py+t  Uw+f.x+t  dt 

Jo 

1       f° 

=  -j I     V   .   iw.   lx.   ly.\lz~  4)  py+taw+t:x+tdt 

"wxyzJ  0  ' 


(9). 


(10). 


Also 


:  —  &1I7. 1  w  "T  &1JZ  1 31  Q*' 


I  wx        U'yz  I  w   '    U'yz  \  x        ^yz  I  wx ' 


(11). 

where  the  values  of  the  annuities  on  the  right-hand  side  of  the 
equation  must  be  calculated  separately. 

14.   To  find  the  value  of  ax*y%]w,  an  annuity  on  the  life  of  (w)  to 

i 
commence  at  the  death  of  (y),  provided  (z)  die  before  him  in  the 

lifetime  of  (x).    At  the  moment  of  the  death  of  (z),  if  all  the 

other  lives  survive,  (w)  will  become  entitled  to  a  reversionary 

annuity  payable  to  him  if  he  survive  (y).    Therefore 

\ 


7    2:3  = 

"x  y  z\w 
1 


—         1>   tPwxyz  H'z+t  (Uw+t  —  aui+t :  y+t)  dt 


1       f" 

=  -, v* .  Hw .  % .  Hy  .  % .  n^t  (aw+t  -  aw+f.v+t) dt 

"wxyz  J  0 


(12). 


15.    Lastly,  to  find  the  value  of  a^yS]u,.    At  the  moment  of  the 

21  r   • 

death  of  (y),  if  (z)  has  died  previously,  and  if  (%)  be  still  living, 
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(w)  will  become  entitled  to  a  reversionary  annuity  payable  to 
bim  if  be  survive  (x).    Therefore 


axyz]  w  —  I     v   tPwxy  0-  ~  tPz)  py+t  \flvs+t  ~  aw+t:x+t)  dt 
21  JO 

1   p 

"wxyzJ  0  ' 


.(13). 


16.    Compound  Survivorship  Assurances.    The  value  of  one 

form  of  compound  survivorship  assurance,  namely  A%,z,  was  dealt 

i 

with  in  Chapter  XVII  29.    We  can  now  proceed  to  discuss  more 
complicated  problems  of  this  nature. 

The  value  of  an  assurance  payable  on  the  death  of  (%)  if  he  die 
third  of  the  three  lives  (x),  (y)  and  (z),  (z)  having  died  first,  is 
represented  by  AJVZ,  and   can  be  expressed  in  the  form  of  an 

integral  as  follows : 


A3 

£*-xyz 


z  =         «'  tPxy  (1  -  tPz)  Py+t  A-x+t  dt 
1      Jo 

If"  _ 

=  j— I    v* .%.  Hy  .  (lz  -  %)  /j,y+t  Kx+t  dt 

"xyzJ  0 


...(14), 


by  means  of  which,  with  the  aid  of  an  approximate  integration 

formula,  the  value  can  be  ascertained.    If  the  value  of  A!^,  be 

i 

required  all  that  is  necessary  is  to  multiply  Alvz  by  v*. 

An  examination  of  formula  (14)  will  show  that  if  the  integral 
be  divided  into  its  component  parts,  the  result  is 

T3      _   A~2    _  T2:3 
■n-xyz       -^-xy        -^xyzi 
1  1 

that  is,  the  value  of  an  assurance  payable  on  the  death  of  (%)  if  he 
die  third  of  three  lives  (%),  (y)  and  (z),  (z)  having  died  first,  is 
equal  to  the  value  of  an  assurance  payable  on  the  death  of  (x)  if 
he  die  after  (y)  less  the  value  of  an  assurance  payable  on  his 
death  if  he  die  second  or  third  of  the  three  lives,  (y)  having  died 
first.  This  is  clearly  correct  but  does  not  simplify  the  work  of 
ascertaining  the  value  required. 


17.    The  assurance  represented  by  A^  depends  on  the  same 

i 

sequence  of  events  as  that  denoted  by  A^z,  but  the  payment  of 
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the  sum  assured  is  deferred  from  the  death  of  (y)  to  the  death 

of  («).    If,  therefore,  we  deduct  from   the  latter  assurance  the 

value  of  an  annuity  of  the  interest  during  the  period  intervening 

between  these  two  deaths,  (y)  having  died  after  (z),  the  result 

will  be  the  value  of  A|w.    That  is, 
i 

73  T  2     _  X/J2  /l  K\ 

■^-xyz       -^-xyz        UU/yz  \x V  A  o  I, 

11 

If  the  assurance  be  payable  at  the  end  of  the  year  of  death  we 
can  similarly  write 

■"■xyz  ~  Axyz—  d<lvz\x        (16). 

If  we  were  only  concerned  with  the  probabilities  of  the  deaths 

of  the  three  lives  (so),  (y)  and  (z)  occurring  in  a  certain  order,  we 

could  write  Q!^  =  Q^. 
i  i 

18.   The  formulae  for  compound  survivorship  assurances  are  very 
similar  to  those  for  the  corresponding  annuities.    Thus 

\ 


K,xyz  =  |      «'  tPwxy  (1  -  tPz)  Pw+t  dt 
1       JO 

1       f°° 

—  7        I    v  ■  liw.  lx.  ly.Kyz—  i>z)  fiw+tdt 

*"wxvz  J  0 


...(17). 


"wxyz  J  0 

19.   A2:l:i.xvz  represents  the  value  of  an  assurance  payable  at  the 
i 

death  of  (w)  if  (z)  die  first  of  the  four  lives  (w),  (oo),  (y)  and  (z). 
Immediately  on  the  death  of  (z),  if  he  die  first,  the  assurance  will 
become  absolute  on  the  life  of  (w).   Therefore, 

\ 


V  :xyz=         V   •  tPwxyz  •  ps+t  •  J^w+t  dt 
1      Jo 

lf°°  — 

=  t v  .  lw .  lx .  ly .  lz .  pz-vt  •  -A-wi+4  dt 

"wxyz  J  0 


.(18). 


<"wxyz  J  0 

20.   To  find  the  value  of  A^.X!/Z.    Immediately  on  the  death  of  (y), 

21 

if  (z)  has  died  previously,  and  if  (w)  and  (x)  both  survive,  the 
assurance  will  become  an  assurance  on  the  life  of  (w)  contingent 
on  his  dying  before  (x).   Therefore, 


A-lxcvz  —  I      V1  •  tPwxy  (1  —  tPz)  py+t  A-£+t  :x+t  ^ 

If"  — 

=  j        |     v  .  lw.  Lx.   ly  .(lz—  In)  fMy+t.A^:t.x+tdt 

bwxyz  J  0 


...(19). 
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21.    In  the  case  of  A3^.xyz  the  formula  is  the  same  as  for  A;^ 

21  21 

except  that  on  the  death  of  (y)  the  assurance  will  become  absolute 
on  the  life  of  (w),  and  not  contingent.    That  is 


w  :xyz  —  "   •  tPwxy  (1  —  tPz)  Pv+t  ^-w+t  dt 

21        J  0 

1        f°°  — 

=  , tf  MwMxMy.  (lz  -  Hz)  iiy+t  Aw+i  dt 

'"wxyz  JO  ' 


.(20). 


22.  To  find  the  value  of  AJ^.    At  the  moment  of  the  death  of 

321 

(y),  (z)  having  died  previously,  and  (w)  and  (*)  being  still  alive, 
the  assurance  will  become  an  assurance  on  the  life  of  (w),  con- 
tingent on  his  surviving  (x).    Therefore 
—  f°°  —  \ 

AL„s  =         «'  ■  tPwxy  (1  -  tPz)  H'V+t  ■  ^-^i-.x+t  dt 
321        JO 

=  j — ■  f  vf,nw. nx . % . (iz - %) fiy+t (Kw+t - A^t:x+t) dt 

''wxyz  J  0 

(21). 

23.  The  value  of  every  possible  compound  survivorship  annuity 
or  assurance  involving  four  lives  may  be  found  by  the  method 
employed  in  arriving  at  equations  (18)  to  (21).  For  example,  im- 
mediately from  formula  (21), 

K,xyz  =  \     V  .  tPwxy  (1  -  tPz)  {Px+t  ■  A^    +t+  fly+t .  A£t  :x+J 
1        J  0 

__L  rvKnw.%.ny.(iz-%)  (  -(22)- 

''wxyz  J  0  I 

x  {vx+t  (K+t  -  A^.v+t)  +  fiv+t  (Aw+t  -  A£t:x+t)} ) 

24.  In  using  formulae  (21)  and  (22),  the  values  of  contingent 
assurances  involving  two  lives  are  required,  as  the  probabilities  can 
only  be  taken  as  far  as  the  second  death.  If  the  basis  of  calcula- 
tion is  to  be  the  Carlisle  mortality  table  at  3  per  cent,  interest,  a 
complete  table  of  these  values  is  given  by  Gray,  Smith,  and  Orchard 
in  their  work,  Assurance  and  Annuity  Tables. 

If  the  Carlisle  mortality  table  at  other  rates  of  interest  is  to  be 
used,  Chisholm's  Commutation  Tables  afford  an  easy  means  of 
obtaining  the  required  values  of  the  contingent  assurances.  For 
other  mortality  tables  the  methods  of  Chap.  XVII  must  be 
employed. 
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25.  In  many  cases  the  values  of  compound  survivorships  in- 
volving five  or  more  lives  may  be  found  by  formulae  similar  to 
those  which  are  applicable  to  benefits  embracing  only  four  lives. 
Sometimes,  however,  one  of  the  factors  under  the  sign  of  integra- 
tion will  itself  be  a  compound  survivorship,  in  which  event  a 
process  of  double  integration  must  be  resorted  to.  Thus,  for 
example,  if  the  value  be  sought  of  aiwxyziu,  an  annuity  to  (u)  to 

321 

commence  on  the  death  of  (w),  if  (x)  die  before  (w),  and  (y)  before 
(sc),  and  (z)  before  (y),  it  will  be  observed  that  on  the  death  of  (y), 
(z)  having  died  first,  (w)  will  become  entitled  to  a  compound  sur- 
vivorship annuity  payable  to  him  after  the  death  of  (w)  if  («)  die 
first.   Throwing  the  benefit  into  the  form  of  an  integral,  it  becomes 

f°° 

321  Jo 

In  the  evaluation  of  this  integral  by  approximate  integration, 
we  must  first  of  all  find,  by  a  separate  summation,  the  value  of 
a-JL.  at  each  of  the  values  of  t  occurring  in  the  formula 

employed. 

26.  Annual  Premiums.  It  is  not  often  that  a  compound  sur- 
vivorship annuity  or  assurance  is  secured  by  the  payment  of  annual 
premiums,  but  when  this  does  occur  careful  consideration  must  be 
given  to  the  period  during  which  the  premiums  are  to  be  payable, 
and  to  the  selection  of  the  lives  to  be  medically  examined. 

The   annual   premium  to  secure  the  annuity  ayl{x  should  be 

made  payable  during  the  joint  existence  of  the  three  lives  (x), 

(y)  and  (z),  because  if  (z)  die  first  the  annuity  becomes  payable 

to  (x),  and  if  either  (x)   or  (y)  die  first  the  contract  expires. 

a  1 
The  annual  premium  should,  therefore,  be  -^ ,  (z)  being  medically 

aayz 

examined.  It  is  not  necessary  to  have  (x)  or  (y)  medically  exam- 
ined, as  if  either  of  these  lives  fail  before  (z)  the  Office  will  make 
no  payment  of  the  annuity. 

For  the  annuity  a\z]x,  the  annual  premium  should  be  -J^,  (y) 

and  (z)  being  medically  examined.  In  this  case,  if  (z)  die  first  the 
premiums  will  continue  to  be  payable  until  either  the  death  of  («) 
or  (y),  but  if  either  (x)  or  (y)  die  first,  the  contract  expires. 
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In  the  case  of  av\^  the  annual  premium  should  be  made  payable 
during  the  joint  lives  of  (y),  (z)  and  the  survivor  of  (w)  and  (%),  the 

a  l  — 
premium  thus  becoming    1Bl™ :  (z)  should  be  medically  examined. 

The  annual  premium  to  secure  the  annuity  a^z\m  or  the  annuity 

i 
a%z\wx  should  be  payable  during  the  joint  lifetime  of  (w),  (x)  and 

(y),  and  that  for  a2^^.  during  the  joint  existence  of  (y)  and  the 

survivor  of  (w)  and  (x) ;  the  lives  to  be  medically  examined  being 

(y)  and  (z)  in  all  three  instances. 

For  dxyz  |  m  the  period  during  which  the  annual  premium  should 
i 
be  made  payable  is  the  joint  lifetime  of  (w),  (x)  and  (y)  plus  the 

joint  lifetime  of  (w)  and  (y)  after  the  death  of  (x)  provided  (z)  die 

first;  and  for  a|^|W  the  joint  lifetime  of  (w),  (x)  and  (y)  plus  the 

21 

joint  lifetime  of  (w)  and  (x)  after  the  death  of  (y)  provided  (z)  die 
first.  In  the  former  case  (y)  and  (z),  and  in  the  latter  (x),  (y)  and 
(z),  should  be  medically  examined.  ' 

27.    Similar  considerations  apply  to  the  annual  premiums  for 
compound  survivorship  assurances. 

The  annual  premium  for  the  assurance  A|w  should  be -1 ,  all 

i  axy 

A2 

J^-wxyz 

three  lives  being  medically  examined :   for  k2wxyz,  l- ,  all  four 

0  l      ^wxy 

lives  being  medically  examined. 

The  assurance  represented  by  A?:^*:x/jlz  presents  greater  difficulty. 

i 
If  (z)  die  first  the  assurance  becomes  a  single-life  assurance  on  the 

life  of  (w),  but  it  is  not  safe  to  make  the  premiums  payable  during 
the  lifetime  of  (w)  only,  because,  if  (x)  or  (y)  died  before  (z),  the 
assurance  would  terminate  and  the  premiums  received  would  not 
cover  the  risk  incurred.  On  the  other  hand,  if  the  premiums  be 
made  payable  during  the  joint  lifetime  of  (x),  (y)  and  (w),  and  (z) 
die  first,  and  (x)  or  (y)  second,  the  assurance  may  continue  for  many 
years  without  any  premiums  being  payable,  and  the  assured  might 
feel  that  he  should  have  been  allowed  to  pay  a  smaller  premium 
for  a  longer  period.  The  best  way  of  dealing  with  the  case  is,  how- 
ever, to  make  the  premiums  payable  during  the  joint  lifetime  of 

A2:3:4 
■°-    w     :xyz 

(w),  (x)  and  (y),  the  annual  premium  thus  being ,  and  to 
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see  that  the  assured  understands  the  circumstances.   All  four  lives 
should  be  medically  examined. 

Similarly,  in  the  case  of  A^xvll>  the  annual  premium  should  be 

21 
A3  13:4 

■^■wxyz  xi-  w  :xya 

1   and  in  the  case  of  A.z£:xyz ,  — — - ;  and  in  both  these  instances 


®"u>xy  21        ®*wxy 

all  four  lives  should  be  medically  examined. 

In  the  case  of  A|vz  an  alternative  is  to  make  the  premium  payable 

during  the  joint  lives  of  (x)  and  (y)  and  for  the  remainder  of  the 
life  of  (a)  after  the  death  of  (y),  provided  (y)  die  after  (z).  That  is, 

A3 

■"-xyz 

to  take  the  annual  premium  as \ —  .    Similarly,  the  annual 

premium  for  A2:^:4.xvz  might  be  taken  as 

A2:3:4 
■"■    w    ixyz 


A3  A3:4 

■^-wxyz  XL  V)  :xyz 

for  A^  as — § ;   and  for  A?*.^  as  - —      22'     •   These 

21  ""wxy    '   U'yz  I  wx  21  awxy  >  ^xyz  I  w 

1 

refinements,  however,  would  not  be  worth  while  entering  into  if 
the  assured  were  prepared  to  pay  the  premiums  obtained  by  the 
expressions  previously  given. 

28.  In  some  cases  the  risk  of  having  to  pay  the  sum  assured 
would  be  so  small  that  the  premium  charged  by  an  Office  would  be 
purely  arbitrary,  being  in  fact  the  smallest  single  premium  the 
Company  was  prepared  to  quote.  For  example,  if  the  assurance 
were  for  the  payment  of  £100  on  the  death  of  the  survivor  of 
two  lives  (35)  and  (36)  before  a  life  aged  (40)  within  10  years— 
that  is,  IioAjj^o—  the  probability  of  both  (35)  and  (36)  dying 
within  10  years  is  (1  —  i0p35)(l  —  io^36),  which  on  the  basis  of  the 
HM  Table  is  -00942.  If,  as  a  rough  approximation,  we  take  the  risk 
involved  in  the  assurance  as  represented  by  (1  —  10jo35)  (1 —  wPx)iPm 
the  value  of  this  is  -00892,  which  does  not  take  interest  into  account. 
Clearly  this  is  a  case  for  charging  the  lowest  single  premium  for 
which  the  Company  is  prepared  to  enter  into  a  contract,  and  an 
annual  premium  would  not  be  quoted.  For  practical  purposes,  no 
object  would  be  served  in  calculating  the  theoretical  risk  premium, 
the  whole  contract  being  carried  out  on  an  arbitrary  basis. 
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EXAMPLES 

Ex.  1.  Find  by  the  HM  Table  at  3  per  cent,  interest  the  value 
of  an  assurance  of  £100  payable  at  the  second  death  among  three 
lives  aged  30,  35  and  40  years  respectively,  with  the  condition  that 
if  the  life  aged  40  die  first,  £50  shall  be  payable  at  the  first  death 
and  £50  at  the  second  death. 

The  value  is 

100  A30;35;420  +  100  A|,:35:4U  +  100  A30;3U 
i  i 

+    5OA30:36.40+    5OA3Q.35.4QH-    50A30.36.40. 
1  1 

Converting  each  of  these  terms  into  assurances  payable  on  the 
first  death,  we  have 

100|_A30.40+  Ai5:40  —  "-n-30  :  35  :  4(U  +  1""  L-"-30:40~~  -^-30:35:4oJ 

+  100  [A35:40  —  A30.35:40J  +  50  [A30:35  — A30:35:40J  +  50  LA30;35  —  A30:35:40J 

+      C>OA30: 35. 40 

=   50A30:35  +  100A30;40  +  100A36:40-150A30:35:40 

=    50  A32-8 .  32-g  +  1 00  A361 :  301  +  1 OOA37-8 .  3y8  —  15  OA36.8 .  35.8 .  35-8 . 

By  interpolating  between  the  values  of  axx  given  in  the  tables 
for  a32-8:32-8  e^c- and  entering  conversion  tables  the  value  is  found  to  be 
50  (-5130)  +  100  (-5386  +  -5526)  -  150  (-5994) 
=  44-86. 

Ex.  2.  Find  in  terms,  as  far  as  possible,  of  contingent  survivorship 
assurances  payable  on  (y)  dying  first,  the  single  premium  for  1 
payable 

(a)  On  the  death  of  (y)  within  10  years,  (x)  surviving  him  and 
both  (u)  and  (v)  having  died  previously ; 

(6)  On  the  death  of  (y)  after  10  years,  (x)  surviving  him,  one  at 
least  of  (w)  and  (v)  having  died  previously,  and  all  having  survived 
10  years ; 

(c)  On  the  death  of  (y)  after  10  years,  (x)  surviving  him  and 
one  only  of  (u)  and  (v)  having  died  previously. 

(-10 
(a)  Vf{l-  tpu)  (1  -  tpv)  tPxyh-y+tdt 

Jo 
rio 
=         V1  (1  --  tpn  -  tpv  +  tPuv)  tPxyPy+tdt 

Jo 

—  !  lo&xy  ~  I  iiAiijj  —  I  ltAray  +  I  vA-uvxy> 

r 

{.")      v    loPuvxy        v  U  —  tPu+w:v+w)  tPx+10:y+lolJ'y+io"'t 

Jo 

—  V    wPuvxy  \ Aj+io :  y+io  —  Att+i0 :  »+io :  as+io :  y+lo)i 

s.  23 
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(c)  ^tPxyitPu  +  tPv-^tPu^fJ-y+tdt 

J  10 

where,  for  example, 

iol A-uxv  =  v    wPuxy -n-u+w-.x+io-.y+w 

Ex.  3.  On  the  death  of  the  survivor  of  (x)  and  (y)  a  sum  of  1 
is  to  be  divided  equally  among  such  of  three  persons  aged  a,  b  and 
c  respectively  as  may  then  be  living,  with  a  further  condition  that 
if  (a)  predecease  the  survivor  of  (a;)  and  (y)  his  share  is  to  be  divided 
equally  between  such  of  two  persons  aged  u  and  v  as  are  living  at 
the  date  of  distribution. 

Express  in  the  form  of  an  integral  the  value  of  (w)'s  share. 

The  probability  that  the  survivor  of  (%)  and  (y)  dies  at  time  t, 
(a)  having  already  died,  is 

(tPx^x+t  +  tPy  Py+t  -  tPxypx+t  :V+t)  (1  ~  tPa)  dt. 

The  share  to  be  divided  between  such  of  (u)  and  (v)  as  may  then 
be  alive  is,  the  whole  payment  if  (b)  and  (c)  are  both  dead,  \  if 
either  (b)  or  (c)  be  alive  and  the  other  dead,  and  ^  if  (b)  and  (c)  be 
both  alive :  the  amount  involved  is,  therefore, 

(1-hPb-hPc  +  itPbc)- 
And  there  is  the  further  condition  that  if  (w)  be  alive  and  (v)  dead, 
(u)  will,  subject  to  the  other  conditions,  receive  the  full  share,  but 
if  (v)  be  also  alive  he  will  only  receive  a  half  share. 
The  integral  required  is  therefore 

if  (tPxHx+t  +  tPyPy+t  -  tPxyPx+t-.y+t)  (1  ~  tPa)  (tPu  ~  hPm) 

Jo 

x  C1  -  hPb  -  hpc  +  hP>>c)  dt. 

Ex.  4.  Find  an  expression  for  the  net  annual  premium  for  an 
assurance  payable  on  the  death  of  the  last  survivor  of  three  lives 
aged  x,  y  and  z  respectively :  should  (x)  die  first  the  premium  to 
be  reduced  50  per  cent.,  and  should  (z)  survive  (x)  and  (y)  the 
premium  to  cease  on  the  second  death. 

Value  of  Benefit  =  A^-z. 

Representing  the  net  premium  by  P,  the  value  of  the  premiums 
to  be  paid  is 

"  (axv~z  ~~  lax\vz  ~  2aa!/|z+  f  axz\v) 

or  'p(^x+iaxlyz  +  iailv  +  alzly), 

whence,  by  equating  the  value  of  the  premiums  to  the  value  of  the 

benefit,  P  is  obtained. 


PART  III 

CHAPTERS  XX  AND  XXI 

CONSTRUCTION  OP  TABLES 

TABLES  INVOLVING  TWO  OR  MORE  CAUSES  OF  DECRE 
MENT  AND  FUNCTIONS  DEPENDENT  THEREON 


23—2 


CHAPTER  XX 

CONSTRUCTION  OF  TABLES 

1.  An  intimate  acquaintance  with  the  nature  of  the  tables  he 
may  find  in  his  hands  is  important  to  the  actuary,  for  without  that 
knowledge  he  cannot  turn  them  to  the  best  account.  It  is  there- 
fore very  desirable  for  the  student  to  practise  the  construction  of 
tables  for  himself,  although  those  he  requires  may  be  already  in 
print. 

2.  For  constructing  a  table  there  are  generally  two  courses  open, 
Each  individual  value  may  be  calculated  independently;  or  each 
succeeding  value  may  be  formed  from  the  value  immediately  pre- 
ceding it.  If  the  first  course  be  chosen,  each  value  must  usually  be 
also  verified  independently ;  but  if  the  second,  verification  at  stated 
intervals  will  be  sufficient,  because  if  one  value  be  correct,  so  also 
must  be  those  that  go  before  it. 

3.  Facility  and  certainty  of  verification  are  not  the  only  ad- 
vantages of  the  "Continued*  Process."  On  account  of  regular 
sequence  of  operations,  the  calculations  may  generally  be  performed 
more  rapidly,  and  with  less  mental  effort,  than  when  each  value  is 
computed  by  itself;  and  it  also  frequently  happens  that  the  actual 
amount  of  arithmetical  work  is  less,  the  differences  of  functions, 
instead  of  the  functions  themselves,  being  made  use  of. 

4.  In  order  that  the  continued  process  may  be  successfully  applied 
there  are  three  things  essential.  There  must  be  an  Initial  Value, 
a  Continued  Formula,  and  a  Verification  Formula.  Frequently  the 
most  obvious  formulae  are  not  the  most  convenient ;  and  the  for- 
mula chosen  should  be  such  as  best  to  suit  the  aids  to  calculation 
that  are  available. 

*  The  word  "Continuous"  has  sometimes  been  used  in  this  connection;  but 
' '  Continued  "  appears  to  be  preferable,  in  order  that  possible  confusion  with  the  word 
"Continuous,''  in  its  sense  as  used  in  the  Differential  Calculus,  may  be  avoided. 
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5.  The  most  powerful  aid  to  calculation  in  the  construction  of 
actuarial  tables  is  the  Arithmometer,  which  is  now  so  universally 
employed  by  actuaries  that  it  is  thought  no  student  should  experi- 
ence any  difficulty  in  seeing  one  in  practical  use  before  reading 
this  chapter ;  a  step  he  is  strongly  advised  to  take. 

In  case,  however,  any  reader  should  not  be  so  placed  as  to  have 
ready  access  to  one  or  other  of  the  many  types  of  this  machine  it 
has  been  thought  advisible  to  give  (on  page  359)  a  reproduction 
of  an  arithmometer  (the  TIM)  which  is  widely  used  at  the 
present  time,  together  with  a  full  description  of  the  method  of 
employing  it  in  actuarial  calculations,  particularly  in  the  con- 
struction of  tables. 

There  are  now  in  use  other  types  of  arithmometers,  for  example, 
one  with  two  slides  which  is  particularly  suitable  for  certain  special 
calculations  and  a  larger  machine  with  a  special  mechanism  which 
by  placing  an  indicator  handle  against  the  number  (0  to  9)  by 
which  it  is  desired  to  multiply,  enables  the  multiplication  to  be 
performed  by  turning  the  motive  handle  once  only.  These,  however, 
are  the  same  in  principle  as  that  now  to  be  described,  and  it  is  not 
thought  necessary  to  deal  with  their  construction  or  use. 

*6.  The  arithmometer  is  constructed  to  add  and  to  subtract ;  and 
by  means  of  continued  addition  or  subtraction  it  can  perform  mul- 
tiplication and  division  with  great  rapidity.  The  top  of  the  machine 
consists  of  two  plates,  which  may  be  called  the  "  fixed  plate  "  and 
the  "slide"  respectively.  On  the  fixed  plate  are  slots  with  moveable 
"markers,"  each  of  which  can  be  placed  against  any  number  desired, 
from  0  to  9.  On  the  left  of  the  fixed  plate  is  the  "  regulator,"  by 
means  of  which  the  machine  may  be  set  for  addition  or  subtraction, 
as  maybe  required ;  and  on  the  right  is  the  "motive  handle,"  which 
can  be  turned  only  in  the  direction  of  the  hands  of  a  clock,  and  by 
means  of  which  the  machine  is  set  in  motion.  In  the  slide  is  a  row 
of  "  product  holes,"  and  the  slide,  on  being  lifted,  can  be  passed 
from  left  to  right  or  the  contrary,  so  that  the  position  of  the  product 
holes  with  respect  to  the  slots  in  the  fixed  plate  may  be  varied  at 
pleasure.  A  number  is  "  placed  on  "  the  machine  by  marking  it  on 
the  fixed  plate  by  means  of  the  markers  in  the  slots.  The  number 
so  placed  on  the  machine  can  be  "  thrown  up  "  on  to  the  slide,  by 

*  The  description  of  the  arithmometer  given  in  paragraphs  6  to  11  has  been 
oopied  from  the  old  Text  Book,  Part  II. 
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placing  the  regulator  at  addition,  and  giving  one  turn  to  the  motive 
handle.  If  a  second  turn  be  given  to  the  handle,  the  number  is 
again  thrown  up,  and  added  to  the  number  already  on  the  slide, 
and  so  on ;  by  each  turn  of  the  motive  handle  the  number  on  the 
fixed  plate  being  thrown  up  once,  and  added  to  whatever  number 
may  already  be  on  the  slide.  In  this  way  multiplication  is  per- 
formed. The  number  on  the  fixed  plate  will  be  thrown  up  in  the 
units  place,  in  the  tens  place,  etc.,  according  to  the  position  of  the 
slide  with  regard  to  the  fixed  plate. 

7.  The  method  of  procedure  will  best  be  illustrated  by  a  numerical 
example.  Let  it  be  required  to  multiply  together  the  numbers 
76,847,235  and  6,583.  Set  the  regulator  at  addition,  and  place  the 
larger  number  on  the  machine  by  means  of  the  moveable  markers 
in  the  slots,  as  shown  in  the  engraving.  Let  the  slide  be  raised  and 
drawn  as  far  as  it  will  go  to  the  left,  and  then  let  it  be  dropped 
into  position.  Now  turn  the  motive  handle  three  times;  this 
multiplies  the  number  76,847,235  by  3,  the  unit  figure  of  the 
multiplier,  and  throws  the  result  up  on  to  the  slide,  where  it  will 
appear  in  the  product  holes.  Next  move  the  slide  one  station  to 
the  right,  and  turn  the  motive  handle  eight  times  for  the  second 
figure  of  the  multiplier.  This  multiplies  76,847,235  by  80,  and  adds 
the  result  to  what  had  already  appeared  in  the  product  holes.  By 
successively  moving  the  slide  and  turning  the  motive  handle,  in 
the  same  way  complete  the  multiplication  by  the  remaining  figures, 
5  and  6,  of  the  multiplier ;  and  finally  bring  the  slide  into  its 
original  position.  The  machine  is  now  as  it  appears  in  the  engrav- 
ing. The  multiplicand,  76,847,235,  is  seen  in  the  slots  in  the  fixed 
plate  where  it  had  been  placed ;  and  the  product,  505,885,348,005, 
is  in  the  product  holes.  On  the  slide  of  the  machine  is  a  second 
row  of  holes  called  "  quotient  holes."  In  these  are  registered  the 
number  of  turns  given  to  the  handle.  Therefore  the  multiplier 
appears  in  the  quotient  holes,  as  shown  in  the  engraving.  On  the 
slide  are  also  the  "zeroizers,"  by  means  of  which  the  machine  is  set 
at  zero  before  commencing  an  operation. 

8.  In  order  to  perform  division,  the  dividend  is  set  as  far  as 
possible  to  the  left  upon  the  slide  of  the  machine,  and  the  slide  is 
carried  as  far  as  it  will  go  to  the  right.  The  divisor  is  placed  on 
the  fixed  plate,  also  as  far  as  possible  to  the  left,  and  the  regulator 


XX 13]  THE  ARITHMOMETER  •  361 

is  placed  at  subtraction.  By  turning  the  handle  and  moving  the 
slide  station  by  station  to  the  left,  the  division  is  effected,  and  the 
quotient  appears  in  the  quotient  holes;  and  when  the  work  has 
been  completed,  the  remainder  will  be  found  in  the  product  holes. 

9.  A  great  advantage  of  the  arithmometer  lies  in  its  power  to 
multiply  two  numbers  together,  and  add  the  product  to  a  third 
number,  without  recording  the  intermediate  steps.  Thus,  if  it  be 
desired  to  find  the  value  of  P  +  QR  the  number  P  must  be  placed 
on  the  slide  of  the  machine,  and  the  number  Q,  which  may  be  called 
the  in-factor,  upon  the  fixed  plate.  The  in-factor,  Q,  must  then  be 
multiplied  by  the  out-factor,  R,  in  the  manner  sketched  above. 
The  effect  will  be  that  the  product  Q  x  R  will  be  formed,  and  added 
to  P ;  and  as  a  final  result  we  shall  have,  as  desired,  P  +  QR. 

10.  This  property  of  the  arithmometer  is  specially  useful  in 
continued  operations  when  Q,  the  in-factor,  is  constant,  and  R,  the 
out-factor,  is  a  series  of  comparatively  small  numbers,  such  as  the 
differences  of  some  function  involved  in  the  operation.  This  will 
abundantly  appear  in  the  illustrations  to  follow  in  this  chapter. 

11.  By  means  of  the  arithmometer,  a  continued  product,  QR, 
may  equally  readily  be  subtracted  from  a  number,  P.  It  is  only 
necessary  for  this  purpose  to  place  the  regulator  at  subtraction, 
and  proceed  as  in  paragraph  9. 

12.  In  proceeding  now  to  treat  more  directly  of  the  construction 
of  actuarial  tables,  it  will  be  convenient  to  deal  with  the  various 
functions  introduced  in  this  volume,  not  necessarily  in  the  order  in 
which  they  have  been  so  introduced,  but  rather  in  such  order  as 
will  best  illustrate  the  continued  process,  the  use  of  the  arithmo- 
meter with  its  advantages  over  the  employment  of  logarithms,  and 
the  various  checks  that  should  be  employed  to  ensure  accuracy. 

13.  In  Chapter  I  the  construction  of  a  column  of  values  of  lx 
from  qx  or  px  was  dealt  with.  It  will  be  remembered  that  starting 
from  a  convenient  radix,  say  Z0,  this  was  multiplied  by  the  first 
value  of  q0,  thus  obtaining  d0,  which  was  subtracted  from  l0  to 
produce  lu  and  so  on. 

It  is,  however,  simpler  to  construct  the  table  with  the  aid  of  the 
values  of  px.  Assuming  values  of  qx  given,  the  values  of  px  can 
readily  be  obtained  from  the  relation  px  =  1  —  qx ;  a  step  which  can 
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be  checked  at  any  period  of  the  work  by  summation,  since  for  any 

t  =  n  t=n 

n  values  X  px+t  +  %  qx+t  =  n. 
t=i  t=\ 

Employing  the  arithmometer,  the  work  can  then  be  proceeded 

with  as  follows : 

1.  Set  up  the  radix  (say  Z0)  on  the  fixed  plate  of  the  arith- 
mometer, and  multiply  by  p0 :  this  gives  h  which  must  be  copied 
on  to  the  working  sheet. 

2.  Set  up  lx  on  the  fixed  plate  (it  is  advisable  to  take  this 
from  the  slide  and  to  check  it  against  the  working  sheet),  clear  the 
slide,  and  multiply  by  p^ :  this  gives  l2  which  must  be  copied. 

3.  Set  up  Z2  on  the  plate  and  multiply  by  p2  and  so  on. 
It  is  convenient  to  arrange  the  work  in  columns  thus : 


Age 

X 

ix 

Px 

h. 

(i) 

0 

1 

(2) 

(3) 

(4) 

The  method  of  checking  col.  (3)  has  been  mentioned.  As  regards 
col.  (4)  the  process  is  a  continued  one  in  so  far  as  each  value 
depends  on  the  one  before.  The  initial  value  is  l0,  the  working 
formula  lx  xpx  =  lx+1,  but  each  product  being  carried  out  inde- 
pendently makes  the  verification  formula  rather  cumbersome, 
namely 

'x+n  =  'a:  x Px  x  Px+i  X  ■  •  ■  X px+n-i- 

On  the  whole,  it  is  better  to  have  this  step  carried  out  in  duplicate 
by  independent  operators  on  different  machines,  and  to  compare 
the  results. 

The  work  should  be  carried  out  to  at  least  two  more  places  than 
are  required  in  the  final  table  in  order  to  ensure  accuracy  in  the 
"  cutting  down  "  process. 

14.  If  we  were  working  with  logarithms,  having  obtained  the 
values  of  pa,,  we  should  proceed  as  follows: 

(1)  Extract  the  values  of  log^a,  for  all  ages. 

(2)  Decide  the  radix  (say  l0)  and  record  logl0- 
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(3)  Remembering  that  logpx  =  A\oglx,  construct  a  column 
of  \oglx  by  adding  the  successive  values  of  log  px. 

Thus  :  log  lz  =  log  l0  +  \ogp0, 

hgl^logl.  +  logp,, 
and  so  on. 

(4)  Extract  the  antilogs  of  the  last  values,  thus  obtaining  the 
values  of  lx. 

The  work  would  be  arranged  as  follows : 


Age 

X 

lx 

Px 

l°gi>* 
=  A  log  lx 

log?, 

h 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

The  only  part  of  this  work  that  is  "  continued  "  is  the  construc- 
tion of  col.  (5)  with  the  aid  of  col.  (4).  Reference  has  been  made 
to  the  method  of  checking  col.  (3);  the  extraction  of  \ogpx,  and 
of  lx  from  \oglx,  can  only  be  checked  by  the  work  being  carried 
out  in  duplicate  by  independent  operators  or  by  reversing  the 
process  and  extracting  the  antilogs  and  logs  respectively.  Col.  (5) 
can  be  checked  at  any  point  by  a  "  straight "  summation  of  col.  (4), 
since 

t=n-l 
log  h+n  =  log  lx  +      2      log  px+t . 
t  =  0 

This  example  brings  out  the  difficulty  that  arises  with  the  em- 
ployment of  logarithms.  However  careful  and  accurate  an  operator 
may  be,  it  is  distinctly  advisable  in  the  construction  of  any  actuarial 
table,  that  the  values  tabulated  should  be  adequately  checked. 
The  employment  of  logarithms  necessarily  introduces  a  step  which 
is  not  "  continued  "  and  which  must,  therefore,  be  checked  by  some 
independent  means.  The  additional  work  involved  in  this  case  in 
the  employment  of  logarithms  as  against  the  arithmometer  will  be 
evident. 

15.  Commutation  Columns.  Turning  to  the  construction  of 
commutation  columns,  let  us  assume  that  values  of  lx  and  dx  are 
available,  and  that  it  is  required  to  construct  tables  of  the  values 
ofD«,  N„  St.,  C„  M.,  R*. 
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Dealing  with  Dx  first,  the  most  direct  method  is  to  multiply 
each  value  of  lx  by  the  corresponding  value  of  vx  independently  on 
the  arithmometer. 

The  calculations  should  be  checked  by  the  work  being  carried 
out  in  duplicate  on  different  machines.  It  would  not  be  necessary 
to  arrange  columns  of  if  and  lx,  since  all  that  is  necessary  is  to 
tabulate,  say,?;*  on  a  slip  card  which  can  be  placed  in  the  required 
position  against  the  page  containing  the  values  of  lx. 

This  process  is  not  a  "  continued  "  one,  and  it  will  be  instructive 
to  consider  other  methods  in  which  a  "  continued  "  process  will  be 
employed  so  far  as  possible. 

16.  For  use  with  the  arithmometer,  we  have 

T>x  =  vxlx, 
Dx+i  =  vx+1  lx+1  =  DX    x  vpx , 
Dx+2  =  if+Hx+1  =  Dx+1  x  vpx+1, 
and  so  on. 
If,  therefore,  a  table  of  the  values  of  vpx  be  available,  the  con- 
struction of  a  table  of  the  values  of  Dx  will  be  exactly  similar  to 
that  employed  in  paragraph  13  to  construct  a  table  of  lx  when  px 
is  already  tabulated. 

17.  A  column  of  the  values  of  vpx  is  readily  obtained  by  means 
of  the  arithmometer,  this  being  an  example  of  a  constant  multi- 
plied by  the  successive  terms  of  a  series.  The  first  step  is  to 
extract  the  differences  of  the  values  of  px :  which  will  be  checked 
by  summation. 

The  work  will  then  proceed  thus : 

(1)  Place  the  value  of  v  on  the  fixed  plate. 

(2)  Multiply  by  the  first  value  of  p :  result  =  vpx. 

(3)  Without  clearing  the  plate  or  the  product  holes,  multiply 
by  Apx.  The  result  is  that  v.  Apx  is  added  to  vpx  already  in  the 
product  holes,  giving  v  (px  +  kpx)  =  vpx+1. 

(4)  Without  clearing  the  plate  or  the  product  holes,  multiply 
by  Apx+1,  thus  obtaining  v  (px+i  +  &px+i)  —  vpx+z>  alld  so  on. 

This  is  a  simple  example  of  a  continued  process.  The  initial 
value  is  vpx  where  x  is  the  youngest  age  for  which  the  values  are 
required,  the  working  formula  is  vpx+n+1  =  vpx+n  +  v  .Apx+n,  and 
verification  is  obtained  at  any  step  by  independently  multiplying 
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Px+n  by  v  and  comparing  the  result  with  that  obtained  by  the 
continued  process. 

In  cases  of  this  kind,  when  a  large  number  of  values  is  required, 
it  is  advisable  to  calculate  the  check  values  for  every  10th  or 
15th  value  before  commencing  the  construction  of  the  column.  If 
these  check  values  be  inserted  on  the  working  sheet  before  the 
construction  of  the  column  is  commenced  they  will  be  available 
for  comparison  as  each  10th  or  15th  value  is  reached  by  the  con- 
tinued process,  and  if  an  error  has  been  made,  will  prevent  the 
entire  column  being  constructed  inaccurately. 

Finally,  in  order  to  detect  any  errors  made  in  copying  the  figures 
from  the  arithmometer  to  the  working  sheet,  a  "  summation  "  check 
should  be  applied.   We  have 

x-i-n  x-Vn 

2  vpx  =  v  2  px, 

x  x 

so  that,  if  we  sum  the  entire  column  of  px  and  multiply  by  v,  the 
result  should  agree  with  the  sum  of  the  column  of  values  of  vpx. 

A  "  summation  "  check  is  very  important  when  an  arithmometer 
is  used  in  connection  with  a  continued  process.  The  figures  in  the 
product  holes  of  some  machines  get  rubbed  with  use,  with  the 
result  that  it  is  an  easy  matter  for  one  occasionally  to  be  copied 
down  incorrectly.  If  the  "  summation  "  check  applied  to  the  entire 
column  disclose  a  discrepancy,  it  can  then  be  applied  to  sections 
of  the  column  in  order  to  ascertain  in  which  section  the  error 
occurs,  the  error  being  finally  located  by  an  examination  of  the 
differences  of  that  section. 

18.  Having  then  the  values  of  vpx,  Dx  for  the  youngest  age  is  set 
up  on  the  fixed  plate  and  multiplied  by  vpx  to  give  ~DX+1 :  this  in 
turn  is  set  up  on  the  plate  and  multiplied  by  vpx+1  to  give  Dx+2 
and  so  on.  The  entire  process  will  be  seen  by  the  arrangement  of 
the  following  columns : 

x  Px  APx  "Px  Dx 

(1)  (2)  (3)  (4)  (5) 

Periodical  check  values  should  be  inserted  in  the  column  of  Dx 
before  the  work  is  started,  these  being  obtained  from  the  funda- 
mental formula  Dx+n  —  ifJr1llx+n,  but  as  there  is  no  convenient 
summation  check,  it  is  advisable  to  have  the  construction  of  col.  (5) 
carried  out  in  duplicate. 
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This  being  so,  this  method  possesses  no  advantage  over  the  first 

method  mentioned  in  paragraph  15. 

If  logarithms  be  employed,  we  have 

log  Bx  =  cc  log  v  +  loglx, 

log  Dx+1  =  {so  + 1)  log  v  +  log  lx+i 

=  log"Dx  +  \ogvpx, 

log  Dx+3  =  log  Dx+1  +  log  vpx+1 , 

and  so  on. 

Here  the  work  would  be  arranged  as  follows : 

log  vpx 
x  logpx       =AlogDx       logDx  Dj. 

(1)  (2)  (3)  (4)  (5) 

If  the  values  of  \ogpx  have  not  been  tabulated  the  extraction 

of  these  should  be  carried  out  in  duplicate.   The  values  in  col.  (3) 

are  ascertained  by  adding  log  v  to  each  value  in  col.  (2),  a  simple 

process  easily  checked  by  summation.   For  col.  (4)  the  first  value 

must  be  calculated  independently  and  successive  values  obtained 

by  means  of  the  differences  given  in  col.  (3).    An  independent 

check  should  be  inserted  periodically  beforehand  by  means  of  the 

fundamental  formula  log  Dx  =  x  log  v  +  log  lx,  or  by  the  relation 

t=n-\ 

logDx+„  =  logDa.+    2    logvpa+t. 

t=0 

In  this  instance,  since  a  constant,  log  v,  is  added  at  each  step,  in 
order  to  prevent  any  accumulation  of  error  in  the  last  places  of 
decimals,  particular  care  must  be  taken  to  work  to  more  places 
than  are  required  in  the  final  table  and  to  observe  the  value  of 
the  figures  discarded.  Finally,  for  col.  (5)  the  antilogarithms  of 
col.  (4)  should  be  extracted  by  independent  operators  and  the 
results  compared.  It  is  clear  that  this  method  also  involves  far 
more  work  than  the  first  and  more  straightforward  method 
mentioned  in  paragraph  15. 

19.  The  values  of  Dx  having  been  calculated,  since  D;,.  =  —  AN» 
the  compilation  of  the  column  of  values  of  N^  is  a  simple  matter. 
The  column  will  be  commenced  at  the  highest  age  w—  1,  at  which 
D,,,-!  =  Nw_i.  Then  adding  the  value  of  D  at  the  next  lower  age, 
we  have  Nro_i  +  Dm_2  =  Nra_2 :  similarly  Nffl_2  +  D„_3  =  Nw_s,  and 
so  on,  till  the  youngest  age  in  the  table  is  reached. 

Check  values  will  be  inserted  at  every  10th  or  15th  value  by 

10  —  1 

means  of  the  formula  Nx=  2  Dx. 
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w— 1 


Since  $x  =  S  Nj  the  method  of  construction  of  a  column  of  !§„. 


X 


when  Nj,  is  available  is  exactly  similar  to  that  employed  in  con- 
structing the  column  of  N^  from  the  values  of  D^.. 

20.  The  relations  between  C^,  Mx  and  R^.  being  similar  to  those 
existing  between  T>x,  N^  and  ISj,,  it  is  not  necessary  to  deal  in  very 
great  detail  with  the  methods  to  be  employed  in  the  construction 
of  tables  of  values  of  these  functions. 

We  have  C^  =  vx+1  dx  by  means  of  which  each  value  can  be 
calculated  independently  by  multiplication  on  the  arithmometer, 
the  work  being  carried  out  in  duplicate.  This  is  exactly  similar  to 
the  first  method  mentioned  in  connection  with  T>x. 

Processes  similar  to  the  second  and  third  methods  discussed  in 
connection  with  T>x  can  also  be  employed. 

=  Cxxvd-p, 


dx 
dx 


and  generally 


Oh  x. ■",'-'- 

Jx+n+i  =  ^x+n  '-  , 


L'aM-n+i  —  ^3>+n  x  " 


dx+n+t 


'x+n 

Also  log  Cx+1  =  log  Cx  +  log  v  +  A  log  dx , 

log  CW2  =  log  C^H  +  log  v  +  A  log  C^K 

and  generally 

log  Cx+n+i  =  log  Cx+n  +  log  v  +  A  log  dx+n. 
It  is  evident  that  the  first  method  is  the  most  practical. 

■W  —  1  IV—  1 

As  regards  Mx  and  R,x,  we  have  M^  =  2  C^  and  ~Rx  =  2  Ma. 

X  X 

21.  When  values  of  C,  M,  R  and  D,  N,  S  are  available  for  the 
same  mortality  table  and  same  rate  of  interest,  their  accuracy  can 
be  tested  by  comparison  as  follows : 

Cx  =  vDx-I)x+1, 

Mx  =  v'Nx-'Nx+1, 

R„  =t»S,  -S_.,. 
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22.  Whole-Life  Annuity  Values.  When  the  values  of  'Nx  and  D 

are  available,  the  simplest  method  of  constructing  a  table  of  whole- 

N 
life   annuity  values,  ax  =  -j~l ,  is  by  calculating  each  value  (in 

duplicate)  independently  on  the  arithmometer. 

If  the  values  of  the  commutation  functions  are  not  available, 
the  simplest  process  is  to  employ  the  relationship 

ax  =  vpx  (1  +  a^,). 
whence,  commencing  with  aw_x  =  0,  and  first  calculating  the  values 
of  vpx,  we  can  work  backwards  with  the  aid  of  the  arithmometer 
to  the  youngest  age.    The  work  would  be  arranged  thus  : 

x  vpx  ax 

(i)  (2)  (3) 

The  value  1  =  1  +  aw^  would  be  set  up  on  the  fixed  plate  and 
multiplied  by  vpw^,  the  result  being  inserted  in  col.  (3)  against 
age  w  —  2.  This  result  plus  unity  will  be  transferred  from  the 
product  holes  to  the  plate  and,  the  slide  having  been  cleared, 
multiplied  by  vpw_3,  the  result  being  inserted  in  col.  (3)  against 
age  w  —  3 :  and  so  on.  The  work  should  be  carried  out  in 
duplicate. 

23.  If  logarithms  be  employed,  the  working  formula  becomes 

log  ax  =  log  vpx  +  log  (1  +  ax+1), 

the  arrangement  of  the  work  being 

x  logi^  log  (1 +  03+1)  logax  ax 

(1)  (2)  (3)  (4)  (5) 

Again  working  backwards  from  the  highest  age,  the  initial 
value  is  aw^  =  0  or  log  (1  +  «„_,)  =  0,  which  will  be  placed  in 
col.  (3)  against  age  w  —  2.  The  value  of  log  vpx  in  col.  (2)  on  the 
same  line  is  then  added  to  log  (1  +  aw_i)  giving  log  aw^.  The 
remainder  of  the  work  by  this  method  is  facilitated  by  the  employ- 
ment of  Gauss's  Logarithms,  by  entering  a  table  of  which  with 
the  value  of  log  ax  the  result  is  log  (1  +  ax).  Entering  such  a 
table  with  logaro_2  the  result  is  log(l  +aw_z)  which  is  placed  in 
col.  (3)  on  line  w  —  3.    The  work  then  proceeds  as  before. 

Finally,  the  antilogarithms  of  col.  (4)  must  be  extracted  to  give 
the  values  of  ax. 

It  will  be  observed  that  this  process  is  a  continued  one  only  so 
far  as  the  values  of  log  ax,  and  it  is  consequently  of  no  value  to 
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insert  check  values  in  the  column  of  values  of  ax.  Periodical 
check  values  should  be  applied  to  col.  (4)  and  if  columns  of 
N3  and  D^  were  available,  the  simplest  process  would  be  to 
calculate 

logaq.  =  logNs-logDa!i 

for  every  10th  or  15th  value  beforehand.  If  the  values  of  these 
functions  have  been  tabulated,  however,  the  more  direct  method 
mentioned  in  paragraph  22  would  be  employed. 

There  is  no  convenient  check  formula  for  log  a.,,  when  the 
functions  N  and  D  have  not  been  tabulated,  and  since,  if  the 
annuity  values  are  to  be  calculated,  it  is  most  probable  that 
columns  of  these  functions  will  be  required  at  some  time  or  other, 
it  is  far  preferable  to  construct  such  tables  first  and  to  calculate 
the  annuity  values  therefrom  by  direct  division  of  N^  by  D^  for 
each  age. 

24.  Sufficient  examples  have  now  been  given  to  demonstrate 
three  important  points, 

(1)  The  valuable  assistance  rendered  in  the  construction  of 
actuarial  tables  by  the  arithmometer : 

(2)  That  a  continued  process  possesses  advantages,  but  that  when 
the  work  can  be  carried  out  in  a  straightforward  manner  on  the 
arithmometer,  in  duplicate,  this  is  frequently  quicker  than  employ- 
ing a  more  elaborate  continued  process : 

(3)  That  the  employment  of  logarithms  (unless  the  logs  of  a 
function  only  are  required)  prevents  a  continued  process  being 
employed  throughout,  since  the  last  step  necessarily  involves  the 
extraction  of  antilogarithms. 

25.  Temporary  Annuity  Values.  A  table  of  temporary  annuity 
values  is  readily  constructed  by  a  simple  continued  process  with 
the  aid  of  the  arithmometer. 


The  initial  value  is    axm  = 


L\+1 


the  working  formula  ax^l\  =  ax:^\  H — 215+1 1 

periodical  check  values  can  be  inserted  at  the  outset  by  means  of 
the  formula 

'a+i  —  ^3+n+i 


ax :  nl  —  '  j  v 


24 
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and  a  summation  check  is  provided  by  the  expression 

"■?    _     _,  _  ^"s+i  ~  \&x+2  —  Q»+t+a) 

•"  "x .  a] f; • 

11  =  1  ux 

The  procedure  is  to  insert  (L\)_1  on  the  fixed  plate  and  multiply 

by  D3+1  thus  throwing  up  ar."ij    in   the   product  holes.    Then, 

without  clearing  the  plate  or  the  product  holes,  multiply  by  Dx+ll 

the  value  ~^  thus  being  added  to  ax.J\  giving  ax^\  and  so  on. 

26.  Single  Premiums  for  Temporary  Assurances.    Similarly 
with  a  table  of  Single  Premiums  for  Temporary  Assurances : 

C 
The  Initial  Value  is  A^:Y|  =  =p  . 

The  Working  Formula  is  Aj:^|  =  Ai,5]  +  -*+5±\ 

Periodical  Check  Values  are  given  by  A^.^i  = — x  „    x+n. 

The  Summation  Check  is"!'  AjsS]  =  *M*  ~  (R*-h  ~  *W> 
The  process  is  exactly  similar  to  that  employed  for  ax:^\. 

27.  Annual  Premiums  for  Temporary  Assurances.  To  con- 
struct a  table  of  annual  premiums  for  temporary  assurances  the 

A1  .~i 
formula  employed  is  P^ :  SI  =   -2-^ ,  each  premium  being  divided 

&x:n\ 

out  independently  (in  duplicate)  on  the  arithmometer. 

28.  Deferred  Annuities.  If  tables  of  whole-life  and  temporary 
annuities  are  available,  a  table  of  deferred  annuities  can  be  con- 
structed by  means  of  the  relationship 

@x       ^a: :  «1  =  n  J  ®x  • 

Or,  with  the  aid  of  the  arithmometer,  starting  with  the  longest 
period  of  deferment,  say  r,  we  have 

j„     _  NaH-H-i 


r— 1|  ^x  —  r\@x  ~r 

and  generally  „  |  ax  =  n+1 1  ax  +     '"""'' 


"i5- 
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Therefore,  starting  at  the  longest  period  of  deferment,  the  value 
of  (D,,.)-1  is  placed  on  the  fixed  plate  of  the  machine  and  the  first 
value  obtained  by  multiplying  by  N^,.  Without  clearing  the 
product  holes,  the  value  on  the  plate  is  then  multiplied  by  D^, 
this  product  being  automatically  added  to  T\ax  giving  r-i^xi  an(i 
so  on  for  other  values. 

Periodical  check  values  are  obtained  and  inserted,  before  con- 
structing the  table,  by  means  of  the  formula 

I       _  JJs+n+i 
n\">x —       t\         ; 
^x 

the  final  value  being  ax ;  and  the  summation  check  is 

*■?'      l„     _  ^+2  —  Sa;+*+2 
*    n  \ux  —  ■ 


«  =  1 


DM 


29.  Deferred  Assurances.  For  deferred  assurances,  working 
from  the  longest  period  of  deferment  to  the  shortest,  where  r  is 
the  longest  period  of  deferment  for  which  the  value  is  required, 

M 

the  Initial  Value  is  r\A.x  =    ^+r, 

Me 

Q 

the  Working  Formula       „|Aa.  =  „+1|Aa.  +  -^ 
For  the  Periodical  Check  Values 


x+n 

x 


I  A    — 


Ms+n 


the  final  value  being  A,,. 

Summation  Check :  *2  „  |  Ax  =  Rx+1 "  Ra;+'+-1 . 

n  =  1  Ux 

30.   Whole-Life  Policy  Values.   Employing  the  formula 

*rr     -I  1  +  Clx+n 

n    x~  l  +  ax  ' 

we  have  n+iV,.  =  1 x+n+i 

J-  ~r  (Jx 

(     _    1  +  Ox+n\  _  a3+n+i  ~  ax+n 
1  +  ax  J  1  +  ax 

v      (-Affg+B) 

where  —  Aax+n  is  positive. 

24^2 
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To  use  this  formula  it  is  necessary  to  extract  first  the  differences 
of  ax,  which  differences  will  be  taken  positively.  If  then  (1  +  a.,.)"1 
be  set  up  on  the  fixed  plate  of  the  arithmometer  this  is  first 
multiplied  by  —  Ae^,  giving 

ax  ~  ax+\  _ 


l  +  «x 


-  V 

—  1  »  X- 


Without  clearing  the  product  holes  (1  +  a,,.)-1  is  then  multiplied 
by  -Aax+l,  giving 

(-  Aa8+1)      y 
lVlc+    l+ax     _2Va" 
and  so  on. 

Here,  the  Initial  Value  is 

\r  _~  Actj.  _  ax  —  ciz+i 
1   "  ~  1  +  ax       l+ax    ' 
the  Working  Formula  is 

v  _  v    ,  (~Ag-»+») 

n+i  v  a:  —  ny  x~i        -i    ■   „         ' 
1  +  ax 

the  Periodical  Check  Values,  inserted  beforehand,  are  calculated  by 
the  fundamental  formula 

-it    ®x       ax+n 

"V"~    l+ax   ' 
and  the  Summation  Check  is 

n  —  t 
n-l  tax  —    Z,  &x+n 

»  =  1  J-  +  ax 

31.  Endowment  Assurance  Policy  Values.  The  formulae  em- 
ployed in  the  construction  of  a  table  of  Endowment  Assurance 
Policy  Values  are  similar  to  those  employed  for  Whole-Life  Values. 

Taking,  for  example,  policies  on  lives  aged  x  for  a  period  of  r 
years,  we  have 

Initial  Value  .V.-j,  =  g*^~a*+'^  , 

Working  Formula 

■tr  _    V  i   \~  &n-a'x+n.r-n-\\) 

n+1  "x:r[  —  »  "  as :  ?1  +  1    i    „     ,  ' 

1  ~rux:r-l\ 

where  (-  A.n.ax+n:^-j])  is  positive. 
Periodical  Check  Value  formula  is 

-it ax:r-l\  ~  ax+n:r-n-l\ 

nVx:r\  -  -i     ,  > 

X  ■+-  tte  :r_i| 
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Summation  Check  formula 

tdX:r-i\  ~~     i    ax+n:r-n-l\ 


2»V.!F]  =  . 


=1  l+«x:^Tl 

It  will  be  observed  that  in  extracting  the  differences  of  the 
annuity  values,  the  successive  terms  of  the  series  to  be  differenced 
are  ax-7^\,  ax+i:^Z5\,  ax+2-.r^3\>  etc. :  the  first  term  is  the  value  of 
an  annuity  on  a  life  of  the  age  at  which  the  policy  was  effected  to 
run  for  one  year  less  than  the  full  term  of  the  assurance,  and  the 
variable  affects  both  the  age  and  the  term  of  the  annuity,  the  last 
payment  being  at  age  x  +  r  —  1  in  each  case. 

32.  Limited  Payment  Policy  Values — Whole-Life  Assurances. 

For  this  type  of  policy  the  method  employed  in  the  construction  of 
tables  of  Whole-Life  and  Endowment  Assurance  Policy  Values  is 
not  applicable. 

Examining  the  formula  for  the  policy  value  by  the  prospective 
method,  we  have,  where  n<  t, 

n  'as  =  Ab+»  —  *"*(!  +  aa;+ra:S-)i-i|)> 
n+1  '  x  =  Ax+n+!  —  t rx  (1  +  CLx+n+\ :  t-n-2\  )> 

whence  A  *YX  =  A A^  +  J^  (-  An .  ax+n ..  i=^zr\ ), 

both  terms  on  the  right-hand  side  being  positive. 

The  first  step  is  to  obtain  the  values  of  tPx(—  An. ax+n-. i^n=T\) 
which,  however,  can  be  effected  very  rapidly  with  the  aid  of  the 
arithmometer,  by  the  method  employed  in  paragraph  17  to  con- 
struct a  table  of  values  of  vpx. 

The  differences  of  the  function  —  An.ax+n: t_n_t\  must  first  be  ex- 
tracted ;  tPx  is  then  placed  on  the  fixed  plate  and,  working  back- 
wards, multiplied  by  the  last  value(namely— An-ax+t-2:i\)-  Without 
clearing  the  product  holes  the  quantity  on  the  fixed  plate  is  then 
multiplied  by  the  successive  terms  of  the  series  of  differences 
A  (-  A71.aa.+n:4-zS=T|)-  The  values  of  AA„.+„  having  been  extracted 
by  differencing,  the  work  can  be  proceeded  with  as  follows : 

The  Initial  Value  is 
*V  —  0 

0  V  x  —  V. 

The  Working  Formula  is 

n+l^x  =  n »as  +  AAjg+n  +  ttx  (—  Am  .  ax+n:t_n_^). 
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Periodical  Check  Values  will  be  calculated  by  the  original  formula 

n'u  =  A-x+n  ~~  t"x  (J-  +  ax+n:t-n-i\)> 

the  value  |VB  being  Ax+t,  and  the  Summation  Check  is  provided  by 

n  =  r  n=r  n  =  r 

2  ^Va,  =  2  A„.+B  -  t7x  2  a.x+n .  jz^zi\ ,  where  r  <  t. 

n=l  »  =  1  «=1 

The  method  of  setting  out  the  work  is  as  follows : 

Age  x  ■ 


n 

AAz+n 

iv, 

tPx  (  ~~  &n  ■  ax+n-  t-K-l\ ) 

(1) 
0 
1 
2 

(2) 

(3) 

(4) 

33.  If  tables  of  the  values  of  Endowment  Assurance  policies  are 
available,  these  can  be  employed  to  facilitate  the  construction  of 
tables  of  the  values  of  Whole-Life  Limited  Payment  policies.  If 
n<  t, 

7i V j,  =  -a-x+n  ~  t"x  ■  &x+n:t-n\ 


—  Ax  +  A  As  —  Aj, 


a«:tl 


where  AA*  =  Aa!+„  -  A,. 


A,    1 


ao!-|-rl :  t-n\ 


+  AA£ 


aa,:il 

=  Ax.nVa!:7j  +  AA£. 

The  preliminary  step  is  to  obtain  the  values  of  AA™,  a  simple 
process,  in  the  course  of  which,  however,  it  must  be  remembered 
that  A Kl  =  Ax+n  -  Ax ;  A A£+1  =  Ax+n+1  -  Ax,  etc. 

The  term  A,. .  nYx .  j\  presents  no  difficulty  when  the  arithmometer 
is  used,  being  an  example  of  a  constant  multiplied  by  a  series.  The 
differences  of  nYx:t\  being  available,  all  that  is  required  is  to  set 
up  Ax  on  the  arithmometer,  multiply  by  iVx:t\,  and  then  without 
clearing  the  product  holes  multiply  successively  by  AjV,, .  j\ ,  AsVo!:fl> 
etc.,  thus  obtaining  the  successive  values  of  Ax .  nVx .  t] .  A  periodical 
check  of  this  process  is  provided  by  the  original  formula  Ax.n^3i:^ 

n—r  n=r 

and  a  summation  check  by  2  Ax.nYx.j\  =  Ax  2  nVx-.T\  vvhere  r<t. 
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Finally,  the  respective  values  of  A£  must  be  added  to  give  the 
policy  values,  *VX,  required.  The  following  columns  illustrate  the 
method : 

Age  x. 


11 

K-nVx:t\ 

aa£ 

(1) 

1 

2 
t 

(2) 

(3) 

(4) 

The  last  value  in  col.  (4)  will  be  A.x+t. 

34.  Single  Premiums.  If  a  table  of  single-life  annuity  values  be 
available  a  table  of  the  Single  Premiums  for  whole-life  assurances 
is  readily  constructed  by  means  of  the  formula  Ax=l—d(l  +ax), 
from  which  we  obtain  A  Ax  =  —  dAax,  which  is  positive. 

If,  therefore,  the  successive  differences  of  ax  be  extracted, assuming 
x  to  be  the  youngest  age  for  which  the  Single  Premium  is  required, 
the  Initial  Value  is  Ax  =  1  -  d  (1  +  ax), 

the  Working  Formula  is  Aa.+1  =  Ax  +  (-  dAax). 

Periodical  Checks  can  be  inserted  at  the  outset  by  the  funda- 
mental formula  Ax  =  l-d(l  +  ax),  and  the  final  value  Aw_t  =  v. 
The  arithmometer  will  not  be  employed,  so  it  will  not  be  necessary 
to  have  a  Summation  Check. 

For  Endowment  Assurances,  we  have  similarly 
Ax.j\  =  l-d{l  +  ax.j-[\), 
Ax.Ax.t[  =  -dAx.ax:j-[\, 
the  process  of  construction  being  precisely  similar  to  that  indicated 
for  whole-life  assurances. 

35.  Annual  Premiums.  If  a  table  of  single-life  annuity  values 
be  available,  a  table  of  Annual  Premiums  for  single-life  whole-life 
assurances  can  be  constructed  by  means  of  the  formula 

1 


P*  = 


l+ax 


—  d. 


Here,  x  being  the  youngest  age  in  the  table, 

1 


the  Initial  Value  is 


P«  = 


l+ax 


—  d. 
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the  Working  Formula   A  Px  =  A 

1  +  &X 

1 
Or  P.+.  =  P.  +  A  : 


Periodical  Check  Values  are  obtained  by  means  of  the  original 
formula. 

In  this  case  it  is  necessary  in  the  first  place  to  extract  the  re- 
ciprocals of  (1  +  ax),  and  then  to  difference  these,  such  differences 
being  also  the  differences  of  Px. 

Similarly  for  Endowment  Assurances, 

?x-.Z\  =  -,   ,  „    -d  and  &X.YX:^  =  AX 


36.  Force  of  Mortality.  The  method  to  be  adopted  to  construct 
a  table  of  the  values  of  fix  will  depend  on  the  formula  adopted. 
For  example,  let  us  employ  the  formula 

/*«  =  toT  ^  (^*-i +  ^»)  ~  (dx-2  +  da+1)}. 


121 


X 


The  work  will  be  arranged  in  columns  as  follows : 

t.     dx     dx_1  +  dx     Col.  (3)  x  7     dx_2  +  dx+l     Col.  (4) -Col.  (5)     Col.  (6)4-121, 
(1)    (2)  (3)  (4)  <  (5)  (6)  (7) 

Col.  (S)  is  readily  obtained  by  inspection  of  col.  (2)  and  col.  (4) 
from  col.  (3).  To  obtain  col.  (5)  it  is  convenient  to  use  a  card  so 
cut  as,  when  placed  on  col.  (2),  to  leave  exposed  only  the  two  values 
required,  which  are  then  readily  added  together.  Col.  (6)  requires 
no  explanation,  and  col.  (7)  will  be  obtained  by  dividing  out  each 
value  independently  on  the  arithmometer.  The  process  is  not  at 
any  stage  a  "  continued  "  one  and  it  is  advisable  for  all  the  work  to 
be  carried  out  in  duplicate.  Summation  Checks  can  however  be 
employed  to  compare  the  totals  of  the  various  columns. 

If  a  table  follow  Makeham's  Law,  and  the  constants  A,  B  and  c 
are  known,  a  simple  continued  process  is  available  for  use  with  the 
arithmometer.  Assuming  the  youngest  age  to  be  20,  the  value  A 
is  set  up  in  the  product  holes  and  B  on  the  fixed  plate:  then 
multiplying  by  c20  the  result  in  the  product  holes  is  A  4-  Be20  =  fa- 
Leaving  this  value  in  the  product  holes,  the  value  of  fi^  is  then 
obtained  by  multiplying  B  on  the  fixed  plate  by  Ac"  =  c™  - ""' 
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giving  A  +  B(c20+  Ac20)  =  A  +  Be21  =/%.    Again  multiplying  by 
Ac21,  the  result  is  A  +  Be22  =  p^  and  so  on. 

The  columns  will  be  as  follows : 

j.  cx  Acx  nx 

(1)  (2)  (3)  (4) 

37.  Select  Tables.  The  construction  of  tables  has  been  dis- 
cussed throughout  this  chapter  on  the  basis  of  aggregate  tables. 
The  same  principles  apply  when  Select  Tables  are  used,  the  only 
difference  being  that  regard  must  be  paid  to  the  "  Select  Period." 

For  example,  in  constructing  tables  of  D^j  and  N^,  the  columns 
for  the  Ultimate  portion  of  the  table  would  be  constructed  first. 
Then  for  the  "  Select  Period,"  taken  as  five  years,  we  have 

Dw  =  i?  Zfa] .     Dbi+i  =  v*+t  kx]+t  where  t<  5, 

NM  =  Dw  +  DM+1  +  . . .  +  T)[x]+i  ■+  Ns+5. 

Similarly  for  C  and  M, 

Qd  =  vx+1d[x] ,     C[x]+t  =  V+t+idw+t  where  t  <  5, 

Mfcs]  =  Qi]  +  C[x]+i  +  . . .  +  C[a;]+4  +  Ma.+5. 

For  Temporary  Annuities 

aw : iTTil  =  <Hx\ : ^  +      pT       where  w<  4 

=  aw^+"fr±i         >,     w>3. 

■L'x 

For  Whole-Life  Policy  "Values 

«+.  VM  =  „  Vw  +  (~,*a"+,,)  where  n  <  5 

=  nVM  +  v— -— „     w>4, 

J-  +  aw 

and   it  will   be  observed  that  —  Act[x]+i  =  a,[x]+i  —  ax+s  where  ax+s 
is  taken  from  the  ultimate  table. 

It  is  thus  necessary  in  constructing  tables  of  monetary  functions 
based  on  Select  Tables  to  see  that  the  values  for  the  "  Select 
Period  "  depend  only  on  the  experience  of  lives  at  each  particular 
age  at  entry  [x\,  the  ultimate  values  being  used  thereafter  regard- 
less of  the  age  at  entry. 
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38.  Joint-Life  and  Contingent  Functions.  Commutation 
columns  for  two  joint  lives  of  equal  age  would  be  constructed  on 
the  basis  of  the  formulae 

Uxx  =  "X  ^X  i 

Naa,=    2    Dx+t:x+t, 
t  =  0 

Cast  —  v        {I'xx  ~  lx+i :  x+i)  =  v^xx  ~  •L's+l :  x+i > 

and  Maa!=  2  Cx+t. 

t=o 

Joint-life  annuity  values  for  two  lives  of  equal  age  would  then 

be  tabulated  with  the  aid  of  the  arithmometer  by  means  of  the 

N 
formula  axx  =  ==f? ,  each  value  being  divided  out  independently  in 

Uxx 

duplicate.   Similarly  A^  =  ~p^ . 

For  Contingent  Assurances,  where  the  lives  will  be  of  unequal 
age, 

x+n  V+n 

^x+niy+n  ~  v  2     Wr"         W' 

log  Dx+n  :y+n  =  log  V  2     +  log  lx+n  +  log  V  2     +logZj,+  BJ 

■Na;j/  =    2    iJx+t :  y+t  > 

x+n+1  v+n+\ 

Cj^.^+re  =  V     i       (fc+n  —  4+n+i)  v     l       2  ('l/+n  +  '»+»+>)> 

aj+n+1 


logC^:i/+B  =  logii    2    +  log(Z(B+B-Ja,+n+i) 


l>+»+l 


+  logu    2     +  log|(W  + Wh)> 


M1  M1 


It  is  evident  that  the  formulae  set  out  above  are  as  readily 
applicable  where  the  two  lives  are  taken  on  the  basis  of  two  differ- 
ent tables  as  when  they  are  taken  on  the  same  table.  In  connection 
with  select  tables  the  columns  of  N„.tf  and  Mxv  would  be  constructed 
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for  the  ultimate  portion  of  the  table  first.    The  formulae  to  be 
employed  were  given  in  Chapter  XVII. 

39.  Special  Cases.  When  tables  of  single  or  annual  premiums 
for  complicated  forms  of  assurance  are  required,  it  is  frequently 
simplest  to  calculate  the  premium  independently  for  every  fifth 
age  or  combination  of  fifth  ages  and  to  obtain  those  for  intervening 
ages  by  interpolation. 

It  sometimes  happens,  however,  that  the  numerator  and  denomi- 
nator of  the  expression  for  an  annual  premium  can  be  calculated 
independently  for  every  age  by  a  continued  process,  the  premiums 
being  finally  ascertained  by  actual  division  carried  out  in  duplicate 
on  the  arithmometer. 

As  an  example,  let  it  be  required  to  construct  a  table  of  net 
annual  premiums  for  endowment  assurances  maturing  at  age  60 
with  an  initial  sum  assured  of  £100  increasing  by  £1.  10s.  in 
respect  of  each  premium  paid. 

The  formula  for  the  annual  premium  at  age  x  is 

100  [M«  -  M60  +  D60  +  -01 5  {Rg  -  R60  +  (60  -  x)  (D60  -  M60))] 

At  age  x  +  1  the  Numerator  of  this  expression  becomes 
100  [Mx+1  -  M60  +  D,  +  -015  {B^,  -  Uw  +  (60  -  x  -  1)  (Dm  -  M„)}] 
=  Numerator  at  age  x  + 100  [  AM.,.  +  "015  { &RX  -  (D^  -  Mw)}] 
-100[C((  +  -015{M.  +  DW-MW}], 
or  Numerator  at  age  x 

=  Numerator  at  age  (x  +  l)+  100  [Cx  +  "015  {Mx  +  D60  -  M60}]. 
In  order  to  retain  positive  quantities  it  is  advisable  to  commence 
the  calculations  at  the  shortest  term  and  work  backwards.  For 
example,  if  the  shortest  term  for  which  these  policies  are  to  be 
issued  be  ten  years,  we  should  first  calculate  the  numerator  for 
age  50  and  add  terms  to  obtain  those  for  the  earlier  ages. 
For  the  Denominator,  we  have 

at  age  a;  Nx  — N60, 

„      x+1     Ns+j-N*,, 
.'.  Denominator  at  age  x  =  (Denominator  at  age  x  + 1)  +  Dx. 
Here,  also,  the  work  would  be  started  at  the  shortest  term  and 
carried  on  to  longer  terms. 
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The  work  would  be  arranged  in  columns  as  follows,  the  last 
column  being  obtained  by  actual  division  carried  out  in  duplicate 
on  the  arithmometer. 


Maturity  Age  60. 


X 

(1) 

50 
49 

48 

ioo  a, 

1-5  Mx 

(2) +  (3) 

Col.  (4) 
-H-Speo-Meo) 
=  A  Numerator 

Nume- 
rator 

=  A  Denomi- 
nator 

Nz-Noo 
Denomi- 
nator 

Col.  (6) 

Col.  (8) 

=  P 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

O) 

CHAPTEE  XXI 

TABLES  INVOLVING  TWO  OR  MORE  CAUSES 
OF  DECREMENT 

1.  In  Chapters  I  and  II,  dealing  with  mortality  tables,  the  dis- 
cussion was  limited  to  one  decremental  force  (i.e.  mortality)  and 
any  points  which  might  make  it  more  difficult  for  a  student  to 
grasp  the  principles  underlying  the  construction  of  mortality  tables 
were  rigidly  excluded.  In  Chapter  II,  for  example,  it  was  assumed 
that  during  the  "  period  of  observations  "  there  were  no  terminations 
of  assurance  other  than  by  death,  but  it  was  mentioned  in  para- 
graph 23  that,  in  practice,  allowance  would  have  to  be  made  for 
other  decremental  forces  such  as  withdrawal. 

In  this  chapter  it  is  proposed  to  explain  how  the  rate  of  mortality 
can  be  arrived  at  when  other  decremental  forces  are  operating,  how 
other  decremental  rates  (such  as  the  rate  of  withdrawal)  can  be 
calculated,  and  the  methods  of  evaluating  monetary  functions  de- 
pendent on  the  happening  of  events  other  than  those  involving 
only  death  or  survival. 

2.  Mortality  and  Withdrawal.  In  Chapter  I  the  rate  of  mor- 
tality at  age  x  was  defined  as  "  the  probability  that  a  person  of 
exact  age  x  will  die  within  one  year  following  the  attainment  of 

that  age,"  its  value  being  -y  or  -, — - ;  the  latter  form  showing 

that  qx  is  the  ratio  of  the  number  of  deaths  between  ages  x  and 
x  + 1  to  the  number  of  persons  under  observation  during  the  whole 
of  that  year  of  age  or  until  earlier  death.  Similarly,  in  Chapter  II, 
Ex  was  taken  as  the  number  of  persons  who  attained  age  x  at  such 
time  during  the  period  of  observations  that  the  whole  of  the  fol- 
lowing year  of  age  fell  within  that  period,  and  as  the  only  cause 
of  decrement  was  death  this  was  evidently  the  number  of  persons 
under  observation  or  exposed  to  risk  of  death  during  the  whole  of 
the  year  of  age  x  to  x  + 1  or  until  death  if  this  occurred  during 
that  year. 
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3.  If  a  number  of  the  Ex  persons  aged  as  (say,  wx)  withdrew  from 
observation  during  the  year,  it  would  not  be  known  whether  they 
survived  to  age  *  + 1  or  died  between  the  date  of  withdrawal  and 
the  attainment  of  that  age.  It  would  accordingly  be  incorrect  to 
include  them  in  the  denominator  of  the  expression  representing 
the  value  of  qx  as  under  observation,  or  exposed  to  risk  of  death, 
throughout  the  whole  of  the  year ;  on  the  other  hand,  these  lives 
were  under  observation  for  a  portion  of  the  year  and  it  would  be 
equally  incorrect  to  exclude  them  altogether  from  the  experience. 

Assuming  that  the  withdrawals  were  equally  distributed  through- 
out the  year  (i.e.  that  the  wx  persons  who  withdrew  were  under 
observation  on  an  average  for  half  a  year  in  the  year  of  withdrawal) 
it  will  be  sufficiently  accurate  if  we  take  this  as  equivalent  to  \wx 
persons  being  under  observation  (i.e.  exposed  to  risk  of  death 
while  still  in  the  group  of  persons  whose  experience  is  being  ex- 
tracted) for  the  whole  year.  But  the  number  of  persons  (Ex)  who 
entered  on  the  year  of  age  x  to  x  +  1  includes  all  the  wx  persons  who 
withdrew  during  that  year,  and  if  only  \wx  of  these  were  observed 
throughout  the  year  it  follows  that  the  number  under  observation 
throughout  the  year  or  until  death  must  be  taken  as  Ex-\wx. 
Thus  the  rate  of  mortality  will  be  obtained  by  taking 

"X 

qx  =  Ex-\wx 

If  the  only  object  in  view  is  to  construct  a  mortality  table, 
the  rates  of  mortality  can  be  derived  from  the  observations  by 
means  of  this  formula  and,  commencing  with  a  convenient  radix, 
the  table  can  be  completed  in  the  manner  described  in  Chapters 
I  and  II. 

4.  If,  instead  of  the  rate  of  mortality,  we  require  the  rate  of 
withdrawal  (i.e.  the  rate  per  annum  at  which  persons  attaining 
age  x  withdraw  from  the  observations,  otherwise  than  by  death, 
during  the  year  of  age  x  to  x  + 1),  we  must  obtain  the  ratio  of  the 
number  of  withdrawals  (wx)  to  the  number  of  persons  under  obser- 
vation during  the  whole  of  the  year  of  age  or  until  withdrawal. 
The  persons  who  died  during  the  year,  6X,  were  not  exposed  to  risk 
of  withdrawal  throughout  the  year ;  but  if  it  be  assumed  that  the 
deaths  were  uniformly  distributed  over  the  year  (i.e.  that  they 
were  exposed  to  risk  of  withdrawal,  on  the  average,  for  half  the 
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year)  it  will  be  sufficiently  accurate  to  take  this  as  equivalent  to 
\QX  persons  exposed  to  risk  of  withdrawal  for  the  whole  year.  To 
ascertain  the  rate  of  withdrawal  therefore,  as  the  Ex  persons  who 
entered  on  the  year  of  age  x  to  x  +  1  include  all  those  who  died 
during  the  year,  we  must  take  the  ratio  of  wx  to  Ex  —  \QX,  i.e.  the 

on 

rate  of  withdrawal  (wq)x  =  -= — \^  . 

&x  —  5  &x 

5.  Similarly,  following  the  method  of  Chapter  II  for  Select 
Tables,  if  E[x]+t  be  the  number  of  persons  who  joined  a  Society  at 
age  x,  and  who  completed  t  years  of  membership  at  such  time  that 
the  whole  of  the  following  year  fell  within  the  period  of  observations ; 
and  if  of  these  E[x]+t  persons,  0[x]+t  died  during  the  following  year 
whilst  still  under  observation,  and  W[x]+t  withdrew  from  member- 
ship during  the  year ;  then,  assuming  a  uniform  distribution  of 
deaths  and  withdrawals  over  the  year,  the  rates  of  mortality  and 
withdrawal  would  be  given  by  the  formulae : 

(w?)w+<  -  *.— ^^TTi •     ' 

Mw+t  -  it>\x]+t 

6.  Now  let  us  suppose  that  it  is  required  to  construct  a  table 
showing  the  effect  of  deaths  and  withdrawals  on  the  Staff  of  a 
Company  in  order  to  enable  us  to  ascertain  the  value  of  certain 
payments  to  be  made  on  the  death  of  a  person  whilst  in  the  service 
of  the  Company  and  of  other  payments  to  be  made  in  the  event  of 
withdrawal  from  that  service. 

In  this  case  we  must  so  construct  the  table  as  to  show,  at  each 
age,  the  probable  number  of  deaths  and  withdrawals  as  displayed 
by  the  past  experience  of  the  Staff.  That  is,  we  must  construct  a 
table  by  means  of  which  we  can  see  how  many,  out  of  1%  persons 
attaining  age  x*\n  the  service  of  the  Company,  will  probably  die  in 
the  service  in  the  following  year  or  withdraw  from  the  service 
during  that  year. 

7.  If  out  of  Ex  persons  observed  to  attain  age  x,  6X  die  in  the 

service  of  the  Company  during  the  following  year,  the  probability 

of  a  person  aged  x  dying  in  the  service  within  one  year,  which  may 

g 

be  represented  by  q%,  is  -=f  .   Similarly,  if  of  these  Ex  persons,  wx 

Hx 
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withdraw  during  the  following  year,  the  probability  that  a  person 
attaining  age  x  in  the  service  will  so  withdraw,  which  may  be  repre- 

sented  by  q%,  is  -^  . 

The  records  of  the  Company  will  probably  supply  all  the  infor- 
mation required  for  the  calculation  of  these  probabilities  (which 
would  have  to  be  graduated)  and  having  obtained  these,  by  starting 
with  a  convenient  radix  (say  ls20=  10,000),  a  table  showing  the 
probable  number  of  deaths  and  withdrawals  in  each  year  of  age 
can  be  compiled. 

Commencing  with  ^|0,  Z|0  x  qf0  will  give  d20,  the  probable  number 
of  deaths  in  the  service  between  ages  20  and  21,  and  l20  x  q\%  will 
give  ww  the  probable  number  of  withdrawals  in  that  year. 

Death  and  withdrawal  being  assumed  to  be  the  only  causes  of 
decrement,  the  number  out  of  lsw  persons  attaining  age  20  in  the 
service  of  the  Company  who  remain  in  the  service  to  age  21,  is 

'21  ~  ^20         ^20         ^20) 

and  so  on  for  other  ages. 

The  following  is  a  specimen  of  a  table  of  this  kind : 

Service  Table 


Age 

Total 

X 

?» 

wx 

dx 

Decrement 

20 

10,000 

858 

41 

899 

21 

9,101 

732 

40 

772 

22 

8,329 

621 

38 

659 

Here  the  probability  that  a  person  aged  20  will  die  in  the  service 

d"         41 
of  the  Company  between  ages  20  and  21  is  ~  =  -rr-^  =  -0041, 
r     J  1%      10000 

but  the  annual  rate  of  mortality  amongst  the  10,000  persons  aged 

ds  41 

20  iS  rf^o =  10000-429  =  '°0428-   The  P^ability  that  such 
a  person  will  withdraw  before  reaching  age  21  is 
w20  _    858 
7^  =  10000 
but  the  annual  rate  of  withdrawal  amongst  persons  aged  20  is 

Wise  858  .no-Qo 

1>W  -  \d»w     10000  -  20-5  ~ 


=  •0858, 
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8.  The  probabilities  of  death  in  the  service  and  of  withdrawal 
are  quite  different  from  the  annual  rates  of  mortality  and  withdrawal 
for  the  reason  that  the  persons  who  withdraw  during  the  year  are 
not  exposed  to  the  risk  of  death  in  the  service  for  the  whole  year, 
and  those  who  die  in  the  service  are  not  exposed  to  the  risk  of 
withdrawal  for  the  whole  year. 

The  total  probability  that  a  man  aged  20  will  cease  to  be  in  the 
service  of  the  Company  (i.e.  by  either  death  or  withdrawal)  is 


ww  +  ds20       899 


l'w  10000 


=  '0899, 


which  is  the  sum  of  the  separate  probabilities  of  death  in  the 
service,  and  of  withdrawal.  And  as  a  man  must  either  die  in  the 
service,  withdraw  from  the  service  or  remain  in  the  service  until 
the  attainment  of  the  next  higher  age,  it  follows  that  the  sum  of 
the  probabilities  of  these  three  events  must  equal  unity. 

These  conditions  do  not  hold  when  the  annual  rates  are  considered, 
as  is  evident  from  the  different  denominators  of  the  ratios  repre- 
senting these  rates. 

9.  Mortality,  Withdrawal  and  Retirement.  The  discussion 
has  so  far  been  limited  to  two  causes  of  decrement,  but  it  is  evident 
that  the  same  principles  apply  however  many  decremental  forces 
may  be  operating. 

In  the  valuation  of  Pension  Funds,  for  example,  the  problem 
that  arises  is  to  ascertain  the  value  of  certain  payments  to  be  made 
on  death,  withdrawal  or  retirement,  and  in  order  to  evaluate  these 
we  must  estimate  the  probable  number  of  deaths,  withdrawals  and 
retirements  on  pension  in  each  year  of  age  or  service. 

Representing  the  number  of  retirements  between  ages  x  and 
x+ 1  by  rx,  the  past  records  should  supply  the  values  of  Ex,  6X>  wx 
and  rx,  and  the  probabilities  required  will  be  obtained  therefrom 
by  the  formulae 

2*    E^  qx    Ex,  q*    Ex- 

These  probabilities  having  been  obtained  for  each  age  can,  after 
graduation,  be  employed  in  the  manner  already  indicated  to  con- 
struct a  "  Service  Table  "  with  three  decremental  columns, 
s.  25 
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The  following  is  a  specimen  table  of  this  kind. 
Service  Table 


Age 

Remaining  on 
Active  List 

Withdrawals 

Deaths  in 
the  Service 

Pensioned 

Total 

X 

wx 

dx 

i'x 

Decrement 

20 

10,000 

858 

41 

899 

21 

9,101 

732 

40 

— 

772 

22 

8,329 

621 

38 

— 

•659 

23 

7,670 

521 

35 

— 

556 

24 

7,114 

432 

33 

— 

465 

25 

6,649 

356 

29 

2 

387 

26 

6,262 

290 

27 

3 

320 

27 

5,942 

239 

25 

4 

268 

28 

5,674 

200 

23 

4 

227 

29 

5,447 

171 

22 

4 

197 

30 

5,250 

149 

22 

5 

176 

On  the  basis  of  this  table  the  probability  that  a  man  attaining 
age  26  in  the  service  will,  before  reaching  age  27 : 

(a)  die  in  the  service.  qfs  =  K$fa  =  '00431, 

(b)  withdraw  from  the  service,  q%  =  5\9ff%  =  '04631, 

(c)  retire  on  pension,  q^  =  ^^  =  '00048, 

the  total  probability  that  he  will  not  remain  in  the  service  of  the 
Company  being  ffW%  =  '05110,  which  is  the  sum  of  the  three 
separate  probabilities  of  death  in  the  service,  withdrawal  or  re- 
tirement. 

At  the  same  age,  the 

(a)   annual  rate  of  mortality 

dL  27 


?28  = 


lw  ~  i  (Was  +  r2e)       6115-5 


=  =  -00442, 


290 


(b)  annual  rate  of  withdrawal 

(c)  annual  rate  of  retirement 


(»"?)a>  = 


=  -00049, 


*i-i  (<*»  +  «*»)     6103-5 
the  total  annual  rate  of  decrement  from  the  service  being  the 
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same  as  the  total  probability  that  (26)  will  cease  to  be  in  the 

I8  5942 

service  before  reaching  age  27  :  i.e.  1  —  ~  =  1  —  =  "0511. 

&26  OAOJt 

10.  The  probability  that  a  person  attaining  age  x  in  the  service 

of  the  Company  will  remain  in  the  service  until  the  attainment  of 

Is 
age  x  +  n  is  -j^;   that  he  will  die  in  the  service  between  ages 

x  +  n  and  x  +  n  +  1,  — fj^;  that  he  will  resign  (i.e.  withdraw)  in 

I'x 

that  year,     ^"";   and   that   he   will   retire  on   pension   in   that 

I'x 

year  -£- . 

I'x 

11.  Turning  to  the  evaluation  of  monetary  functions,  as  the 
Is.  column  gives  the  (assumed)  number  of  persons  who  attain  exact 
age  x  in  the  service  of  the  Company,  it  follows  that  if  all  those  who 
reach  age  65  while  with  the  .Company  retire  on  pension  at  that 
age,  the  value  at  age  x  (x  <  65)  of  an  annuity  due  of  a  contri- 
bution of  1  per  annum  while  in  the  service  is, 

-L  [vH%  +  v*+H«x+1  +  v*+%+2  +...+  vHlt) 

™   bx 

64  64 

where  N;  =  2Dj  =  2ti»Zj. 

X  w 

If  the  contribution  be  payable  by  means  of  a  deduction  from 
the  monthly  or  weekly  salary,  the   value  can   be   obtained   by 
assuming  that,  on  the  average,  the  yearly  payment  is  made  in 
the  middle  of  the  year.    The  value  would  then  be 
1  M- 
L> 


2D£+i 


1     64 

^X    X 

=  ^{N5-HDS-DS.)}. 


which  is  of  the  same  form  as 

D, 

25—  2 


_  1  M         ■'-'x+n 
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The   value  of  an  assurance  of  1  payable  immediately  on  the 
death  of  (a)  while  in  the  service  of  the  Company,  is 

~  {«■■*  dx  +  *>*+*  dx+l  +  H**  dx+z  + . . .  +  v™  dti  (1  +  i») 

V  I'm 

64,  64 

where  MJ  =  (1  +  fi)  2  0s,  =  (1  +  \i)  2  B-+1  dj, 

the  annual  charge  for  which  would  be  =f . 

The  value  of  a  guarantee  of  a  payment  of  1  on  withdrawal  from 
the  service  of  the  Company,  is 

4tj  {vx+1wx  +  vx+2  wx+1  +...  +  vesw6i]  (1  +  it) 

_M| 

64  64 

where  M£  =  (1  +  \i)  2  C£  =  (1  +  \i)  2  v*+'wx, 

X  X 

and,  of  a  similar  payment  on  retirement, 

1     ^H-,^  +  ^+Vx+i  +  . . .  +  vnru]  (1  +  I,')  +  ^| 

where  Wx  =  (1  +  *t)  2  C'  =  (1  +  **)  2  iC^r., 

X  X 

the  annual  contribution  for  these  benefits  being, 
jjj  and       y.       respectively. 

In  practice  the  allowance  on  retirement  takes  the  form  of  a  pen- 
sion, for  the  evaluation  of  which  it  would  be  necessary  to  investigate 
the  mortality  experience  amongst  the  pensioners  in  order  either  to 
construct  a  pensioners'  mortality  table  or  to  assist  in  determining 
which  mortality  table  can  be  adopted  as  sufficiently  accurately 
representing  that  experience. 

12.  On  the  assumption  that  deaths,  withdrawals,  and  retire- 
ments are  uniformly  distributed  over  each  year  of  age,  if  an  enu- 
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meration  of  the  (assumed)  population  shown  by  the  Service  Table 
be  made  at  any  particular  time,  the  number  on  the  active  list 
between  ages  x  and  x  +  1  will  be 


Jo 

-/' 

JO 


I'x+t  do 


{lsx-t{d%  +  wx  +  rx)}dt 

'  o 

=  lx-^(dsx  +  wx  +  rx). 
The  central  death  rate  and  central  rates  of  withdrawal  and  re- 
tirement, are  then 

®*X  /  \  "^X  /  \  '  CB 

™» =  fr .  (wmh  =  rs '  (rm)»  =  r; 

^x  L'x  ^x 

and  it  is  a  simple  matter  to  show  that  these  central  rates  are 

related  to  the  annual  rates  of  mortality,  withdrawal  and  retirement 

in  the  same  manner  as  qx  and  mx  were  shown  to  be  related  in 

Chapter  I. 

„,  di  di  2m* 

Ihus  qx  =  - 


(wq)x  = 


ft-i(w-  +  r.)     14+ K     2+m„' 

i»x  _       w<»  2  (im). 


fori  r'  _       r*       ^    2(rm^ 

V  **     lx  -  \  (dx  +  wx)     14  +  $r.     2  +  (™)(|  • 

13.  It  may  occur  in  some  cases,  that  the  records  have  been  so 
kept  that  it  will  be  found  simpler  to  construct  a  Service  Table  by 
the  "  Census  "  method.  If,  for  example,  an  enumeration  of  the  Staff 
of  a  Company  be  made,  this  will  provide  the  number  of  persons  on 
the  staff  between  any  two  ages,  say  x  and  x  +  1,  which  may  be 
represented  by  Ex.  And  if  the  observed  numbers  (per  annum)  of 
deaths,  withdrawals  and  retirements  in  this  year  of  age  be  Qx,  wx 
and  rx,  assuming  a  uniform  distribution  of  each  kind  of  decrement 
over  the  year  of  age,  we  can  take  Ex  =  Ex  +  £  (6X  +  wx  +  rx),  thus 
supplying  the  denominator  required  for  the  calculation  of  the 
probabilities  on  which  (after  graduation)  the  construction  of  the 
Service  Table  may  be  based. 

14.  Marriage  and  Mortality  Tables.  Marriage  and  Mortality 
Tables  can  be  constructed  on  similar  lines  to  those  employed  in 
the  compilation  of  the  Service  Table  set  out  in  paragraph  9,  the 
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data  being  usually  derived  from  statistics  giving  full  particulars 
of  dates  of  birth,  marriage,  etc.  Selection  is  not  generally  existent 
in  such  cases,  so  only  Aggregate  Tables  need  be  considered. 

The  following  is  a  portion  of  a  table  compiled  from  such  par- 
ticulars : 


Age 

X 

Number  living  at 
exact  age 

Decrements  caused  by 

Bachelors 
(W)» 

Married 
(ml)x 

Bachelors 
dying 

Bachelors 

marrying 

(bm)x 

Married 

Men  dying 

[md)x 

30 
31 
32 

536,664 
493,243 

452,782 

377,136 

413,877 
447,335 

4,181 
4,323 
4,635 

39,240 
36,138 
32,982 

2,499 
2,680 
2,890 

From  this  table  it  is  seen  that  of  536,664  bachelors  aged  30, 
4,181  die  and  39,240  marry  before  reaching  age  31.  The  total 
decrement  in  the  number  of  bachelors  during  the  year  following 
the  attainment  of  age  30  is,  therefore, 

(bd)x  +  (6m).  =  4,181  +  39,240  =  43,421, 
the  number  surviving  to  age  31  as  bachelors  being 
(bl)sl  =  (&Oso  -  (&<2)so  -  (bm)m 

=  536,664  -  4,181  -  39,240 
=  493,243. 
The  probability,  on  the  basis  of  this  table,  that  a  bachelor 
aged  30  will  die  unmarried  before  reaching  age  31,  is 
(bd)so  _    4,181 


«  = 


•0078, 


(60«>      536,664 

and  that  a  bachelor  aged  30  will  marry  before  reaching  age  31, 
(bm)30_  39,240 


(bq)l 


=  •0731, 


(bl)so      536,664 

the  total  probability  that  a  bachelor  aged  30  will  fail  to  survive 
to  age  31  still  unmarried  being 

(bd)30  +  (bm)so  _  ,      {U)S1  _  ,      493,243 


{bl\ 


=  1 


(blh 


=  1- 


536,664 


=  -0809. 
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These  probabilities,  however,  are  not  the  annual  rates  of  mor- 
tality and  marriage  amongst  the  536,664  bachelors  aged  30.  In 
order  to  obtain  the  annual  rate  of  mortality  amongst  bachelors 
aged  30,  assuming  marriages  to  be  uniformly  spread  over  the  year 
we  must,  in  accordance  with  principles  already  laid  down,  take 
the  ratio 

tt„\  (6rf)30  4,181  4,181 

Kqho     Wso-iCMso     536,664-19,620      517,044 
Similarly  the  annual  rate  of  marriage  will  be 

Lhm  .    _        (M» 39.240  _  39,240  _ 

\pmqh»     (bl)m-^(bd)m       536,664-2,091         534,573 

The  total  annual  rate  of  decrement  in  the  number  of  bachelors 
aged  30  is 

(bd)m  +  (6m)so  _  4,181  +  39,240  _ 

(603o  536,664  uy' 

which,  however,  is  not  equal  to  the  sum  of  the  separate  annual 
rates  of  mortality  or  marriage. 

The  central  death  rate  amongst  bachelors  aged  30  is 

(bd)so 

(bl%0  -  %(bd)so  - 1  (bm)so ' 

and  the  central  marriage  rate 

(bm)m 

(60a,  -  ¥  (bd%0  -  i  (bm)w ' 

15.  The  value  of  an  annuity  of  1  payable  at  the  end  of  each 
year  so  long  as  a  bachelor  aged  x  remains  unmarried  is 

^birJvx+i(u^+*e+*w*+*+ ■•■}=  ^Sg1  =»> 

and  the  value  of  an  assurance  of  1  payable  at  the  end  of  the  year 
on  the  death  of  a  bachelor  now  aged  x,  if  he  die  unmarried,  is 

"      {v*+i(bd)x  +  v*+*(bd%+1  +  ...}=     Ms     =(bA)x. 


v*(bl)xl"      \™»^«      v-w-i-     (H))x 

Similarly,  the  value  of  a  payment  of  1  at  the  end  of  the  year  of 
marriage  of  a  bachelor  now  aged  x  is 

*m [vX+1  {bm)x + vX+2  (bm)x+i +'"}= (t&d? = (bm  • E)*- 
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16.  If  the  number  of  bachelors  surviving  at  each  exact  age 
and  the  number  marrying  or  dying  as  bachelors  at  each  age  be 
available,  the  Marriage  and  Mortality  Table  can  be  constructed 
directly  from  the  data. 

If,  however,  the  conditions  are  such  that  it  becomes  necessary 
to  revert  to  the  "  census  "  method  of  constructing  the  table,  we 
shall  have  from  the  data,  subject  to  graduation, 

(bd)x 


Central  death  rate  amongst  bachelors        (bd .  m)x  = 


(&LV 


Central  marriage  rate  amongst  bachelors  (bm  .  m)x  =  ),  T  ~ . 

Probability  of  a  bachelor  aged  x  dying  unmarried  within  one  year 

(bd), (bd)x 

(6L)B  +  J(W).  +  l(6m).~  (bl)x- 
Probability  of  a  bachelor  aged  x  marrying  within  one  year 

(bm)x =  (bm)x 

(&L). +  1(6^  +  1  (6m).      (bl)x- 
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English  Life  Table 

HM  Table 

Functions  Tabulated 

No.  8— Males 

(Makeham  Graduation) 

Mortality 
only 

Rate  per  cent. 

Mortality 
only 

Rate  per  cent. 

3 

»i 

3 

31 

4 

Single  Lives 

pp. 

pp. 

pp. 

pp. 

pp. 

pp. 

pp. 

h,  dx,px,  qx,  px,  ~LX,  Tx,  ex 

396-397 

408-409 

log  h,  log  px,  log  ft,     

410 

&XX J   &XXX i   &XXXX               

411 

D*,  NI(  S„,  C,,  Mx,  Rx       ... 

398-399 

402-403 

414-415 

422-423 

430431 

log  Dx,  log  N*,  log  Mx 

416 

424 

132 

®Xr  Axt  rx         

400 

404 

417 

425 

133 

ax,Ax,i")Px          

401 

405 

log  Bxx,  log  N„           

"     ) 

log  D,^,  log  N«r             

" 

418-419 

426-427 

131436 

log  Bxxxx,  log  Na^j        

..     J 

azz»  aaay:»  a2a%ri          

420 

428 

136 

Contingent  Assurance  factors 

477 

... 

British  Offices  Experience.   Whole-Life  Non-Participating  Assurances — 0[NM1  ' 

Rate  per  cent. 

Rate  per  cent. 

Functions 
Tabulated 

Mortality 
only 

Functions 
Tabulated 

Mortality 
only 

3 

3* 

3 

3i 

Tabulated  in  respect  of  the  First  Five  years  of  Assurance  and  of  the  Ultimate  Table 

pp. 

pp. 

pp. 

pp. 

pp. 

pp. 

J[*]+<      

438 

l-*[x]+l             

450 

162 

log  «m+« 

439 

logDw+,     

451 

463 

<Z[z]+l      ••■ 

440 

Nw+i          

452 

161 

?[*]+<      — 

441 

logNw+i     

453 

165 

?[*!+«      ••• 

442 

Mf«]+«          

451 

466 

log  Pl*l+t 

443 

logMw+t     

455 

467 

ftq+i      ••• 

444 

°w+«          

456 

468 

log  M[*]+< 

445 

eM+,(«=0,and 

448 

i=5  or  more) 

Tabulated  as  at  Date  of 

Tabulated  in  respect  of  the 

Assurance  only 

Ultimate  Table  only 

°M>    A[jJ,    P[a;] 

458 

470 

h,  dx,  px,  qx,  px       ...\ 

loglx,  logpx,  log/J*       J 

116  117 

8[xx]          

459 

471 

L\,  N.,M*  ...)A 
logD     logN.,    £f£ 

loSM* 105 

<*x     1 

aix 

457 

169 

Peemium  Conversion  Tables 

Rate  per  cent. 

459 

471 

3 

3£ 

4 

Uniform  Seniority  Tables 

pp. 

pp. 

pp. 

pp. 

Single  Premium 
Annual  Premium 
Continuous  func- 

| 472 

473 

474 

HM  Table— Two    Lives 
HM      „    —Three     „ 

.     476 

tions        

475 

... 

C-D™],,    —Two 

ENGLISH  LIFE  TABLE  No.  8 
MALES 

NOTE  ON  FORCE  OF  MORTALITY 

From  age  2  upwards  the  value  of  ^  has  been  calculated  by  the  formula 
_  7  (4_!  +  4)  -  {dx_2  +dx  +  1) 
*  ~MX  " 

The  value  of  p0  was  obtained  by  taking  the  (ratio  of  the  number  of 
deaths  during  the  first  day  following  birth  in  the  three  years  1910  to  1912 
inclusive,  to  the  number  of  births  in  the  same  three  years)  x  365. 
The  actual  figures  used  were 

5950  +  5818  +  5666 
457266  +  448933  +  445004  X  dt>&  "  4"7U944" 
In  order  to  obtain  ^ ,  it  was  assumed  that  the  deaths  under  age  1  in  the 
three  years  1910-1912  occurred  amongst 
$  (Births  in  1909)  +  (Births  in  1910  and  1911)  +  \  (Births  in  1912)}. 
The  number  of  deaths  occurring  during  each  of  the  first  twelve  months 
of  life  being  available,  the  value  of  mx  for  each  of  these  months  was 
obtained  by  the  formula 

m^=l    -Id     Xl2=^?±i' 
12      n     *  a  12 

12  12 

where  dn  represents  the  number  of  deaths  occurring  in  the  (n  +  l)th  month. 

12 

By  this  means  the  values  of  jix  at  ages  J  month,  1£  months... 4£  months 
were  ascertained,  the  value  of  ^  being  finally  calculated  by  the  formula 

6 

/x1=  (1+  A)T/*9i 
12 

=  mh  +  *^|f  +  ¥AVH- 

The  figures  employed  in  the  calculation  of  /*0  and  jj.x  were  taken  from 
pp.  43  and  44  of  the  Supplement  to  the  75th  Annual  Report  of  the  Registrar 
General.  The  value  of  fia  is  of  theoretical  interest  only. 

Assurance  and  Annuity  factors  at  age  0  are  not  employed  in  practice 
and  have  accordingly  been  omitted  from  the  following  tables. 

Interest  Constants  at  3  per  cent,  will  be  found  on  page  413  and  at 
3£  per  cent,  on  page  421. 
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English  Life  Table  No 

8 — Males 

Age 
X 

o 

** 

dx 

Px 

Vx 

f-x 

I* 

T* 

0 

Age 
X 

I  ooo  ooo 

120  441 

•87956 

■12044 

470944 

911  428 

51  495  315 

51-50 

0 

I 

879  559 

3°  115 

•965  76 

•034  24 

0-062  08 

864  501 

50583887 

57'5i 

1 

2 

849  444 

11  353 

•986  64 

•013  37 

•015  99 

843  768 

49719386 

58-53 

2 

3 

838  091 

6856 

•991  82 

•008  18 

•009  19 

834663 

48  875  618 

58-32 

3 

4 

831  235 

4  959 

•994  03 

•005  97 

•006  75 

828  755 

48  040  955 

57-8o 

4 

5 

826  276 

4038 

■995  11 

■004  89 

•005  33 

824  257 

47  212  200 

57-14 

5 

6 

822  238 

3262 

•996  03 

•003  97 

•004  41 

820  607 

46  387943 

56-42 

6 

7 

818976 

2630 

•996  79 

•003  21 

•003  57 

817  661 

45  567  336 

55-64 

7 

8 

816  346 

2  141 

•997  38 

•002  62 

•002  89 

815276 

44  749  675 

54-82 

8 

9 

814205 

1  791 

■997  80 

•002  20 

•002  39 

813  309 

43  934  399 

53-96 

9 

IO 

812  414 

157° 

•998  07 

•001  93 

■002  04 

811  629 

43  121  090 

53-o8 

10 

I 

810844 

1468 

■998  19 

•001  81 

■001  85 

810  no 

42  309  461 

52-18 

1 

2 

809  376 

1469 

•998  18 

•001  82 

•001  79 

808  642 

41  499  351 

51-27 

2 

3 

807  907 

1556 

•998  07 

■001  93 

■001  86 

807  129 

40  690  709 

50-37 

3 

4 

806351 

1705 

•997  89 

•002  11 

■002  01 

805  498 

39  883  580 

49-46 

4 

15 

804  646 

1888 

•997  65 

•002  35 

•002  23 

803  702 

39  078  082 

48-57 

15 

6 

802  758 

2077 

•997  41 

•002  59 

•002  47 

801  720 

38  274  380 

47-68 

6 

7 

800  68  r 

2236 

•99721 

•002  79 

•002  69 

799  563 

37  472  660 

46-80 

7 

8 

798  445 

2414 

•996  98 

•003  02 

•002  91 

797  238 

36  673  097 

45-93 

8 

9 

796  031 

2596 

•996  74 

•003  26 

•003  15 

794  733 

35  875  859 

45-07 

9 

20 

793  435 

2762 

•99652 

•003  48 

•003  38 

792  054 

35  081 126 

44-21 

20 

I 

790  673 

2895 

•996  34 

■003  66 

•003  59 

789  225 

34  289  072 

43-37 

1 

2 

787778 

2980 

•996  22 

•003  78 

•003  74 

786288 

33  499  847 

42-53 

2 

3 

784  798 

3031 

•996  14 

•003  86 

•003  83 

783283 

32  713  559 

41-68 

3 

4 

781  767 

3068 

•996  08 

•003  92 

•003  90 

780  233 

31930276 

40-84 

4 

25 

778  699 

3  112 

•996  00 

•004  00 

•003  96 

777 143 

31 150043 

40-00 

25 

6 

775  587 

3184 

■995  89 

•004 1 1 

•004  05 

773  995 

30  372  900 

39-16 

6 

7 

772  403 

3280 

•995  75 

•004  25 

•004  18 

770  763 

29  598  905 

38-32 

7 

8 

769  123 

3  388 

•995  60 

•004  40 

•o°4  33 

767  429 

28  828  142 

37-48 

8 

9 

765  735 

3  5o8 

■995  42 

•004  58 

•004  45 

763  981 

28  060  713 

36-65 

9 

3° 

762  227 

3647 

■995  22 

•004  78 

•004  69 

760  403 

27296732 

35-8i 

30 

I 

758  580 

3806 

•994  98 

■005  02 

•004  91 

756677 

26  536  329 

34-98 

1 

2 

754  774 

3  987 

•994  72 

•005  28 

•005  16 

752  781 

25  779  652 

34-i6 

2 

3 

750  787 

4190 

•994  42 

•005  58 

■005  44 

748  692 

25  026871 

33-33 

3 

4 

746  597 

4406 

•994  i° 

•005  90 

•005  75 

744  394 

24  278  179 

32-52 

4 

35 

742  191 

4633 

•993  7° 

•006  24 

•006  09 

739  874 

23  533  785 

3I-7I 

35 

6 

737  558 

4864 

•993  41 

•006  59 

•006  44 

735  126 

22  793  911 

30-90 

6 

7 

732  694 

5091 

•993  05 

•006  95 

•006  79 

730  149 

22  058  785 

30-11 

7 

8 

727  603 

5  319 

•992  69 

•007  31 

•007  15 

7Z4  943 

21  328  636 

29-31 

8 

9 

722  284 

5  557 

.992  31 

■007  69 

•007  53 

719  506 

20  603  693 

28-53 

9 

4° 

716  727 

5813 

•991  89 

■008  11 

■007  93 

713820 

19  884  187 

27-74 

40 

I 

710  914 

6097 

•991  42 

■008  58 

•008  37 

707  866 

19  170  367 

26-97 

1 

2 

704817 

6408 

•990  91 

•009  09 

•008  87 

701  613 

18462  501 

26-20 

2 

3 

698  409 

6736 

•990  36 

•009  64 

•009  41 

695  041 

17  760  888 

25-43 

3 

4 

691  673 

7083 

■989  76 

•01024 

•009  98 

688  131 

17065847 

24-67 

4 

45 

684  590 

7  452 

■989  11 

■01089 

•010  61 

680  864 

16  377  716 

23-92 

45 

6 

677  138 

7842 

■988  42 

•on  58 

•on  29 

673217 

15696852 

23-18 

6 

7 

669  296 

8242 

•987  69 

•012  31 

•012  01 

665  175 

15  °23  635 

22-45 

7 

8 

661 054 

8647 

•986  92 

•013  08 

•012  77 

656  731 

14  358  460 

21-72 

8 

9 

652  407 

9074 

■98609 

■013  91 

•oi3  57 

647  870 

13  7°i  729 

21-00 

9 

5° 

643  333 

9  537 

■985  18 

•01482 

•014  45 

638  564 

13  053  859 

20-29 

5° 

i 

°33  796 

10  051 

•984  14 

•015  86 

•015  44 

628  771 

12  415  295 

19-59 

1 

2 

623  745 

10  610 

•982  99 

■017  01 

•016  55 

618440 

11  786524 

18-90 

2 

3 

613  135 

11 199 

•981  73 

•018  27 

•01778 

607  535 

11  168  084 

18-22 

3 

4 

601  936 

11  816 

•980  37 

•019  63 

•019  n 

596  028 

10  560  549 

17-55 

4 
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English  Life  Table  No.  8 — Males 


Age 
X 

k 

dx 

Px 

ix 

Px 

L* 

T« 

O 

ex 

Age 
X 

55 

590 120 

12458 

•978  89 

•021  11 

•02056 

583891 

9964521 

16-89 

55 

6 

577  662 

13  122 

•97728 

•022  72 

•022  14 

571  101 

9  380  630 

16-24 

6 

7 

564540 

13  798 

■975  56 

•024  44 

•023  84 

557  641 

8  809529 

15-61 

7 

8 

55°  742 

14  477 

■973  71 

•026  29 

•025  67 

543  5°4 

8251888 

14-98 

8 

9 

536  2°5 

15  162 

•971  73 

■028  27 

•027  63 

528  684 

7  7°8  384 

14-37 

9 

6o 

521 103 

15850 

■969  58 

•03042 

■029  76 

513  178 

7  179  700 

1378 

60 

I 

505  253 

16540 

•967  26 

•032  74 

•032  06 

496  983 

6  666  522 

13-19 

1 

2 

488713 

17206 

•964  79 

•035  21 

•°34  54 

480  no 

6169539 

12-62 

2 

3 

47i  5°7 

17834 

■962  18 

■03782 

•037  17 

462  590 

5  689  429 

12-07 

3 

4 

453  673 

18  441 

•959  35 

■040  65 

■039  98 

444452 

5226839 

11-52 

4 

65 

435  232 

19043 

•956  25 

•043  75 

•043  06 

425  7" 

4782387 

10-99 

65 

6 

416 189 

19646 

•952  80 

•047  20 

•046  48 

406  366 

4  356  676 

10-47 

6 

7 

396  543 

20232 

•948  98 

■051  02 

■050  30 

386427 

3  950  310 

9-96 

7 

8 

376  3" 

20766 

•944  82 

•055  18 

•°54  5° 

365  928 

3563883 

9-47 

8 

9 

355  545 

21237 

■94027 

•°59  73 

•059  10 

344  926 

3  197  955 

9-00 

9 

7° 

334  3°8 

21  629 

■935  3° 

•064  70 

•064  15 

323  494 

2  853  029 

8-53 

70 

i 

312  679 

21  927 

•92987 

•070 13 

•069  70 

3°i  7*5 

2  529  535 

8-09 

1 

2 

290  752 

22  I34 

■923  87 

■076 13 

■075  83 

279  685 

2  227  820 

7-66 

2 

3 

268  618 

22  223 

•91727 

•082  73 

■082  65 

257  507 

1  948  135 

7-25 

3 

4 

246  395 

22  I46 

■910  12 

■089  88 

■090  16 

235  322 

1  690  628 

6-86 

4 

75 

224  249 

21866 

■902  49 

•097  51 

•098  29 

213  316 

1  455  306 

6-49 

75 

6 

202  383 

21359 

•894  46 

•105  54 

•10697 

191  703 

1  241  990 

6-14 

6 

7 

181  024 

20647 

■885  94 

•114  06 

•11620 

170  701 

1  050  287 

5-80 

7 

8 

160  377 

19  758 

•876  80 

•12320 

•126  16 

150498 

879  586 

5-49 

8 

9 

140  619 

I8684 

•86713 

•13287 

•136  90 

131  277 

729088, 

5-19 

9 

8o 

121  935 

17436 

•85701 

•14299 

•148  34 

113  217 

597  811 

4-90 

80 

I 

104  499 

16035 

•84655 

•153  45 

•16036 

96481 

484  594 

4-64 

1 

2 

88464 

I4526 

•83581 

•164  19 

•17288 

81  201 

388  113 

4-39 

2 

3 

73  938 

I2963 

■82467 

•175  33 

•18596 

67  457 

306  912 

4-15 

3 

4 

60975 

"397 

•81306 

■18694 

•199  70 

55276 

239  455 

3-93 

4 

85 

49  578 

9  873 

•800  89 

■199  11 

■214  33 

44642 

184  179 

372 

85 

6 

39  7°5 

8416 

-788  04 

•211  96 

■229  92 

35  497 

139  537 

3-51 

6 

7 

31289 

7079 

•773  74 

■22626 

•24697 

27  749 

104  040 

3-33 

7 

8 

24210 

5861 

•757  92 

■242  08 

•266  50 

21  280 

76291 

3-15 

8 

9 

18  349 

4  741 

■741  60 

•258  40 

•28797 

15  978 

55  o" 

3-00 

9 

go 

13608 

3  728 

■72605 

•273  95 

•309  77 

11  744 

39033 

2-87 

90 

I 

9880 

2838 

•71273 

•28727 

•329  99 

8461 

27289 

2-76 

1 

2 

7042 

2097 

•702  29 

•297  71 

•346  81 

5  994 

18828 

2-67 

2 

3 

4945 

1  510 

■694  68 

•305  32 

•359  69 

4190 

12834 

2-60 

3 

4 

3  435 

1  067 

•689  16 

•31084 

•368  61 

2901 

8644 

2-52 

4 

95 

2368 

748 

•684  36 

•31564 

•375  63 

1994 

5  743 

2-43 

95 

6 

1  620 

521 

•678  26 

■321  74 

•383  28 

1360 

3  749 

2-32 

6 

7 

1099 

365 

•668  25 

•331  75 

•394 15 

916 

2389 

2-18 

7 

8 

734 

256 

■651  26 

■348  74 

•41394 

606 

1473 

2-OI 

8 

9 

478 

180 

•624  08 

•375  92 

•446  83 

388 

867 

1-82 

9 

100 

298 

124 

■583  95 

•41605 

•500  56 

236 

479 

i-6i 

100 

i 

174 

82 

.52927 

•47o  73 

•580  46 

133 

243 

1-40 

1 

2 

92 

5° 

•460  51 

•539  49 

•701  09 

67 

no 

1-20 

2 

3 

42 

26 

•38081 

•619  19 

•871  03 

29 

43 

1-02 

3 

4 

16 

11 

•29601 

•703  99 

1-067  71 

n 

14 

•87 

4 

i°5 

5 

4 

•21369 

■78631 

1-30000 

3 

3 

•75 

i°5 

6 

1 

1 

•141  41 

•858  59 

•65 

6 

Note  : — This  table  is  printed  as  originally  published,  except  that  the  values  of  px  and  qx 
have  been  out  down  from  seven  to  five  places  of  decimals.  From  age  82  onwards,  owing 
to  the  reduction  in  the  number  of  figures  in  the  lx  and  dx  columns  (all  decimals  having 
been  discarded  in  the  construction  of  the  table)  the  division  of  dx  by  lx  does  not  exactly 
reproduce  the  tabulated  value  of  qx  to  five  places  of  decimals.    (See  Chap.  II  25.) 
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English  Life  Table  No.  8 — Males 
Commutation  Table.     3  per  cent. 


Age 
X 

v* 

N* 

$x 

cx 

M* 

Rx 

Age 
X 

o 

1  000  000 

23  293  788 

526785873 

116  933 

321  54i 

7950  534 

0 

i 

853  941 

22  293  788 

503  492  085 

28  386-3 

204  608 

7  628  993 

1 

2 

800  682 

21  439  847 

481  198  297 

10389-6 

176222 

7424385 

2 

3 

766  972 

20639  165 

459  758  45° 

6091-47 

165  832 

7  248 163 

3 

4 

738  54i 

19  872  193 

439  119  285 

4277-68 

159  741 

7  082  331 

4 

5 

7I2753 

19  133  652 

419247092 

3381-76 

155  463 

6  922  590 

5 

6 

688  611 

18  420  899 

400  113  440 

2  652-30 

152  081 

6  767  127 

6 

7 

665  902 

17732288 

381  692  541 

2  076-15 

149  429 

6  615  046 

7 

8 

644431 

17066  386 

363  960  253 

1  640-90 

147  353 

6  465  617 

8 

9 

624  020 

16421955 

346  893  867 

1  332-67 

145  712 

6318  264 

9 

10 

604512 

15  797  935 

330  471  912 

1  134-20 

J44  379 

6  172  552 

10 

I 

585  771 

15  193  423 

314  673  977 

1  029-63 

143  245 

6028  173 

1 

2 

567  680 

14607652 

299  480  554 

1  000-32 

142  215 

5884928 

2 

3 

55°  145 

14  °39  972 

284  872  902 

1  028-70 

141  215 

5  742  713 

3 

4 

533  °93 

13489827 

270  832  930 

1  094-37 

140 186 

5  601  498 

4 

15 

516472 

12956734 

257  343  103 

1  i7D-54 

139092 

5  461  312 

15 

6 

500252 

12  440262 

244  386  369 

1  256-62 

137  915 

5  322  220 

6 

7 

484  425 

11  940010 

231  946  107 

1  3I3-4I 

136658 

5  184  305 

7 

8 

469  002 

11  455  585 

220  006  097 

1  376-67 

135  345 

5  047  647 

8 

9 

453  965 

10986583 

208550512 

1  437-34 

133  968 

4912302 

9 

20 

439  3°6 

10  532  618 

197  563  929 

1  484-71 

132  53i 

4  778  334 

20 

I 

425  026 

10  093  312 

187031311 

1510-88 

131  046 

4  645  803 

1 

2 

4m35 

9  668  286 

176  937  999 

1  509-94 

129  535 

4  514  757 

2 

3 

397  651 

9 257 151 

167  269  713 

1  491-05 

128  025 

4385222 

3 

4 

384  578 

8  859  500 

158  012  562 

1  465-29 

126534 

4  257197 

4  : 

25 

37I9H 

8  474  922 

149  153  062 

1  443-02 

125  069 

4130663 

25 

6 

359  636 

8  103  on 

140  678  140 

1  433-4° 

123  626 

4  005  594 

6. 

7 

347  727 

7  743  375 

132  575  129 

1  433-6i 

122  193 

3  881  968 

7 

8 

336  166 

7  395  648 

124  831  754 

1  437-69 

120  759 

3  759  775 

8 

9 

324  937 

7  059  482 

117  436  106 

1  445-25 

119  321 

3639016 

9 

3° 

314027 

6  734  545 

1 10  376  624 

1  458-75 

117  876 

3  519  695 

30 

1 

303  422 

6420518 

103  642  079 

1  478-01 

116  417 

3  401  819 

1 

2 

293  107 

6  1 1 7  096 

97221  56I 

1  503-20. 

114  939 

3  285  402 

2 

3 

283  066 

5  823  989 

91  104  465 

1  533-73 

"3  436 

3170463 

3 

4 

273  288 

5  54°  923 

85  280476 

1  565-82 

in  902 

3  °57  027 

4 

35 

263  762 

5  267  635 

79  739  553 

1  598-54 

no  336 

2  945 125 

35 

6 

254481 

5  o°3  873 

74  471  9i8 

1  629-36 

108  737 

2  834  789 

6 

7 

245  440 

4  749  392 

69  468  045 

1  655-73 

107  108 

2  726  052 

7 

8 

236  636 

4  503  952 

64  718  653 

1  679-49 

105  452 

2  618944 

8 

9 

228  064 

4267316 

60  214  701 

1  7°3'54 

103  773 

2  513  492 

9 

40 

219  718 

4  °39  252 

55  947  385 

1  730-11 

102  069 

2  4°9  7T9 

40 

1 

211 588 

3  819  534 

51  908  133 

1  761-78 

100  339 

2  307  650 

1 

2 

203  663 

3  607  946 

48  088  599 

1  797-72 

98  577-4 

2  207 311 

2 

3 

195  934 

3  4°4  283 

44  480  653 

1  834-70 

96  779-7 

2  108  734 

3 

4 

188  392 

3  208  349 

41  076  370 

1  873-02 

94  945-o 

2  on  954 

4 

45 

181  032 

30I9  957 

37868021 

1  913-20 

93  072-o 

1  917  009 

45 

6 

173  846 

2  838  925 

34  848  064 

1  954-69 

91  158-8 

1  823  937 

6 

7 

166828 

2  665  079 

32  009  139 

1  994-55 

89204-1 

1  732  778 

7 

8 

159  974 

2498251 

29344060 

2031-62 

87209-5 

1  643  574 

8 

9 

153283 

2  338  277 

26  845  809 

2  069-84 

85  177-9 

1  556  364 

9 

5° 

146  749 

2  184  994 

24  5°7  532 

2  112-09 

83108-1 

1  471 186 

5° 

1 

140  362 

2  038  245 

22322538 

2  161-09 

80  996-0 

1  388  078 

1 

2 

134  "3 

1  897  883 

20  284  293 

2214-84 

78  834-9 

1  307  082 

2 

3 

127992 

1  763  770 

18  386  410 

2  269-70 

76  620- 1 

1  228  247 

3 

4 

121  994 

1  635  778 

16  622  640 

2  325-00 

74  350-4 

1  151  627 

4 
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English  Life  Table  No.  8 — Males 
Commutation  Table.     3  per  cent. 


Age 
X 

D* 

N* 

s* 

c* 

Mx 

Rx 

Age 
X 

55 

116116      i 

513784 

14986862 

2  379-93 

72  025-4 

1  077  277 

55 

6 

no  354      ] 

397  668 

13  473  078 

2  433-76 

69  645-5 

1  005  252    , 

6 

7 

104  706      i 

287314 

12  075  410 

2  484-60 

67211-7 

935  606 

7 

8 

99  172-0   i 

182  608 

10  788  096 

2  530-94 

64  727-1 

868  394 

8 

9 

93752-6   l 

083  436 

9  605  488 

2  573-49 

62  196-2 

803  667 

9 

6o 

88  448-4 

989683 

8  522  052 

2611-91 

59622-7 

741  471 

60 

I 

83  260-3 

901  235 

7  532  369 

2  646-23 

57010-8 

681  848 

1 

2 

78  189-0 

817  975 

6631 134 

2  672-60 

54  364-6 

624  837 

2 

3 

73  239-1 

739  786 

5 813 159 

2  689-47 

51  692-0 

570  472 

3 

4 

68  416-5 

666  547 

5  °73  373 

2  700-01 

49002-5 

518  780 

4 

65 

63  723-8 

598  131 

4  406  826 

2  706-94 

46  302-5 

469  777 

65 

6 

59 160-8 

534  407 

3  808  695 

2711-31 

43  595-6 

423  474 

6 

7 

54  726-3 

475  246 

3  274  288 

2  710-86 

40  884-3 

379  878 

7 

8 

5042i-5 

420  520 

2  799  042 

2  701-37 

38  173-4 

338  994 

8 

9 

46251-5 

370  099 

2  378  522 

2682-18 

35  472-o 

300821 

9 

7° 

42  222-2 

323  847 

2  008  423 

2652-12 

32  789-8 

265  349 

70 

i 

38  34°-3 

281  624 

1684576 

2  610-35 

30I37-7 

232  559 

1 

2 

34  6I3-3 

243  284 

1  402  952 

2558-25 

27527-3 

202  421 

2 

3 

31  046-9 

208  671 

1 159668 

2  493-72 

24  969-0 

174894 

3 

4 

27  648-9 

177  624 

950  997 

2412-70 

22  475-3 

149  925 

4 

75 

24  430-9 

149  975 

773  373 

2  312-81 

20062-6 

127450 

75 

6 

21  406-5 

125  544 

623  398 

2  I93-38 

17749-8 

107  387 

6 

7 

18589-6 

104  138 

497  854 

2  058-51 

15  556-4 

89636-9 

7 

8 

I59896 

85  548-I 

393  716 

1  912-50 

13  497-9 

74  °8o-5 

8 

9 

I3  6II-4  _ 

69  558-5 

308  168 

1  755-87 

11585-4 

60582-6 

9 

8o 

11  459-1 

55  947-1 

238  609 

1  590-86 

9829-57 

48  997-2 

80 

i 

9  534-48 

44  488-0 

182  662 

1  420-42 

8238-71 

39  167-6 

I 

2 

7  836-35 

34  953-5 

138  174 

1  249-27 

6818-29 

30928-9 

2 

3 

6358-84 

27117-1 

103  220 

1  082-38 

5  569-02 

24  no-6 

3 

4 

5091-25 

20758-3 

76  103-2 

923-904 

4  486-64 

18541-6 

4 

85 

4019-07 

15  667-1 

55  344-9 

777-048 

3  562-74 

14055-0 

85 

6 

3  124-95 

n  648-0 

39677-8 

643-083 

2  785-69 

10492-3 

6 

7 

2  390-86 

8523-03 

28  029-8 

525-166 

2  142-61 

7  706-62 

7 

8 

1  796-05 

6132-17 

19  506-8 

422-142 

1  617-44 

5  564-01 

8 

9 

1  321-60 

4336-12 

13  374-6 

33I-528 

1 195-30 

3  946-57 

9 

90 

95I-578 

30i4-52 

9038-48 

253-098 

863-776 

2751-27 

90 

1 

670-764 

2  062-94 

6023-96 

187-063 

610-678 

1  887-49 

1 

2 

464-164 

1  392-18 

3  961-02 

134-195 

423-615 

1  276-81 

2 

3 

316-449 

928-014 

2568-84 

93-816 

E 

289-420 

853-196 

3 

4 

213-416 

611-565 

1  640-83 

64-361 

i 

195-604 

563-776 

4 

95 

142-838 

398-I49 

1  029-26 

43-805 

I 

131-242 

368-172 

95 

6 

94-872 

7      255-311 

631-106 

29-622  ( 

\ 

87-4365 

236-930 

6 

7 

62-486 

6       160-438 

375-795 

20-148  ( 

57-8136 

149-493 

7 

8 

40-518 

0        97-951 4 

215-357 

13-720  ( 

■> 

37-665  0 

91-6789 

8 

9 

25-617 

8        57-433  4 

117-406 

__  9-365  < 

)0 

23-9450 

54-013  9 

9 

100 

I5-505  8 

31-8156 

59-972  1 

6-264 

[I 

14-579 1 

30-068  9 

100 

1 

8-789  96 

16-3098 

28-1565 

4-021 ' 

77 

8-31497 

I5-489  8 

1 

2 

4-51223 

7-519  83 

11-8467 

2-38o-< 

35 

4-29320 

7-17481 

2 

3 

1-99991 

3-007  60 

4-32686 

1-202  ( 

)I 

1 -9i 2  35 

2-88161 

3 

4 

•739  696 

1-007  69 

1-31926 

•493' 

724 

•7i0339 

■969  261 

4 

105 

•224  420 

•267  997 

■3"  574 

■174. 

J08 

•216  615 

•258  922 

105 

6 

■043  577 

■043  577 

•043  577 

•042. 

;°4 

•042  307 

•042  307 

6 
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English  Life  Table  No.  8 — Males 
3  per  cent. 


Age 
X 

% 

Az 

P* 

Age 
X 

ax 

A^. 

P* 

i 

25-107 

•239  60 

•009  18 

55 

12-037 

•620  29 

•047  58 

2 

25777 

•22009 

■008  22 

6 

11-665 

•631  II 

•049  83 

3 

25910 

■21622 

■008  03 

7 

11-295 

•641  91 

■052  21 

4 

25-907 

•216  29 

•008  04 

8 

10-925 

•652  68 

•054  73 

5 

25-845 

■218 12 

•008  13 

9 

10-556 

•663  41 

•05741 

6 

25751 

•220  85 

■008  26 

60 

10-189 

■674  10 

•060  24 

7 

25-629 

•224  40 

•008  43 

1 

9-824 

•684  73 

•063  26 

8 

25-483 

•228  66 

•008  63 

2 

9-462 

•695  30 

•066  46 

9 

25-316 

•233  51 

•008  87 

3 

9-101 

•705  80 

•069  87 

IO 

25-133 

•238  84 

■009  14 

4 

8-742 

•71624 

•073  52 

I 

24-937 

•244  54 

•009  43 

65 

8-386 

•72661 

■07741 

2 

24-732 

•25052 

•009  74 

6 

8-033 

■73690 

■081  58 

3 

24-520 

■256  69 

•010  06 

7 

7-684 

747  07 

•086  03 

4 

24-305 

■262  97 

•01039 

8 

7-34° 

•75709 

■090  78 

15 

24-087 

•269  31 

•010  74 

9 

7-002 

•766  94 

•095  84 

6 

23-868 

•275  69 

•on  09 

70 

6-670 

•776  60 

•101  25 

7 

23-648 

•282  10 

•on  45 

1 

6-345 

•786  06 

•107  01 

8 

23-425 

•28858 

•on  81 

2 

6-029 

795  28 

•113  15 

9 

23-201 

•295  11 

•012  19 

3 

5-721 

■804  23 

■119  66 

20 

22-976 

•301  68 

•01258 

4 

5-424 

■81288 

•12653 

I 

22-748 

■308  32 

•012  98 

75 

5-139 

■821  20 

•133  77 

2 

22-516 

•31507 

•01340 

6 

4-865 

•82918 

•141  38 

3 

22-280 

•321  95 

•01383 

7 

4-602 

•83683 

■149  38 

4 

22-037 

•329  02 

•01428 

8 

4-350 

•844  17 

•157  78 

25 

21-788 

■33629 

•014  76 

9 

4-110 

•851  15 

•16656 

6 

21-531 

•343  75 

■015  26 

80 

3-882 

•85780 

•175  69 

7 

21-269 

•35140 

•015  78 

1 

3-666 

•864  10 

•185  19 

8 

21-000 

•359  22 

■016  33 

2 

3-460 

•87008 

•19507 

9 

20-726 

■367  21 

•01690 

3 

3-264 

•875  79 

•205  37 

3° 

20-446 

•375  37 

•01750 

4 

3-077 

•88125 

•216  14 

i 

2O-I00 

•383  68 

•018  13 

85 

2-898 

■88646 

■227  40 

2 

19-870 

•392  14 

•018  79 

6 

2-727 

•891  44 

•239 16 

3 

19-575 

•400  74 

•019  48 

7 

2-565 

•896  17 

■251  39 

4 

19-275 

•409  47 

•020  20 

8 

2-414 

•900  55 

•263  76 

35 

18-971 

•418  32 

•020  95 

9 

2-281 

•904  43 

•275  66 

6 

18-663 

•427  29 

•021  73 

90 

2-168 

•907  73 

•28654 

7 

18-351 

•436  39 

•022  55 

1 

2-076 

•91042 

•296  02 

8 

i8-°33 

•445  63 

•023  41 

2 

1-999 

•912  64 

•30428 

9 

17-711 

■455  02 

■024  32 

3 

1-933 

•914  59 

•311  87 

4° 

17-384 

•464  55 

•025  27 

4 

1-866 

•91654 

•31984 

i 

17-052 

•474  22 

•026  27 

95 

1-787 

■91882 

•32963 

2 

16-715 

•484  02 

•027  32 

6 

1-691 

•921  62 

■342  47 

3 

16-375 

•493  94 

•028  43 

7 

1-568 

■925  22 

•360  35 

4 

16-030 

•5°3  98 

•029  59 

8 

1-417 

■929  59 

■384  53 

45 

15-682 

•514  12 

•030  82 

9 

1-242 

•934  70 

•41692 

6 

15-33° 

■524  37 

•032  11 

100 

1-052 

•94°  24 

•458  24 

7 

14-975 

•534  71 

■033  47 

[ 

•856 

•945  96 

•50981 

8 

14-617 

•545  15 

•03491 

2 

■667 

•95i  46 

.570  92 

9 

I4-255 

■555  69 

•036  43 

3 

•504 

•956  22 

•63584 

5° 

13-889 

•566  33 

•038  04 

4 

•362 

•960  31 

704  92 

i 

I3-52I 

•577  °5 

•039  74 

105 

•194 

•965  22 

•808  27 

2 

I3-I5I 

•58782 

•041  54 

6 

•970  86 

•970  86 

3 

12-780 

•598  63 

•°43  44 

4 

12-409 

•609  46 

•045  45 

| 

I 
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English  Life  Table  No.  8 — Males 
3  per  cent. 


Age 
X 

»x 

As 

«-)p- 

Age 
X 

ax 

A* 

(00 )_ 

I 

25-599 

•243  32 

•009  50 

55 

12-533 

•629  54 

•050  23 

2 

26-273 

•223  40 

•008  51 

6 

12-161 

•640  53 

•052  67 

3 

26-407 

■21944 

•008  31 

7 

11-791 

■651  47 

■055  25 

4 

26-404 

•21953 

•008  32 

8 

11-420 

■662  44 

•058  01 

5 

26-342 

•221 36 

•008  41 

9 

11-051 

•673  35 

■060  93 

6 

26-248 

■224 14 

•008  54 

60 

10-684 

•684  19 

•064  04 

7 

26-126 

•227  74 

•008  72 

1 

10319 

•694  98 

•067  35 

8 

25-980 

•232  06 

■008  93 

2 

9-957 

•705  68 

•070  87 

9 

25-813 

•237  00 

■009  18 

3 

9-595 

•71638 

■074  67 

IO 

25-630 

•242  41 

•009  46 

4 

9-236 

•72699 

■078  71 

I 

25-434 

■248  20 

•009  76 

65 

8-88o 

•737  52 

•083  05 

2 

25-229 

•254  26 

•010  08 

6 

8-527 

•747  95 

•087  71 

3 

25-017 

■260  52 

■010  42 

7 

8-177 

•758  29 

•092  74 

4 

24-802 

-266  88 

•010  76 

8 

7-833 

•768  46 

•098  11 

15 

24-584 

■273  32 

•on  12 

9 

7-495 

•778  45 

•103  86 

6 

24-365 

■279  80 

•on  49 

70 

7-162 

•788  3° 

•no  07 

7 

24-I45 

•286  30 

•on  86 

1 

6-837 

•797  90 

•116  70 

8 

23-922 

•292  89 

•01225 

2 

6-520 

•807  28 

•12382 

9 

23-698 

•29951 

•012  63 

3 

6-212 

•81638 

•131  42 

20 

23-473 

■306  16 

•01304 

4 

5-9I4 

•825  19 

•139  54 

I 

23-245 

•31290 

■013  46 

75 

5-628 

•833  64 

•148  13 

2 

23013 

•31976 

•01389 

6 

5-354 

■841  74 

•15722 

3 

22-777 

•326  74 

■014  35 

7 

5-090 

•849  55 

•16690 

4 

22-534 

■333  92 

•01482 

8 

4-837 

•857  02 

■177 18 

25 

22-285 

•341  28 

■01531 

9 

4-596 

•864  15 

■188  02 

6 

22-028 

•348  88 

•01583 

80 

4-367 

•87091 

■199  43 

7 

21-766 

•356  62 

•01639 

1 

4-I50 

■877  33 

•211  41 

8 

21-497 

•364  57 

•01696 

x 

3-943 

•883  45 

•22406 

9 

21-223 

•372  67 

•01756 

3 

3-746 

•88927 

■237  39 

3° 

20-943 

•380  95 

•018  19 

4 

3-558 

•89483 

•251  50 

i 

20-657 

•389  40 

•018  85 

85 

3-378 

•900  15 

•266  48 

2 

20-367 

•397  97 

•OI9  54 

6 

3-205 

•905  26 

•282  46 

3 

20-072 

•406  69 

•02026 

7 

3-042 

•91008 

•299  17 

4 

19-772 

•415  56 

■02 1  02 

8 

2-889 

•914  60 

•31658 

35 

19-468 

■424  55 

•021  81 

9 

2-755 

■91856 

•333  42 

6 

19-160 

■433  65 

•022  63 

90 

2-640 

■921  96 

•349  23 

7 

18-848 

•442  87 

•023  50 

1 

2-546 

•924  74 

•363  22 

8 

18-53° 

•452  28 

•02441 

2 

2-468 

•927  °5 

•375  63 

9 

18-208 

•461  79 

•025  37 

3 

2-401 

•929  °3 

■386  94 

4° 

17-881 

•471  46 

•026  37 

4 

2-333 

•931  04 

•399  08 

I 

I7-549 

•481  27 

•027  42 

95 

2-253 

•933  4° 

•41430 

2 

17-212 

•49i  23 

•028  54 

6 

2-157 

•936  24 

•434  05 

3 

16-872 

■501  28 

•029  71 

7 

2-033 

■939  91 

•462  33 

4 

16-527 

•5"48 

•030  95 

8 

i-88o 

■944  43 

•502  36 

9 

1-702 

■949  69 

•557  99 

45 

16-179 

•521  76 

•032  25 

6 

15-827 

•532  17 

•033  62 

100 

1-508 

•955  42 

•633  57 

7 

I5-472 

•542  67 

•°35  07 

1 

i-3°5 

•961  42 

•736  74 

8 

I5-II3 

•553  28 

•036  61 

2 

1-106 

•967  31 

•87462 

9 

I4-75I 

•56398 

•038  24 

3 

•929 

•972  54 

5° 

I4-385 

•574  79 

•039  96 

4 

•771 

•97721 

I 

i4-oI7 

•585  67 

•041  79 

105 

•583 

•982  77 

2 

I3-647 

•596  61 

•043  72 

3 

13-276 

•60757 

•045  76 

4 

12-905 

•618  54 

•047  93 

Note  : — The  values  of  ax  have  been  calculated  by  the  formula  ax =ax  +  i  -  t^(i*x  +  5), 
the  values  of  ~KX  and  '"'P^  being  obtained  by  entering  continuous  premium 


402 


English  Life  Table  No.  8 — Males 
Commutation  Table.   3£  per  cent. 


Age 
X 

o 

D* 

N* 

s* 

cx 

Mx 

Rz 

Age 
X 

1  000  000 

21056654 

444  43°  347 

116  368 

287939 

6027417 

0 

i 

849815 

20056654 

423  379  °93 

28  112-7 

171  57i 

5  739478 

1 

2 

792  965 

19  206  839 

403  323  039 

10239-8 

143  458 

5  567  907 

2 

3 

755  9io 

18  413  874 

384  116  200 

5  974-61 

133  219 

5  424  449 

3 

4 

724  373 

17657964 

365  702  326 

4  175-35 

127  244 

5  291  230 

4 

5 

695  702 

16  933  591 

348  044  362 

3  284-92 

123  069 

5163986 

5 

a 

668  891 

16237  889 

331  no  771 

2  56390 

119  784 

5  040  917 

6 

7 

643  708 

15  568  998 

314872882 

1  997-25 

117  220 

4  921  133 

7 

8 

619  943 

14  925  290 

299  3°3  8S4 

1  570-92 

115  223 

4  803  913 

8 

9 

597  4°7 

14  3°5  347 

284  37s  594 

1  269-67 

113  652 

4  688  690 

9 

IO 

575  936 

13707940 

270  073  247 

1  075-36 

112  382 

4  575  038 

10 

i 

555  384 

13  132  004 

25°  365  3°7 

971-498 

in  307 

4  462  656 

1 

2 

535  632 

12576620 

243  233  3°3 

939-285 

"°  335 

4  351349 

2 

3 

516  579 

12  040  988 

230  656  683 

961-268 

109  396 

4  241  014 

3 

4 

498  149 

11  524  409 

218  615  695 

1  017-70 

108  435 

4 131 618 

4 

15 

480  286 

11  026260 

207  091  286 

1  088-82 

107  417 

4  °23  183 

15 

6 

462  955 

10  545  974 

196065  026 

1  157-31 

106328 

3  915  766 

6 

7 

446  142 

10083  019 

185519052 

1  203-78 

105  171 

3  809  438 

7 

8 

429  852 

9  636  877 

175436033 

1  255-66 

103  968 

3704267 

8 

9 

414  060 

9  207  025 

165  799  156 

1  304-66 

102  712 

3  600  299 

9 

20 

398  753 

8  792  965 

156592  131 

1  34J-I5 

101  407 

3  497587 

20 

I 

383  928 

8394212 

147  799  166 

1358-19 

100  066 

3  396  180 

1 

2 

369  587 

8  010284 

139404954 

1  350-79 

98  707-3 

3  296  114 

2 

3 

355  738 

7  640  697 

131  394  670 

1  327-45 

97  356-6 

3197407 

3 

4 

342  38° 

7  284  959 

123  753  973 

1  298-21 

96029-1 

3  100  050 

4 

25 

329  5°4 

6  942  579 

116  469  014 

1  272-30 

94  730-9 

3  004  021 

25 

6 

317089 

6613075 

109526435 

1  257-72 

93  458-6 

2  Q09  290 

6 

7 

305  109 

6  295  986 

102  913  360 

1251-83 

92  200-9 

2 815 831 

7 

8 

293  539 

5  990  877 

96617374 

1  249-32 

90  949-0 

2  723  630 

8 

9 

282  363 

5  697  338 

90  626  497 

1  249-82 

89  699-7 

2  632  681 

9 

3° 

271 565 

5  4J4  975 

84929159 

1  255-41 

88  449-9 

2542981 

30 

I 

261 126 

5I43  4I0 

79  514  184 

1  265-84 

87  !94-5 

2  454  531 

1 

2 

251  030 

4882284 

74  37°  774 

1  281-19 

85928-7 

2  367  336 

2 

3 

241  260 

4  °3i 254 

69  488  490 

1  300-89 

84  647-5 

2281  407 

3 

4 

231  801 

4  389  994 

64  857  236 

1  321-70 

83  346-6 

2  196  759 

4 

35 

222  640 

4  158  !93 

60  467  242 

1  342-79 

82  024-9 

2 113 412 

35 

6 

213  768 

3  935  553 

56  309  049 

1  362-07 

80682-1 

2  031  387 

6 

7 

205  177 

3  721  785 

52  373  496 

1  377-43 

79  32°-° 

1  950  705 

7 

8 

196  862 

3516608 

48  651  711 

1  390-45 

77  942-6 

1  871  385 

8 

9 

188  814 

3  319  74° 

45  135  i°3 

1  403-55 

76552-2 

1  793  442 

9 

40 

181  026 

3i30932 

41  815  357 

1  418-55 

75  148-6 

1  716  890 

40 

1 

173  485 

2  949  906 

38  684  425 

1  437-55 

73  73°-° 

1  641  741 

1 

2 

166  181 

2  776421 

35  734  519 

1  459-78 

72  292-5 

1  568  on 

2 

3 

159  102 

2  610  240 

32  958  098 

1  482-61 

70832-7 

1  495  718 

3 

4 

152  239 

2 45i 138 

30  347  858 

1  506-27 

69350-1 

1  424  885 

4 

45 

145  584 

2  298  S99 

27896  720 

I53I-I5 

67  843-8 

1  355  535 

45 

6 

13913° 

2  153  3*5 

25597821 

1  556-79 

663127 

1  287  691 

6 

7 

132868 

2  014  185 

23  444  5°6 

1  580-87 

64  755-9 

1  221 378 

7 

8 

126  794 

1  881 317 

21  430  321 

1  602-46 

63  175-0 

1  156622 

8 

9 

120  904 

1  754  523 

19  549  004 

1  624-73 

61  572-5 

1  093  447 

9 

5° 

115  191 

1  633  619 

17  794  481 

1  649-89 

59  947-8 

1  °3i 874 

5° 

1 

109  646 

1  518  428 

16  160  862 

1  68o-oi 

58  297-9 

971 926 

1 

2 

104258 

1  408  782 

14  642  434 

1  7I3-47 

56617-9 

913  628 

2 

3 

99018-8 

1  3°4  524 

13  233  652 

1  747-43 

54  904-4 

857010 

3 

4 

93  922-9 

1  205  505 

11  929  128 

1  781-36 

53  157-0 

802  106 

4 
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jiiNGLiSH  .Life  Table  No.  8 — Males 


Commutation  Table.  Z\ 

per 

cent. 

Age 
X 

»* 

N* 

% 

c* 

Mx 

Rj 

Age 
X 

55 

88  965-4 

1  in  582 

10  723  623 

1  814-63 

51375-6 

748  949 

55 

6 

84 142-2 

1 022  617 

9612041 

1  846-72 

49561-0 

697  573 

6 

7 

79450-1 

938  475 

8  589  424 

1  876-19 

47  7I4-3 

648  012 

7 

8 

74887-3 

859025 

7  650  949 

1  901-94 

45  838-1 

600  298 

8 

9 

70  452-9 

784  138 

6  791  924 

1  924-58 

43  936-2 

554  46o 

9 

60 

66  145-8 

713  685 

6  007  786 

1  943-87 

42011-6 

510524 

60 

I 

61  965-1 

647  539 

5  294  101 

1  959-90 

40  067-7 

468  512 

1 

2 

57  909-8 

585  574 

4  646  562 

1  969-87 

38  107-8 

428  444 

2 

3 

53  98I-7 

527  664 

4  060  988 

1  972-72 

36  137-9 

39o  336 

3 

4 

5°  183-4 

473  682 

3  533  324 

1  970-89 

34  165-2 

354 198 

4 

65 

465I5-6 

423  499 

3  059  642 

1  966-40 

32  194-3 

320  033 

65 

6 

42976-1 

376  983 

2  636 143 

1  960-07 

30  227-9 

287839 

6 

7 

39562-8 

334  °°7 

2  259 160 

1  950-27 

28  267-9 

257  611 

7 

8 

36  274-6 

294  444 

1  925  153 

1  934-05 

26317-6 

229  343 

8 

9 

33  "39 

258  169 

1  630  709 

1  911-03 

24383-5 

203  025 

9 

7° 

30083-1 

225  055 

1  372  540 

1  880-49 

22  472-5 

178  641 

70 

i 

27185-3 

194  972 

1 147  485 

1  841-93 

20592-0 

156  168 

1 

2 

24  424-0 

167  787 

952  513 

1  796-45 

18  750-1 

135  576 

2 

3 

21 801-7 

143  363 

784  726 

1  742-68 

16953-6 

116  826 

3 

4 

19321-7 

121  561 

641  363 

1  677-91 

15  2II-0 

99  872-8 

4 

75 

16  990-4 

102  240 

519802 

1  600-67 

I3  533-I 

84661-8 

75 

6 

14815-2 

85  249-2 

417  562 

1  510-69 

II932-4 

71  128-7 

6 

7 

12  803-5 

70  434-0 

332313 

1  410-94 

10421-7 

59  196-3 

7 

8 

10  959-6 

57  630-5 

261 879 

1  304-53 

9010-75 

48  774-6 

8 

9 

9284-45 

46  670-9 

204  248 

1 191-91 

7  706-22 

39  763-8 

9 

8o 

7  778-59 

37  386-4 

157  577 

1  074-68 

6514-31 

32  057-6 

80 

I 

6  440-86 

29  607-8 

120  191 

954-905 

5  439-63 

25  543-3 

1 

2 

5  268-15 

23  167-0 

90583-6 

835-790 

4  484-72 

20  103-7 

2 

3 

4254-21 

17898-8 

67416-6 

720-637 

3  648-93 

15  6190 

3 

4 

3  389-71 

13  644-6 

49517-8 

612-155 

2  928-30 

n  970-1 

4 

85 

2  662-93 

10254-9 

35  873-2 

512-364 

2316-14 

9041-80 

85 

6 

2060-51 

7  591-97 

25618-3 

421-983 

1  803-78 

6725-66 

6 

7 

1  568-85 

5  53I-46 

18  026-3 

342-942 

1381-80 

4921-88 

7 

8 

1 172-85 

3  962-61 

12  494-8 

274-335 

1  038-85 

3  54°-°8 

8 

9 

858-858 

2  789-76 

8532-21 

214-407 

764-518 

2501-23 

9 

90 

615-408 

1  930-90 

5  742-45 

162-893 

550-in 

1  736-71 

90 

1 

43i-703 

1  3I5-49 

3  8ii-55 

119-812 

387-218 

1  186-60 

1 

2 

297-292 

883-790 

2  496-06 

85-535  4 

267-406 

799-383 

2 

3 

201-704 

586-498 

1  612-27 

59-509  3 

181-871 

531-977 

3 

4 

135-374 

384-794 

1  025-77 

40-628  6 

122-361 

350-106 

4 

95 

90-167  3 

249-420 

640-976 

27-518  7 

81-7327 

227-745 

95 

6 

59-599  3 

159-253 

391-556 

18-5193 

54-2140 

146-012 

6 

7 

39-064  6 

99-653  6 

232-303 

12-535  4 

35-694  7 

91-7979 

7 

8 

25-208  2 

60-589  0 

132-649 

8-494  64 

23-I59  3 

56-1032 

8 

9 

15-861  1 

35-38o8 

72-0599 

5-770  82 

14-664  6 

32-943  9 

9 

100 

9-553  91 

19-5197 

36-679  1 

3-841  02 

8-893  79 

18-2793 

100 

1 

5-38982 

9-965  75 

I7-I59  4 

2-45410 

5-052  77 

9-385  49 

1 

2 

2-753  38 

4-575  93 

7-19369 

i-445  8o 

2-598  67 

4-332  72 

2 

3 

1-21447 

1-82255 

2-617  76 

•726414 

1-15287 

I-734  05 

3 

4 

•447  024 

•608  075 

•795  207 

■296  934 

•426  457 

•581  179 

4 

'05 

•134970 

•161  051 

•187  132 

•104  324 

•129523 

•154722 

105 

6 

•026081 

•026081 

•026  081 

•025  199 

•025  199 

•025 199 

6 

26—2 
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English  Life  Table  No.  8 — Males 
3£  per  cent. 


Age 
X 

% 

A^ 

P* 

Age 

X 

C'X 

A^ 

P* 

I 

22-601 

•201  89 

■008  55 

55 

"•495 

•577  48 

•046  22 

2 

23-222 

•180  91 

■007  47 

6 

"•153 

•589  01 

•048  46 

3 

23-360 

•17624 

•007  23 

7 

10-812 

•600  56 

•050  84 

4 

23-377 

•17566 

•00721 

8 

10-471 

•61209 

•053  36 

5 

23-340 

•17690 

•007  27 

9 

10-130 

•623  63 

■056  03 

6 

23-276 

•17908 

•007  38 

60 

9-790 

•635  14 

•058  87 

7 

23-l86 

•182  10 

■007  53 

1 

9-45° 

•646  62 

•061  88 

8 

23-075 

■18586 

■007  72 

2 

9-112 

■658  05 

■065  08 

9 

22-946 

•19024 

•007  94 

3 

8-775 

■669  45 

•068  49 

10 

22-801 

•195  13 

■008  20 

4 

8-439 

•68081 

■072  13 

i 

22-645 

■20041 

•008  48 

65 

8-104 

•692  12 

•076  02 

2 

22-480 

■205  99 

•008  77 

6 

7-772 

•703  37 

•080  18 

3 

22-309 

•211  77 

•009  09 

7 

7-442 

•714  5i 

■08463 

4 

22-134 

•21768 

■009  41 

8 

7-117 

•72551 

•089  38 

15 

21-958 

•22365 

•009  74 

9 

6-796 

736  35 

•°9445 

6 

21-780 

•229  67 

■01008 

70 

6-481 

■747  01 

•099  85 

7 

21-600 

•235  73 

•01043 

1 

6-172 

•757  47 

•105  62 

8 

21-419 

•241  87 

•010  79 

2 

5-870 

•767  69 

•in  75 

9 

21-236 

■248  06 

■on  16 

3 

5-576 

•77763 

•11826 

20 

21-051 

•25431 

•on  53 

4 

5-291 

•78725 

•125  13 

I 

20-864 

•260  64 

■on  92 

75 

5-017 

•79651 

•132  37 

2 

20-674 

•267  07 

■012  32 

6 

4-754 

■805  42 

■139  97 

3 

20-478 

•273  68 

•012  74 

7 

4-501 

•813  97 

•147  96 

4 

20-277 

•28048 

•013  18 

8 

4-258 

■822  18 

•15635 

25 

20-070 

•28750 

•013  64 

9 

4-027 

•83001 

•165  12 

6 

19-856 

•294  74 

•014  13 

80 

3-806 

•837  47 

•17424 

7 

19-635 

•302  19 

•01464 

1 

3-597 

•844  55 

•18372 

8 

19-409 

■309  84 

■015  18 

2 

3-398 

•851  29 

•193  58 

9 

19-177 

■31768 

■015  74 

3 

3-207 

•857  72 

•203  86 

3° 

18-940 

■325  7° 

■01633 

4 

3025 

•863  88 

•21461 

I 

18-697 

•333  92 

■01695 

85 

2-851 

•869  77 

•225  86 

2 

18-449 

•342  3° 

■017  60 

6 

2-685 

•875  4° 

•237  59 

3 

18-196 

•35°  86 

•01828 

7 

2-526 

•88077 

•24981 

4 

17-939 

•359  56 

■018  99 

8 

2-379 

•885  75 

■262  16 

35 

17-677 

•368  42 

•019  73 

9 

2-248 

•890  16 

•27404 

6 

17-410 

•377  43 

•020  50 

90 

2-138 

•893  90 

•284  90 

7 

17-139 

•38659 

■021  31 

1 

2-047 

•896  95 

•294  35 

8 

16-863 

•395  93 

•022  16 

2 

1-973 

•899  47 

•302  57 

9 

16-582 

•4°5  44 

•023  06 

3 

1-908 

•901  67 

•310  10 

4° 

16-295 

•415  13 

•02400 

4 

1-842 

•903  87 

•3*799 

I 

16-004 

•424  99 

•024  99 

95 

1-766 

•906  46 

■327  69 

2 

15-707 

•435  °2 

•026  04 

6 

1-672 

•909  64 

•340  43 

3 

15-406 

•445  20 

•027  14 

7 

I-55I 

■913  74 

•358  19 

4 

15-101 

•455  53 

•028  29 

8 

1-404 

•918  72 

•382  24 

45 

14-791 

•466  01 

•02951 

9 

1-231 

•92456 

•41448 

6 

14-477 

•476  62 

•030  80 

100 

i-°43 

■93°  91 

•455  63 

7 

14-159 

•487  37 

•032  15 

1 

•849 

•93747 

•507  01 

8 

13-838 

■498  25 

•°33  58 

2 

•662 

•943  Si 

•567  90 

9 

13-512 

•5°9  27 

■°35  °9 

3 

•501 

•949  28 

•632  56 

5° 

13-182 

•520  42 

•036  70 

4 

•360 

•953  99 

•701  32 

i 

12-848 

•531  69 

•038  39 

105 

•193 

■959  64 

•804  24 

2 

12-512 

•543  °6 

•040  19 

6 

■966  18 

•966 18 

3 

12-175 

•554  48 

•042  09 

4 

11-835 

•565  96 

•044  10 

405 


English  Life  Table  No.  8 — Males 
3£  per  cent. 


Age 
X 

o-x 

■"■# 

«•>*. 

Age 
X 

ax 

A* 

«°>PX 

i 

23093 

•205  57 

•00890 

55 

11-990 

•587  53 

•049  00 

2 

23718 

•18406 

•007  76 

6 

11-648 

•599  29 

•051  45 

3 

23-856 

•17932 

•007  52 

7 

11-307 

•611 02 

•054  04 

4 

23-874 

•178  70 

•007  49 

8 

10-966 

•622  75 

•056  79 

5 

23-837 

•  17997 

■007  55 

9 

10-625 

•63449 

•059  72 

6 

23-773 

•182  18 

•007  66 

60 

10-285 

■646 18 

•062  83 

7 

23-683 

•18527 

■007  82 

1 

9-944 

■657  91 

•066  16 

8 

23-572 

•18909 

•008  02 

2 

9-606 

•669  54 

•069  70 

9 

23-443 

•193  53 

•008  26 

3 

9-269 

■681 13 

•073  48 

IO 

23-298 

•198  51 

•008  52 

4 

8-933 

•692  70 

•077  54 

I 

23-142 

•203  88 

•00881 

65 

8-598 

■704  21 

■081  90 

2 

22-977 

•209  56 

•009  12 

6 

8-265 

•715  67 

•086  59 

3 

22-806 

■215  44 

•009  45 

7 

7-935 

•727  03 

•091  62 

4 

22-631 

■221  47 

•009  79 

8 

7-610 

•738  21 

•097  01 

9 

7-288 

•749  28 

•102  81 

15 

22-455 

■22752 

•010  13 

6 

22-277 

•233  64 

•010  49 

70 

6-973 

•760  12 

•109  Ol 

7 

22-097 

•239  83 

•010  85 

1 

6-663 

•770  79 

•115  68 

8 

21-916 

•246  05 

•on  23 

2 

6-361 

•781  18 

•122  81 

9 

21-733 

•252  36 

•on  61 

3 

6-o66 

•79I  32 

•130  45 

20 

21-548 

•258  71 

■012  01 

4 

5-78i 

•8oi  13 

•13858 

I 

21-361 

•265  16 

•012  41 

75 

5-5°6 

•81058 

•14722 

2 

21-171 

■271  69 

•012  83 

6 

5-242 

•81967 

■15637 

3 

20-975 

•278  43 

•01327 

7 

4-988 

■828  40 

•16608 

4 

20-774 

•285  34 

•013  74 

8 

4-745 

•836  77 

•17635 

25 

20-567 

•292  47 

■014  22 

9 

4-513 

■844  75 

•187  18 

6 

20-353 

•299  83 

•OI4  73 

80 

4-291 

•852  39 

•19865 

7 

20-132 

■3°7  43 

•015  27 

1 

4-081 

■85961 

•21064 

8 

19-906 

•315  20 

•01583 

2 

3-881 

•866  49 

■223  26 

9 

19-674 

•323  18 

•01643 

3 

3-689 

•873  09 

•236  67 

4 

3-505 

■879  43 

•250  91 

3° 

19-437 

•331  34 

•01705 

I 

19-194 

•339  7° 

■01770 

85 

3-33° 

•885  44 

•265  90 

2 

18-946 

•348  23 

•018  38 

6 

3-163 

•891  19 

•281  75 

3 

18-693 

•356  94 

•01909 

7 

3-°°3 

•896  70 

•298  60 

4 

18-436 

•365  77 

•019  84 

8 

2-854 

•901  82 

•315  98 

35 

18-174 

•374  79 

•020  62 

9 

2-721 

•906  40 

•333  " 

6 

17-907 

•383  97 

•021  44 

90 

2-609 

•91025 

•348  89 

7 

17-636 

•393  29 

•022  30 

I 

2-517 

■9I3  4I 

•362  90 

8 

17-360 

•402  79 

•023  20 

2 

2-441 

•91603 

•375  27 

9 

17-079 

•412  46 

■024  15 

3 

2-375 

•918  30 

•38665 

4 

2-308 

•920  60 

•398  87 

4° 

16-791 

•422  37 

•025  15 

I 

16-500 

•432  38 

■026  20 

95 

2-232 

•923  21 

•41362 

2 

16-203 

•442  60 

•027  32 

6 

2-137 

•926  48 

•433  54 

3 

15-902 

■452  95 

■028  48 

7 

2-015 

■930  68 

•461  88 

4 

I5-597 

•463  44 

■029  71 

8 

1-867 

•935  77 

•501  22 

9 

1-691 

•941  83 

•556  97 

45 

15-287 

•474" 

•031  01 

6 

I4-973 

•484  91 

•032  39 

100 

1-498 

■948  46 

•633  15 

7 

I4-655 

•495  85 

•°33  83 

1 

1-298 

•955  34 

•736  01 

8 

I4-334 

•506  89 

•035  36 

2 

I-IOI 

■962  13 

•87387 

9 

14-008 

•518  10 

•036  99 

3 

■926 

•968  14 

1-04551 

5° 

13-678 

•529  45 

•038  71 

4 

•768 

•973  57 

1-26767 

I 

13-344 

■54°  94 

•04054 

105 

■582 

■979  98 

1-68381 

2 

13-008 

•552  5° 

•042  47 

3 

12-671 

•564  10 

■04452 

4 

12-331 

•575  80 

■046  70 

Note  :  — The  values  of  ax  have  been  calculated  by  the  formula  ax  =  ax  +  $  -  ■&  (/ix  +  S) 
the  values  of  ~KX  and  '""'P*  being  obtained  by  entering  continuous  premium 


INSTITUTE  OF  ACTUARIES'  EXPERIENCE 
HEALTHY  MALES 


Hra  TABLE  (MAKEHAM  GRADUATION) 


GRADUATION  FUNCTIONS 
(Applicable  from  age  28  upwards) 


Constant 

Common 
Logarithm 

Napierian 
Logarithm 

c 

9 
s 
k 

0-039  656  86 
i-999  543  2 
1-997310673 
4-040  472  3 

0-091  313  3 
1-998  948  2 
1-9938077 
9-303  531  0 

Modulus  of  Common  Logarithms,  -434  294  482  = 
Baie  of  Napierian  Logarithms,      2-718  281  828. 


2-30258509' 


HM  Table  (Makeham  Graduation) 
The  Life  Table 


Age 

X 

** 

dx 

1x 

Px 

ftc 

=idx+lx+i 

=  2Lr 

0 
ex 

47784 
52796 

Age 

X 

0 

o 

127283 

14  358 

•112  80 

■88720 

■15920 

120 104 

6  082  031 

i 

112  925 

3962 

•035  08 

■964  92 

■079  01 

no  944 

5  961 927 

1 

2 

IOS  963 

2  375 

■021  79 

■978  21 

•023  66 

107  776 

5850983 

53-697 

2 

3 

IO6588 

1  646 

■OI5  44 

•984  56 

■01787 

105  765 

5  743  207 

53-881 

3 

4 

IO4  942 

1325 

•01263 

•987  37 

■013  79 

104  279 

5637442 

53719 

4 

5 

IO3  617 

1  061 

■01024 

•989  76 

•on  42 

103  087 

5  533 163 

53-4°i 

5 

6 

102  556 

852 

■008  30 

•991  70 

•009  25 

102  I30 

5430076 

52-948 

6 

7 

I OI  704 

683 

•006  72 

■993  28 

•007  48 

101  362 

5327946 

52-387 

7 

8 

101  021 

557 

•005  51 

•994  49 

•006  07 

100  743 

5  226  584 

5I-738 

8 

9 

IOO  464 

464 

•004  62 

•995  38 

•005  02 

IOO232 

5  125  841 

51-022 

9 

10 

IOO  OOO 

408 

•004  09 

•995  91 

•004  28 

99796 

5  025  609 

50-257 

10 

i 

99  592 

369 

•003  70 

•996  30 

•003  88 

99408 

4925813 

49-460 

1 

2 

99  223 

346 

•003  47 

•996  53 

•003  59 

99050 

4826405 

48-643 

2 

3 

98877 

337 

•003  42 

•996  58 

•003  42 

98708 

4  727  355 

47-810 

3 

4 

9854O 

337 

■003  42 

•996  58 

•003  40 

98  372 

4  628  647 

46-973 

4 

15 

98203 

360 

•003  65 

•996  35 

■003  53 

98023 

4530  275 

46-132 

15 

6 

97  843 

384 

•003  93 

■996  07 

•003  78 

9705I 

4432252 

45-299 

6 

7 

97  459 

425 

•004  37 

•995  63 

•004  14 

97246 

4  334  6oi 

44-476 

7 

8 

97  034 

465 

•004  78 

■995  22 

•004  58 

96802 

4237355 

43-669 

8 

9 

96569 

508 

•005  26 

•994  74 

■005  04 

96  315 

4140  553 

42-877 

9 

20 

96061 

548 

•005  72 

•994  28 

•005  50 

95  787 

4044238 

42-101 

20 

I 

95  513 

582 

•006  08 

•993  92 

•005  92 

95  222 

3  948  451 

4I>339 

1 

2 

94  931 

609 

•006  43 

•993  57 

•006  29 

94626 

3  853  229 

40-590 

2 

3 

94322 

631 

■006  68 

■993  32 

•006  59 

94OO7 

3  758  603 

39-849 

3 

4 

93691 

647 

•006  91 

•993  °9 

•006  82 

93  367 

3664596 

39-"4 

4 

25 

93  044 

658 

■007  07 

•992  93 

•007  01 

92  7r5 

3  571 229 

38-382 

25 

6 

92386 

664 

•007  20 

•992  80 

•007  16 

92054 

3  478  514 

37-652 

6 

7 

91  722 

673 

•007  32 

•992  68 

■007  29 

91386 

3  386  460 

36-921 

7 

8 

91049 

678 

•007  46 

•992  54 

•007  42 

90  710 

3  295  074 

36-189 

8 

9 

90371 

686 

•007  59 

•992  41 

•00755 

90028 

3  204  364 

35-458 

9 

3° 

89685 

691 

•007  71 

•992  29 

■007  68 

89  339 

3  "4  336 

34-726 

3° 

i 

88994 

700 

•007  87 

•992  13 

•007  82 

88644 

3  024  997 

33-991 

1 

2 

88294 

709 

•008  03 

•991  97 

•007  98 

87940 

2  936  353 

33-257 

2 

3 

87  585 

719 

•008  21 

•99i  79 

•008  15 

87225 

2  848  413 

32-521 

3 

4 

86  866 

729 

•008  39 

•991  61 

•008  33 

86502 

2  761 188 

31-787 

4 

35 

86137 

742 

•008  62 

•99i  38 

■008  54 

85766 

2  674  686 

3i-05i 

35 

6 

85  395 

756 

•008  85 

•991  15 

■008  76 

85017 

2  588  920 

30-317 

6 

7 

84639 

770 

•009  10 

•990  90 

•009  01 

84254 

2  503  903 

29-584 

7 

8 

83869 

786 

•009  37 

•990  63 

•009  28 

83  476 

2  419  649 

28-850 

8 

9 

83083 

806 

•009  69 

•990  31 

•00957 

82680 

2  336 173 

28-118 

9 

4° 

82277 

823 

•010  01 

■98999 

•009  90 

81865 

2  253  493 

27-389 

40 

I 

81454 

846 

■01038 

•989  62 

■01025 

81  031 

2  171  628 

26-661 

r 

2 

80608 

871 

•010  81 

•989  19 

•010  64 

80173 

2  090  597 

25-935 

2 

3 

79  737 

895 

•on  22 

•988  78 

•on  06 

79289 

2  010424 

25-214 

3 

4 

78842 

924 

•on  72 

■988  28 

•on  53 

78380 

1  931 135 

24-493 

4 

45 

77918 

954 

•01224 

•987  76 

012  04 

77441 

1  852  755 

23-778 

45 

6 

76964 

986 

•012  81 

•987  19 

01260 

76471 

1  775  314 

23-066 

6 

7 

75  978 

1  021 

■013  45 

•986  55 

013  21 

75  468 

1 698  843 

22-360 

7 

8 

74  957 

1  061 

•014  15 

•985  85 

01388 

74426 

1  623  375 

21-658 

8 

9 

73  896 

1  101 

•014  90 

•985  10 

014  62 

73  346 

1 548  949 

20-961 

9 

Note:— This  Table  does  not  follow  Makeham's  Law  of  Mortality  below  age  28. 
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HM  Table  (Makeham  Graduation) 
The  Life  Table 


Age 

X 

?* 

&x 

ix 

Vx 

Ihe 

=  i('x  +  'x+i) 

Tx 

&x 

Age 

X 

5° 

72795 

1  144 

•015  72 

•984  28 

■015  42 

72223 

1  475  603 

20-271 

5° 

i 

71  651 

1  193 

•01665 

•983  35 

•016  31 

71054 

1  403  380 

19-587 

1 

2 

7°458 

1243 

•017  64 

•982  36 

•017  27 

69837 

1  332  326 

18-909 

2 

3 

69215 

1  296 

•01873 

•981  27 

•018  33 

68567 

1  262  489 

18-240 

3 

4 

67919 

1353 

•01992 

•980  08 

■01950 

67242 

1  193922 

17-579 

4 

55 

66566 

1  414 

■021  23 

■978  77 

•020  77 

65859 

1 126680 

16-926 

55 

6 

65152 

M75 

■022  65 

•977  35 

•022  16 

64415 

1  060  821 

16-282 

6 

7 

63  677 

1  54i 

■024  20 

•975  80 

•023  69 

62  906 

996  406 

15-648 

7 

8 

62136 

1  612 

•025  93 

•974  07 

•025  36 

61330 

933  500 

15-023 

8 

9 

60524 

1682 

•027  79 

•972  21 

•027  19 

59683 

872  170 

14-410 

9 

6o 

58842 

1755 

•029  83 

•970  17 

•029  20 

57  965 

812487 

13-808 

60 

I 

57087 

1830 

•032  06 

■967  94 

■031  40 

56172 

754  522 

13-217 

I 

2 

55  257 

1  906 

■03451 

•965  49 

•033  81 

54  3°4 

698  350 

12-638 

2 

3 

53  351 

1983 

•037  17 

•962  83 

•036  45 

52  359 

644  046 

12-072 

3 

4 

51368 

2059 

•040  07 

■959  93 

■039  34 

50  339 

591 687 

11-519 

4 

65 

49  309 

2133 

•043  27 

■956  73 

•042  51 

48  242 

541  348 

10-979 

65 

6 

47176 

2204 

■046  72 

•953  28 

•045  99 

46074 

493  l°6 

10-452 

6 

7 

44  972 

2273 

■050  53 

•949  47 

•049  79 

43  836 

447032 

9-940 

7 

8 

42699 

2  334 

•054  66 

•945  34 

•053  96 

41532 

403  196 

9-443 

8 

9 

40365 

2388 

•059  17 

■94°  83 

•058  53 

39  171 

361  664 

8-960 

9 

7° 

37  977 

2  434 

•064  10 

•935  90 

•063  53 

36760 

322  493 

8-492 

70 

I 

35  543 

2468 

•069  43 

•930  57 

•069  01 

34  309 

285  733 

8-039 

1 

2 

33  075 

2  490 

•075  28 

•924  72 

•075  02 

31830 

251  424 

7-602 

2 

3 

30585 

2496 

•081  60 

•918  40 

•081  60 

29  337 

219  594 

7-180 

3 

4 

28089 

2487 

•088  56 

■911  44 

■088  81 

26845 

190257 

6-773 

4 

75 

25602 

2  459 

•096  04 

•903  96 

•096  71 

24  373 

163  412 

6-383 

75 

6 

23  143 

2  412 

•10422 

•895  78 

•105  36 

21937 

139039 

6-008 

6 

7 

20731 

2  343 

•113  03 

■88697 

•11485 

19  559 

117  102 

5-649 

7 

8 

18388 

2255 

•12262 

•877  38 

•12523 

17  261 

97  543 

5-305 

8 

9 

16 133 

2  146 

•13304 

•86696 

•13662 

15  060 

80282 

4-976 

9 

8o 

13  987 

2018 

•14426 

•855  74 

•14909 

12978 

65  222 

4-663 

80 

I 

11  969 

1873 

■15649 

■843  51 

•162  75 

11  033 

52244 

4-365 

1 

2 

10096 

1  712 

•16958 

•83042 

•17772 

9240 

41  211 

4-082 

2 

3 

8384 

1540 

•18368 

•81632 

•194  12 

7614 

31  97i 

3-8i3 

3 

4 

6844 

1  361 

•198  86 

•801  14 

•21209 

6164 

24  357 

3-559 

4 

85 

5  483 

1 180 

■21522 

•78478 

■231  77 

4  893 

18  193 

3-318 

85 

6 

4  303 

1 002 

■232  85 

•767  15 

•253  43 

3802 

13300 

3091 

6 

7 

3  301 

830 

■251  45 

•748  55 

•27697 

2886 

9  498 

2-877 

7 

8 

2471 

671 

•27155 

•728  45 

•302  86 

2  135 

6612 

2-676 

8 

9 

1  800 

527 

•292  77 

•707  23 

•331  23 

1537 

4  477 

2-487 

9 

90 

1273 

402 

•315  79 

•68421 

•362  30 

1  072 

2940 

2-310 

90 

1 

871 

296 

•339  84 

•660  16 

■396  35 

723 

1868 

2-145 

1 

2 

575 

209 

•36348 

•636  52 

■433  66 

470 

1  145 

1-992 

2 

3 

366 

144 

•393  45 

•606  55 

"474  53 

294 

675 

1-844 

3 

4 

222 

93 

•418  91 

•58109 

•519  30 

176 

381 

1-716 

4 

95 

129 

58 

•449  61 

•550  39 

•568  36 

100 

205 

1-593 

95 

6 

71 

34 

•478  88 

•521  12 

•622  11 

54 

105 

1-486 

6 

7 

37 

18 

•486  49 

•513  51 

•681  00 

28 

5i 

1-392 

7 

8 

19 

10 

■52631 

•473  69 

745  52 

14 

23 

1-237 

8 

9 

9 

5 

•555  55 

•44445 

•816  21 

6 

9 

1-056 

9 

100 

4 

3 

■750  00 

•25000 

•893  66 

3 

3 

0-750 

100 

1 

1 

1 

1 -ooo  00 

•000  00 

•97851 

0 

0-500 

1 

2 

0 

... 

00 

o-ooo 

2 
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HM  Table  (Makeham  Graduation) 
Elementary  Values  derived  from  the  Life  Table 


Age 

X 

logk 

A  log  lx 
=l°g  Px 

log  Ms 

Age 
X 

log^ 

A  log  lx 
=logfe 

togftc 

o 

5-104  77 

1-94802 

I-20I  94 

5° 

4-862  IO 

1-99312 

2- 1 88 08 

i 

■052  79 

•984  49 

2-897  °8 

1 

•855  22 

•992  71 

•212  45 

2 

•037  28 

•990  43 

•374  01 

2 

•847  93 

•992  27 

■237  29 

3 

•027  71 

•993  24 

•252  12 

3 

■840  20 

•991  79 

•263  16 

4 

•020  95 

•994  48 

•139  56 

4 

•831  99 

•991  26 

•29003 

5 

•015  43 

•995  53 

•057  67 

55 

•823  25 

•990  68 

•317  44 

6 

•01096 

•996  38 

3-966  14 

6 

•813  93 

•990  05 

•345  57 

7 

•007  34 

•997  °7 

•87390 

7 

•803  98 

•989  36 

•374  57 

8 

•004  41 

•997  60 

•783  19 

8 

•793  34 

•988  59 

•404  15 

9 

•002  01 

■997  99 

•700  70 

9 

•78193 

■987  76 

•434  41 

IO 

•000  00 

•998  22 

■631  44 

60 

•769  69 

■986  85 

•465  38 

I 

4-998  22 

•998  39 

•588  83 

1 

•756  54 

•985  85 

•49693 

2 

•996  61 

•998  49 

•555  °9 

2 

•742  39 

■984  75 

•529  05 

3 

•995  10 

•998  51 

•534°3 

3 

■727  14 

•983  55 

■561  7° 

4 

•993  61 

■998  51 

■53i  48 

4 

■71069 

•982  24 

•59483 

15 

•992  12 

•998  41 

■547  77 

65 

•692  93 

•980  79 

•628  49 

6 

■990  53 

•998  29 

•577  49 

6 

•673  72 

■979  22 

•662  66 

7 

•988  82 

•998  10 

■61700 

7 

•652  94 

•977  48 

•697  14 

8 

•986  92 

•997  92 

•660  87 

8 

•630  42 

■975  59 

■732  07 

9 

■984  84 

•997  71 

■702  43 

9 

•606  01 

•973  5i 

76738 

20 

•982  55 

-997  51 

•740  36 

70 

•579  52 

■97123 

•802  98 

I 

•980  06 

■997  35 

•772  32 

1 

•550  75 

•968  75 

•838  91 

2 

•977  41 

•997  20 

•798  65 

2 

•51950 

■966  01 

•875  18 

3 

•974  61 

•997  °9 

•81889 

3 

•485  51 

•963  03 

•911  69 

4 

•971  70 

■996  99 

•833  78 

4 

■448  54 

•959  73 

•948  46 

25 

•968  69 

•996  92 

•845  72 

75 

•408  27 

•956  15 

•985  47 

6 

•965  61 

■996  86 

•854  9i 

6 

•36442 

■952  20 

I  -022  68 

7 

•962  47 

•99681 

•862  73 

7 
8 

■31662 
■26453 

•94791 
•943  19 

■060 13 

•097  71 

8 

•959  28 

•996  75 

•870  40 

9 

•956  °3 

•996  69 

•87795 

9 

■207  72 

•938  00 

■135  51 

3° 

•952  72 

•996  64 

•885  36 

80 

•145  72 

•932  34 

•17345 

i 

■949  3° 

•996  57 

•89321 

1 

•078  06 

•926  09 

■211  52 

2 

•945  93 

•996  50 

■902  00 

2 

•004  15 

•919  30 

•24974 

3 

•942  43 

•996  42 

•911 16 

3 

3-923  45 

•911  86 

•288  07 

4 

•938  85 

•99°  34 

•920  65 

4 

•835  31 

•903  71 

•32652 

35 

•935  19 

•996  24 

•93i  46 

85 

•739  02 

•894  75 

•365  06 

6 

•931  43 

■996 14 

•942  50 

6 

■633  77 

•88488 

•403  70 

7 

•927  57 

•99603 

•954  72 

7 

■518  65 

•87422 

•442  43 

8 

•923  60 

•995  91 

•967  55 

8 

•392  87 

•862  40 

•481 24 

9 

•919  51 

•995  77 

•980  91 

9 

•255  27 

•84956 

•520 13 

40 

•915  28 

•995  63 

•995  64 

90 

•10483 

•835  19 

•559  07 

1 

•910  91 

•995  47 

5-01072 

1 

2-940  02 

•81965 

■598  08 

2 

•906  38 

•995  28 

•026  94 

2 

•759  67 

•80381 

•637 15 

3 

•901  66 

■995  10 

•043  76 

3 

•56348 

■782  87 

•676  26 

4 

•896  76 

•994  88 

■061  83 

4 

•346  35 

•76424 

•71542 

45 

•891  64 

•994  65 

•080  63 

95 

■no  59 

•74067 

■75462 

6 

•88629 

•99440 

■10037 

6 

1-85126 

•71694 

•793  87 

7 

•880  69 

•994  12 

•12090 

7 

•568  20 

•7i°55 

•833 15 

8 

•874  81 

•993  81 

•142  39 

8 

•278  75 

•675  49 

•872  46 

9 

•868  62 

•993  48 

•16495 

9 

0-954  24 

•647  82 

•911 80 

100 

•602  06 

•39794 

•95i  17 

1 

•000  00 

•990  57 
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H    Table  (Makeham  Graduation) 
Curtate  Expectations  of  Life.  Joint  Lives.  Equal  Ages 


Two 

Three 

Four 

Age 
X 

Two 

Three 

Four 

Age 

Lives 

Lives 

Lives 

Lives 

Lives 

Lives 

X 

exx 

exxx 

exxxx 

exx 

&XXX 

&XXXX 

0 

30716 

21-291 

15-270 

50 

I3-874 

10-891 

9-014 

i 

38-023 

29-488 

23-646 

1 

13-321 

10-421 

8-604 

2 

39-839 

31-823 

26-278 

2 

12-776 

9-959 

8-201 

3 

40-634 

32-997 

27-699 

3 

12-239 

9-505 

7-806 

4 

40-919 

33-576 

28-479 

4 

11-710 

9-060 

7-419 

5 

40-972 

33-881 

28-964 

55 

n-igi 

8-623 

7-042 

6 

40-824 

33-944 

29-182 

6 

10-682 

8-197 

6-673 

7 

40-512 

33-803 

29-171 

7 

10-183 

7-780 

6-313 

8 

40-061 

33-494 

28-968 

8 

9-694 

7-374 

5-963 

9 

39-507 

33-054 

28-616 

9 

9-217 

6-978 

5-623 

IO 

38-874 

32-516 

28-151 

60 

8-752 

6-594 

5-295 

I 

38T94 

31-918 

27-616 

1 

8-298 

6-221 

4-976 

2 

37-477 

3I-275 

27-029 

2 

7-857 

5-860 

4-669 

3 

36-740 

30-603 

26-407 

3 

7-429 

5-5H 

4-373 

4 

35-992 

29-920 

25-772 

4 

7-013 

5-174 

4-089 

15 

35-24° 

29-229 

25-128 

65 

6-6n 

4-849 

3-815 

6 

34-499 

28-552 

24-499 

6 

6-222 

4-537 

3-554 

7 

33-771 

27-891 

23-887 

7 

5-847 

4-238 

3-303 

8 

33-069 

27-260 

23-309 

8 

5-486 

3-951 

3-064 

9 

32-387 

26-654 

22-760 

9 

5-139 

3-677 

2-837 

20 

31-73° 

26-080 

22-246 

70 

4-806 

3-4I5 

2-621 

I 

31-096 

25-53I 

21-761 

1 

4-486 

3-166 

2-416 

2 

30-478 

25-003 

21-299 

2 

4-181 

2-929 

2-222 

3 

29-874 

24-492 

20-856 

3 

3-889 

2-704 

2-038 

4 

29-277 

23-989 

20-422 

4 

3-611 

2-491 

1-865 

25 

28-686 

23-493 

19-996 

75 

3-347 

2-289 

I-702 

6 

28-095 

22-998 

I9-571 

6 

3-095 

2-099 

1-550 

7 

27-504 

22-503 

19-147 

7 
8 

2-858 
2-632 

1-921 
1-752 

1-407 
1-273 

8 

26-912 

22-004 

18-716 

9 

26-317 

21-504 

18-285 

9 

2-419 

1-594 

1-147 

3° 

25-722 

21-000 

17-851 

80 

2-219 

1-447 

1-031 

I 

25-123 

20-493 

17-412 

1 

2-030 

1-308 

0-923 

2 

24-522 

I9-985 

16-971 

2 

1-853 

1-180 

•823 

3 

23-921 

19-474 

16-528 

3 

1-687 

1-060 

•73i 

4 

23-319 

18-962 

16-082 

4 

1-532 

o-949 

•646 

35 

22-715 

18-448 

I5-633 

85 

1-386 

•847 

•567 

6 

22-111 

17-933 

15-184 

6 

1-251 

•75i 

■495 

7 

2I-508 

I7-4I8 

14-733 

7 

1-125 

•664 

•43° 

8 

20-906 

I6-902 

14-282 

8 

1-008 

•584 

•37i 

9 

20-302 

16-386 

13-830 

9 

0-900 

■510 

■317 

4° 

19-702 

I5-872 

13-380 

90 

•800 

•443 

•269 

i 

I9-I02 

I5-358 

12-929 

1 

•708 

•382 

•226 

2 

I8-505 

14-846 

12-480 

2 

•625 

•329 

■189 

3 

I7-9II 

I4-338 

12-035 

3 

•543 

•275 

•152 

4 

I7-32I 

I3-832 

11-590 

4 

•477 

•234 

•125 

45 

16-734 

I3-330 

11-150 

95 

•413 

•194 

•099 

6 

16-151 

I2-832 

10-713 

6 

•363 

•163 

•079 

7 

15-573 

12-338 

10-280 

7 

•335 

■151 

•073 

8 

15-001 

II-850 

9-852 

8 

•271 

•116 

■052 

9 

14-434 

II-367 

9-43° 

9 

■210 

•089 

•039 

100 

•063 

•016 

•004 

1 

•000 

•000 

•000 

HM  TABLE  (MAKEHAM  GRADUATION) 


THREE  PER  CENT. 


INTEREST*  CONSTANTS 


Constant 

Number 

Logarithm 

i 

•°3 

5-477  121  3 

(l+i) 

103 

0-012  837  2 

(l+i)i 

1-014889  1 

0-006418  6 

(l+i)i 

1-0074170 

0-003  2°9  3 

« 

0-970  873  8 

1-9871628 

vi 

0-985  329  3 

£•9935814 

vi 

0-992  637  5 

1-9967907 

d 

0-029  I26  2 

2-464  284  0 

S 

0-029  558  8 

2-4706868 

hv 

0-029  778  3 

2-473  899  9 

JU) 

0-029  668  3 

5-472  292  7 

414 


H     Table  (Makeham  Graduation) 


Commutation  Table.    3 

per  cent. 

Age 
X 

Ex 

N* 

s* 

c* 

Ma 

Ra 

Age 
X 

0 

127283 

2  815  304 

61  758  474 

13  940 

45284 

1  016 517 

0 

I 

109  636 

2  688  021 

58943170 

3  734-6 

31  344-2 

971  233-2 

1 

2 

102  708 

2578385 

56255149 

2  173-5 

27  609-6 

939  889-0 

z 

3 

97  544 

2  475  677 

53  676  764 

1  462-4 

25  436-1 

912  279-4 

3 

4 

93240 

2  378  133 

51  201  087 

1  i43-o 

23  9737 

886843-3 

4 

5 

89380 

2  284  893 

48  822  954 

888-59 

22  830-68 

862  869-57 

5 

6 

85889 

2  195  513 

46  538  061 

692-76 

21  942-09 

840038-89 

6 

7 

82695 

2  109  624 

44  342  548 

539-16 

21  249-33 

818  096-80 

7 

8 

79746 

2  026  929 

42  232  924 

426-89 

20  710-17 

796847-47 

8 

9 

76996 

1  947  183 

40  205  995 

345-26 

20283-28 

776 137-30 

9 

10 

74410 

1  870 187 

38258812 

294-75 

19938-02 

755  854-02 

10 

i 

71  947 

1  795  777 

36388625 

258-81 

19643-27 

735  916-00 

1 

2 

69592 

1  723  830 

34  592  848 

235-61 

19384-46 

716272-73 

2 

3 

67  332 

1  654  238 

32  869  018 

222-80 

19148-85 

696  888-27 

3 

4 

65146 

1  586  906 

31  214  780 

216-31 

18  926-05 

677  739-42 

4 

15 

63032 

1  521  760 

29  627  874 

^24-34 

18  709-74 

658  813-37 

15 

6 

60972 

1  458  728 

28  106 114 

232-33 

18485-40 

640  103-63 

6 

7 

58964 

1  397  756 

26  647  386 

249-64 

18  253-07 

621  618-23 

7 

8 

56  997 

1  338  792 

25  249  630 

265-18 

18  003-43 

603  365-16 

8 

9 

55072 

1  281  795 

23910838 

281-27 

I7  738-25 

585  36I-73 

9 

20 

53188 

1  226  723 

22  629  043 

294-58 

I7456-98 

567  623-48 

20 

I 

51343 

1  173 535 

21  402  320 

303-74 

17  162-40 

550  166-50 

1 

2 

49  544 

1  122  192 

20  228  785 

3o8-57 

16858-66 

533  004-10 

2 

3 

47  791 

1  072  648 

19 106  593 

310-41 

16550-09 

516  145-44 

3 

4 

46090 

1  024  857 

18033945 

30901 

16239-68 

499  595-35 

4 

25 

44  439 

978  767 

17009088 

3°5-ii 

15  930-67 

483  355-67 

25 

6 

42839 

934  328 

16  030  321 

298-92 

15  625-56 

467  425-00 

6 

7 

41  291 

891  489 

15  095  993 

294-16 

15  326-64 

451  799-44 

7 

8 

39  796 

850  198 

14  204  504 

287-71 

15  032-48 

436  472-80 

8 

9 

38  349 

810402 

13  354  306 

282-62 

14  744-77 

421  440-32 

9 

30 

36  949 

772  053 

12  543  904 

276-39 

14462-15 

406  695-55 

3° 

i 

35  597 

735  104 

11  771  851 

271-84 

14185-76 

392  233-40 

1 

" 

34  288 

699  507 

11  036  747 

267-31 

13913-92 

378  047-64 

2 

3 

33022 

665  219 

10  337  240 

263-18 

13  646-61 

364  I33-72 

3 

4 

31797 

632  197 

9672021 

259-08 

13  383-43 

350487-11 

4 

35 

30612 

600  400 

9  039  824 

256-01 

13  124-35 

337  103-68 

35 

6 

29464 

569  788 

8439424 

253-24 

12  868-34 

323  979-33 

6 

7 

28  352 

54°  324 

7  869  636 

250-43 

12615-10 

311  no-99 

7 

8 

27277 

511 972 

7329312 

248-18 

12  364-67 

298  495-89 

8 

9 

26234 

484  695 

6817340 

247-09 

12  116-49 

286  131-22 

9 

4° 

25223 

458  461 

6332645 

244-95 

11  869-40 

274  0I4-73 

40 

i 

24  243 

433  238 

5874184 

244-46 

11  624-45 

262  145-33 

1 

2 

23293 

408  995 

'  5  44°  946 

244-35 

11  379-99 

250520-88 

2 

3 

22370 

385  702 

5  031  951 

243-77 

11135-64 

239  140-89 

3 

4 

21474 

363  332 

4  646  249 

244-34 

10891-87 

228  005-25 

4 

45 

20604 

341  858 

4282  917 

244-93 

10  647-53 

217113-38 

45 

6 

19760 

321  254 

3  94i  °59 

245-77 

10  402-60 

206  465-85 

6 

7 

18938 

301  494 

3  619  805 

247-08 

10156-83 

196063-25 

7 

8 

18  139 

282  556 

3  318  311 

249-29 

9  909-75 

185  906-42 

8 

9 

17362 

264417 

3  035  755 

251-15 

9  660-46 

175  996-67 

9 

415 


Hm  Table  (Makeham  Graduation) 
Commutation  Table.    3  per  cent. 


Age 
X 


D, 


5° 
1 
2 
3 
4 

55 
6 

7 


60 
1 
2 
3 
4 

65 
6 

7 


70 
1 
2 
3 
4 

75 
6 

7 
8 

9 

80 
1 
2 
3 
4 

85 
6 

7 


90 
i 
2 
3 
4 

95 
6 

7 


too 
1 


605 
868 
149 
449 
765 
098 

447 
810 
189 
58i 

987-6 
407-4 
840-6 
286-9 
746-6 

219-5 

7°5-9 
206-5 
721-2 
251-0 

796-3 
358-2 
937-5 
535-° 
152-0 

789-2 

447-9 
128-9 

833-3 
561-6 

314-4 
092-0 

894-33 
721-04 

571-45 

444-49 
338-66 
252-24 , 

183-31 ' 
129-65 

89-018 

59-133 

37-901 

23-422 

13-793 

7-781 

4-I58 

2-104 

1-049 

•482 

■208 
■051 


N2 


247  °55 
230  450 
214582 

199  433 
184984 

171  219 
158  121 
145  674 
133  864 
122  675 

112093-8 
102  106-2 

92  698-8 
83858-2 

75  571-3 
67  824-7 
60605-2 

53  8993 
47  692-8 
41971-6 

36  720-6 

31  924-3 
27566-1 
23  628-6 
20  093-6 

16941-6 
14152-4 
11  704-5 
9  575-6 
7  742-3 
6  180-7 
4  866-3 

3  774-27 
2  879-94 
2  158-90 

1  587-45 
1  142-96 
804-30 
552-06 
368-75 
239-100 
150-082 
90-949 
53-°48 
29-626 

I5-833 
8-052 

3-894 

1-790 

•741 

•259 
•051 


2  771  338 
2  524  283 
2  293  833 
2079251 
1  879  818 

1  694  834 
1  523  615 
1  365  494 
1  219820 
1  085  956 

963  280-6 
851  186-8 
749  080-6 
656381-8 
572  523-6 

496  952-3 
429  127-6 
368  522-4 
314623-1 
266930-3 

224958-7 
188238-1 
156313-8 
128  747-7 
105  119-1 

85  025-5 
68  083-9 

53  931-5 
42  227-0 
32  651-4 

24909-1 
18728-4 
13  862-06 
10087-79 
7  207-85 

5  048-95 
3461-50 
2318-54 
1  514-24 
962-18 

593-425 
354-325 
204-243 
113-294 
60-246 

30-620 
14-787 

6-735 
2-841 
1-051 

•310 
■051 


CT 


253-36 
256-51 
259-48 
262-66 
266-23 

270-13 

273-57 
277-49 
281-82 
285-50 

289-21 
292-78 
296-05 
299-05 
301-47 
303-20 

304-17 
304-56 
303-62 
301-59 
298-46 
293-81 
287-79 
280-09 
270-95 

260-09 
247-69 
233-60 
218-28 
201-67 

184-12 
165-92 

147-23 
128-58 

110-33 

92-871 
76-565 
61-574 
48-329 
36-852 

27-292 
19-511 

13-375 
8-946  6 

5-609  7 

3-396  7 

1-933  2 

■993  6 

•535  9 

•2602 

•151 5 
•0491 


M, 


9  409-3I 
9  155-95 
8  899-44 
8  639-96 
8  377-30 
8  111-07 
7  840-94 
7  567-37 
7289-88 
7008-06 

6722-56 

6  433-35 
6  140-57 

5  844-52 
5  545-47 
5  244-00 
4  940-80 
4  636-63 
4  332-07 
4028-45 

3  726-86 
3428-40 

3  134-59 
2  846-80 
2566-71 

2  295-76 
2  035-67 
1  787-98 
1  554-38 
1  336-10 

I  134-43 
950-31 
784-39 
637-16 
508-58 

398-246 

305-375 
228-810 
167-236 
118-907 

82-055 

54-763 
35-252 
21-8765 
12-9299 

7-3202 

3-923  5 
1-9903 

•9967 
•4608 

•2006 
•0491 


RjT 


166336' 
156926- 
147  770- 
138871- 
130  231- 

121  854' 

"3  743' 
105  902 

98  334' 
91  044' 

84  036' 

77  314' 
70881 

64  740 
58  895- 

53  350 
48  106' 
43  165 
38529 
34  !96 

30  168 
26441 
23013 
19878 
17  031 

14465 
12  169 

10  133 

8  345 
6791 

5  455 
4  320 
3  370 
2586 
194S 

1440 
1  042 

736' 
507' 
34°' 


21 
90 
95 
51 
55 

25 
18 

24 

87 
99 

93 
37 
02 

45 
93 

46 
46 
66 

°3 
96 

51 
65 
25 
66 
86 

15 

39 

72 

74 
•36 

■26 
■83 
•52 
13 
•97 

'392 
146 
771 
•961 
725 


221-818 

139-763 

85-000 

49-747  6 
27-871  1 

14-941  2 
7-621  o 

3-697  5 

1-7072 

■7105 

•2497 
•0491 


416 


HM  Table  (Makeham  Graduation) 
Logarithms  of  Dx,  N,,.,  and  Mx.     3  per  cent. 


Age 
X 

o 

log  D,. 

logNj; 

log  Ms 

Age 
X 

logDa 

logN* 

log  Mj. 

5-10477 

6-449  53 

4-655  94 

50 

4-220  24 

5-392  80 

3-97356 

I 

•039  95 

•429  43 

•496 15 

1 

■200  52 

■362  58 

■961  71 

2 

•on  61 

•4"  35 

•441  07 

2 

•18039 

•33i  59 

■949  36 

3 

4989  20 

•393  7° 

•4°5  45 

3 

•15983 

•299  79 

■93651 

4 

■969  60 

•37623 

•379  74 

4 

•13878 

■267  12 

•923  10 

5 

•951  24 

•358  87 

•358  52 

55 

•11720 

•233  55 

•909  08 

6 

■933  94 

•341  53 

•341  28 

6 

•095  05 

•198  99 

•89437 

7 

•91748 

•32420 

•327  34 

7 

■072  26 

■16337 

■87895 

8 

•901  71 

■306  83 

•316  18 

8 

•048  78 

•12665 

•862  72 

9 

•88647 

■28941 

•307  J3 

9 

•02453 

•088  77 

•845  60 

IO 

•871  63 

•271  89 

•299  68 

60 

3'999  46 

■049  57 

•82754 

I 

■85701 

•25426 

•29321 

1 

•973  47 

•009  07 

•808  44 

2 

•842  56 

•23649 

■28747 

2 

■946  48 

4-967  08 

■78821 

3 

•828  22 

•21859 

•28215 

3 

■91839 

•923  54 

•76675 

4 

•81389 

•200  55 

■27706 

4 

■889  n 

•87836 

743  94 

15 

•79956 

•18236 

•272  07 

65 

•85851 

•831  39 

■71966 

6 

•78513 

•16397 

•266  82 

6 

•82646 

•782  51 

•693  80 

7 

•770  59 

•145  45 

•261  33 

7 

792  85 

•73i  58 

•666  20 

8 

•755  85 

•12672 

■255  34 

8 

•75749 

•678  45 

■636  70 

9 

•74°  93 

•10782 

■248  90 

9 

•720  24 

•622  96 

■605  14 

20 

•72581 

•088  74 

•241  97 

7° 

•680  91 

•564  91 

•571  35 

I 

•71048 

•069  48 

•234  57 

1 

■63931 

•504  12 

•535  °9 

2 

•694  99 

■050  07 

•22683 

2 

•595  22 

•44°  37 

•496 18 

3 

•679  35 

•03044 

•21880 

3 

•548  39 

•373  45 

•454  36 

4 

•663  61 

•010  68 

•21059 

4 

■498  59 

•303  07 

•409  38 

25 

•647  76 

5-990  68 

•202  24 

75 

•445  48 

■228  96 

•360  93 

6 

•631  84 

•97°  50 

•19385 

6 

•388  79 

■15082 

■308  71 

7 

•615  86 

•950  12 

•18546 

7 

•328  15 

•068  37 

•252  37 

8 

•599  84 

•92952 

•17702 

8 

■26323 

3-981 17 

•191  56 

9 

•583  75 

■908  70 

•168  64 

9 

•193  58 

•88887 

■12584 

3° 

•567  60 

•88765 

•16023 

80 

•118  74 

■791  04 

•054  77 

I 

•55i  41 

•86635 

•151  86 

1 

•038  24 

•68720 

2-977  87 

2 

•535  14 

•844  79 

•143  45 

2 

2-951  50 

•57684 

•894  53 

3 

■51880 

■822  97 

•135  04 

3 

•857  96 

•459  38 

•804  25 

4 

•502  38 

•800  85 

•12655 

4 

•75698 

•334  23 

•70636 

35 

■485  89 

•778  44 

•118  07 

85 

•647  86 

•20071 

•600 16 

6 

•469  29 

•755  71 

•109  51 

6 

•529  77 

•058  05 

■48483 

7 

■452  59 

•732  65 

•10089 

7 

•401  81 

2-905  42 

•359  48 

8 

•435  79 

•709  24 

•092  19 

8 

•263  19 

•741  99 

•223  34 

9 

•41886 

•685  47 

•083  36 

9 

■112  76 

■566  73 

•075  22 

40 

•401  79 

•661  30 

■074  41 

90 

1-94948 

•378  58 

1-91411 

1 

•38458 

•636  73 

•065  36 

1 

•771  83 

■17632 

•738  49 

2 

■367  22 

•611  72 

•056  14 

2 

•578  65 

1-958  80 

•547  18 

3 

•349  66 

•58625 

•046  73 

3 

•369  62 

•724  67 

•339  99 

4 

•331  92 

•560  30 

•037  11 

4 

•13965 

•471  67 

•in  60 

45 

•313  96 

•533  85 

•027  27 

95 

0-891  05 

•19956 

0-864  52 

6 

•295  78 

•506  84 

•017  16 

6 

•618  89 

0'905  9° 

■593  67 

7 

•277  34 

•479  27 

•006  77 

7 

•322  99 

■590  4° 

•298  92 

8 

•258  62 

•451  11 

3-996  06 

8 

■020  70 

•252  85 

1-99856 

9 

•239  60 

•422  29 

•985  00 

9 

£-683  35 

1-86982 

•663  51 

100 

•3i8  34 

■413  30 

•302  33 

1 

2>7°3  44 

2-703  44 

2-690  64 

417 


HM  Table  (Makeham  Graduation) 

Values  of  Annuities,  and  Single  and  Annual  Premiums 

for  Assurance  of  a  Unit 

3  per  cent. 


Age 
X 

°x 

Ap 

P* 

Age 
X 

ax 

A* 

PX 

i 

23-51770 

•28589 

•on  66 

50 

13-87828 

•566  66 

•038  09 

2 

24-104  01 

■268  82 

•010  71 

1 

13-52286 

•577  °2 

■039  73 

3 

24-380  34 

•260  77 

•01027 

2 

I3-I64  39 

•587  45 

•041  47 

4 

24-505  62 

■25712 

•01008 

3 

12-802  83 

•597  97 

■043  32 

5 

24-563  55 

•255  43 

•009  99 

4 

I2-438  53 

■608  58 

■045  29 

6 

24-562  20 

•255  47 

•009  99 

55 

12-072  10 

•61927 

■047  37 

7 

24-511  00 

•256  96 

•01007 

6 

11-70413 

•62997 

■049  59 

8 

24-41703 

•259  70 

■01022 

7 

"•334  50 

■640  75 

■051  95 

9 

24-288  97 

■263  43 

•01042 

8 

10-964  07 

■651  54 

■054  46 

IO 

24'  1 33  73 

•267  95 

•010  66 

9 

IO-593  76 

■662  32 

•057  J3 

i 

23-959  56 

•273  02 

•01094 

60 

10-223  49 

■673  10 

•059  97 

2 

23-770  13 

•278  55 

•on  25 

1 

9-85391 

•683  86 

■063  00 

3 

23-56891 

•284  40 

•on  58 

2 

9-485  66 

•694  59 

■066  24 

4 

23-3590° 

•29052 

•on  93 

3 

9-11929 

•705  28 

•069  70 

15 

23-14235 

•29683 

■01229 

4 

8-755  46 

■715  86 

•073  38 

6 

22-92431 

•303  17 

•012  67 

65 

8-394  70 

•726  36 

•07732 

7 

22-705  07 

•309  56 

■01306 

6 

8-03748 

■736  78 

■081  53 

8 

22-488  67 

■315  86 

•OI3  45 

7 

7-684  33 

■747  °5 

•086  02 

9 

22-274  87 

•322  08 

•01384 

8 

7-336  19 

■757  20 

•090  83 

9 

6-993  *9 

•767  18 

■095  98 

20 

22-064  43 

•328  22 

•01423 

I 

21-85675 

■334  26 

■01463 

7° 

6-655  91 

•777  °3 

•101  49 

2 

21-65046 

•340  28 

•015  02 

1 

6-325  07 

•786  65 

•107  39 

3 

21-443  97 

■346  3° 

•015  43 

.    2 

6-000  94 

•796  09 

■113  71 

4 

21-23604 

■352  35 

■015  85 

3 

5-684  18 

•805  32 

■12048 

25 

21-025  22 

•358  49 

■01628 

4 

5-374  95 

■814  31 

•12774 

6 

20-81021 

•364  76 

•01672 

75 

5-073  99 

■823  10 

•135  5i 

7 

20-589  70 

•371  19 

•017  19 

6 

4-78151 

•831  61 

•14384 

8 

20-364  15 

•377  73 

•01768 

7 

4H97  96 

•83989 

•15276 

9 

20-132  44 

■384  49 

•018  19 

8 

4-223  23 

•84787 

•16233 

9 

3'957  94 

•855  58 

•17257 

3° 

19895  02 

•391  41 

•018  73 

I 

19-650  98 

•398  52 

•019  30 

80 

3-702  15 

•863  04 

■18354 

2 

19-400  98 

•405  80 

•01989 

1 

3-456I3 

•870  22 

•195  29 

3 

19-14477 

•41328 

■020  52 

2 

3-220  23 

•87706 

•207  82 

4 

18-88233 

•420  89 

•021  17 

3 

2-994  !3 

•88367 

•221  24 

4 

2-77789 

•88998 

■235  58 

35 

18-61340 

•428  73 

•021  86 

6 

18-33839 

•436  74 

•022  58 

85 

2-571  45 

•895  98 

•25087 

7 

18-057  25 

•444  94 

•023  35 

6 

2-374  90 

•901  70 

•26717 

8 

17-76973 

•453  31 

•024  15 

7 

2-18866 

•907  13 

■284  49 

9 

I7-475  98 

•461  85 

•025  00 

8 

2-01154 

•912  33 

■302  94 

9 

1-84424 

•917  19 

•322  47 

4° 

17-17658 

■470  57 

•025  89 

i 

16-870  63 

'479  49 

•026  83 

90 

1-68596 

■921  79 

■343  19 

2 

16-559  13 

•488  56 

•027  82 

1 

1-53802 

•926  10 

•364  90 

3 

16-242  22 

•497  82 

•028  87 

2 

1-39966 

•930  10 

•387  60 

4 

I5-9I9  39 

•50721 

•029  98 

3 

1-26488 

■934  °5 

•412  40 

4 

1-14791 

•937  45 

■436  45 

45 

15-591  42 

•51679 

•031  15 

•462  34 

6 

15-258  22 

■526  48 

•032  38 

95 

I-034  73 

■940  74 

7 

14-91992 

•536  33 

•033  69 

6 

■93640 

•943  58 

•487  27 

8 

14-57684 

•546  31 

•035  07 

7 

■850  78 

■946  08 

•511  12 
•556  81 
•621  86 

9 

14-229  71 

•55642 

•03654 

8 
9 

•706  49 
•53623 

■95°  3° 
•955  34 

100 

•242  72 

•96381 

■77452 

1 

1 

•970  87 

■970  87 

27 


418 


HM  Table  (Makeham  Graduation) 

Logarithms  of  D  and  M.  Joint  Lives.  Equal  Ages 

3  per  cent. 


Two  Lives 

These  Lives 

Four  Lives 

Age 

Age 

X 

log  ^>XX 

log  ¥ra 

log  T>xxx 

log  ^xxx 

log  Dxxxx 

lQg  ~®xxxx 

X 

o 

10-209  54 

ii-424  55 

15-31431 

16-41241 

20-41908 

21-409  16 

0 

i 

•092  74 

■397  24 

•145  53 

•376  3° 

•19832 

•362  29 

1 

2 

•048  89 

•375  15 

•086 17 

•350  00 

•12345 

•33i  45 

2 

3 

•016  91 

•35417 

■044  62 

■325  66 

•072  33 

•303  67 

3 

4 

9-990  55 

•333  71 

•on  50 

•302  31 

■032  45 

•27740 

4 

5 

•966  67 

■313  55 

14-982  10 

•27948 

19-997  53 

•251  95 

5 

6 

•944  9° 

•293  56 

•955  86 

•25703 

•966  82 

•227  09 

6 

7 

•924  82 

•273  65 

■932  16 

■234  75 

•939  50 

•202  54 

7 

8 

•906  12 

•253  75 

•91053 

•21256 

•91494 

•178  18 

8 

9 

■88848 

•233  78 

•890  49 

■19033 

•892  50 

•153  81 

9 

10 

•871  63 

•213  73 

•871  63 

•168  00 

•871  63 

•129  37 

10 

i 

■855  23 

•193  5i 

•853  45 

•145  48 

•85167 

•10469 

1 

2 

•83917 

•173  10 

•835  78 

•122  71 

■83239 

•079  72 

2 

3 

•82332 

•15250 

•81842 

•099  68 

■81352 

•05442 

3 

4 

•807  50 

•131  65 

•801  11 

•076  35 

•794  72 

•028  73 

4 

15 

•791  68 

•no  56 

•783  80 

•052  66 

•775  92 

•002  64 

15 

6 

•775  66 

•089  20 

•766  19 

•028  61 

■75672 

20-976  07 

6 

7 

759  41 

•067  55 

748  23 

•004  24 

•737  °5 

•949  04 

7 

8 

•742  77 

•045  68 

•729  69 

15-979  44 

■716  61 

•921  53 

8 

9 

•725  77 

■023  50 

•710  61 

•954  29 

•695  45 

•893  55 

9 

20 

•708  36 

•001  04 

•69091 

•928  77 

•673  46 

•865  12 

20 

I 

•690  54 

10-978  31 

•670  60 

•902  91 

■650  66 

•83625 

1 

2 

•672  40 

•955  32 

•64981 

•876  70 

•627  22 

•80695 

2 

3 

•653  96 

•932  07 

•62857 

•850  14 

•603  18 

•777  25 

3 

4 

■635  31 

•908  55 

•607  01 

•823  25 

•578  71 

•747  14 

4 

25 

■61645 

•88477 

•585  14 

•796  02 

•553  83 

•71663 

25 

6 

•597  45 

•860  70 

•563  06 

■768  44 

•528  67 

•685  70 

6 

7 

■578  33 

•83634 

•540  80 

•740  49 

•503  27 

•654  34 

7 

8 

•559  12 

■811  68 

•518  40 

■712  16 

•477  68 

•622  54 

8 

9 

•539  78 

•78669 

•495  8i 

•68343 

•451  84 

•59025 

9 

30 

■520  32 

•761  37 

•473  04 

•65428 

•425  76 

■55747 

3° 

I 

•500  77 

735  69 

•450  13 

•624  69 

•399  49 

■524  15 

I 

2 

•481  07 

•709  64 

•427  00 

•594  61 

•372  93 

•490  27 

2 

3 

•461  23 

•683  20 

•403  66 

•564  04 

•34609 

■455  79 

3 

4 

•441  23 

■656  34 

•380  08 

•532  93 

■31893 

•420  68 

4 

35 

■421  08 

•629  03 

■35627 

•501  26 

•291  46 

•38487 

35 

6 

■400  72 

•601  26 

■332  15 

•469  00 

•26358 

•348  36 

6 

7 

•380  16 

■572  99 

■307  73 

•436  08 

■235  30 

•311  08 

7 

8 

•359  39 

•544  19 

■282  99 

■402  5° 

•20659 

■272  98 

8 

9 

■338  37 

■5H84 

•25788 

•368  19 

•177  39 

•23401 

9 

40 

■31707 

•484  91 

•232  35 

•333  14 

■14763 

•194 10 

40 

1 

■295  49 

•454  36 

•20640 

•297  26 

•11731 

•153  24 

1 

2 

•273  60 

•423  13 

•17998 

•260  52 

•086  36 

•in  26 

2 

3 

•251  32 

■391  20 

•15298 

•22285 

•05464 

•068  19 

3 

4 

•228  68 

•358  54 

•125  44 

•184  21 

•022  20 

•023  91 

4 

45 

•205  60 

•325  08 

•097  24 

•144  51 

18-98888 

19-978  36 

45 

6 

•18207 

•290  77 

•068  36 

•103  70 

•954  65 

•931  42 

6 

7 

■158  03 

•255  56 

■038  72 

■061  68 

•919  41 

•88300 

7 

8 

•133  43 

•219  4° 

•008  24 

•018  41 

•883  05 

•83301 

8 

9 

•108  22 

•18224 

13-97684 

14-973  77 

■845  46 

•781  31 

9 

419 


HM  Table  (Makbham  Graduation) 

Logarithms  of  D  and  N.  Joint  Lives.  Equal  Ages 

3  per  cent. 


Two  Lives 

Three  Lives 

Fouk  Lives 

Age 

Age 

* 

log  Ara 

log  ~NXX 

log  Vxxx 

!og  TSxxx 

log  T^xxxx 

log  ^xxxx 

X 

5° 

5° 

9-082  34 

10-143  98 

13-944  44 

14-927  67 

18-806  54 

19-72781 

i 

•055  74 

■10456 

•91096 

•88001 

•766  18 

•672  35 

1 

X 

•028  32 

•063  90 

•87625 

•83067 

•724  18 

•614  79 

2 

3 

•000  03 

•021  93 

•840  23 

•779  54 

•68043 

•555  00 

3 

4 

8-970  77 

9-978  52 

•802  76 

•72648 

•634  75 

■492  77 

4 

55 

•940  45 

■933  6i 

.763  70 

•671  36 

•58695 

•42794 

55 

6 

■908  98 

•88709 

•722  91 

•61402 

•53684 

•360  31 

6 

7 

■876  24 

•838  83 

•680  22 

•554  30 

•484  20 

•28963 

7 

8 

■842  12 

•788  71 

■635  46 

•491  99 

•428  80 

•21572 

8 

9 

•806  46 

•736  60 

•588  39 

•426  92 

•37°  32 

•13827 

9 

6o 

•769  15 

•682  33 

■538  84 

•358  87 

•308  53 

■057  02 

60 

I 

•73001 

■625  77 

•48655 

•28760 

•24309 

18-971  66 

1 

2 

•688  87 

■56672 

•431  26 

•21285 

•17365 

•881  84 

2 

3 

•645  53 

•504  99 

•37267 

•134  37 

•099  81 

•78721 

3 

4 

•599  80 

•44°  39 

•3i049 

•051  81 

•021  18 

•68735 

4 

65 

•55i  44 

■372  69 

•244  37 

13-96487 

17-937  3° 

•58184 

65 

6 

•500  18 

-301  64 

■17390 

•873  18 

•847  62 

•470  18 

6 

7 

■445  79 

•22699 

•098  73 

776  34 

•751  67 

•351  85 

7 

8 

•38791 

■148  39 

•018  33 

•673  92 

•648  75 

•22629 

8 

9 

■32625 

•065  62 

12-932  26 

■565  46 

•538  27 

■092  86 

9 

7° 

■260  43 

8-978  22 

•839  95 

•45042 

"4*9  47 

17-95088 

70 

1 

•19006 

•88589 

•740  81 

■328  26 

■29156 

■799  57 

1 

2 

■114  72 

•788  20 

•634  22 

•19833 

•153  72 

•638  14 

2 

3 

•033  90 

•684  67 

•519  41 

•059  98 

•004  92 

•465  65 

3 

4 

7-947  13 

•574  83 

•395  67 

12-91243 

16-84421 

■281  12 

4 

75 

■853  75 

•458  11 

•262  02 

•754  88 

■670  29 

•083  43 

75 

6 

■753  21 

■333  93 

•117  63 

•58644 

■482  05 

16-871  43 

6 

7 

•644  77 

•201  64 

11-961  39 

•40613 

■278  01 

•643  79 

7 

8 

•527  76 

■060  55 

•792  29 

■21288 

•056  82 

■399  09 

8 

9 

•401  30 

7-90981 

•609  02 

•005  52 

15-81674 

■135  71 

9 

80 

■264  46 

•748  61 

•410  18 

11-782  71 

•555  90 

15-85191 

80 

1 

•116  30 

■575  98 

•194  36 

•543  05 

■272  42 

•545  80 

1 

2 

6-955  65 

■390  90 

10-959  80 

•284  97 

14-963  95 

•21524 

2 

3 

•781  41 

•19226 

•704  86 

•006  8 1 

■628  31 

14-858  05 

3 

4 

■592  29 

6-978  82 

•427  60 

10-706  67 

•262  91 

•471  69 

4 

85 

•386  88 

•749  20 

•125  90 

•382  50 

13-86492 

•053  39 

85 

6 

•163  54 

•501  87 

9-797  31 

•031  97 

•431  08 

I3-599  97 

6 

7 

5-920  46 

•235  17 

•439  11 

9-652  59 

12-957  76 

•10809 

7 

8 

•656  06 

5-947  42 

•048  93 

•241  80 

•441  80 

12-574  38 

8 

9 

■368  03 

■63650 

8-623  30 

8-79635 

11-87857 

11-99446 

9 

90 

■054  31 

■30027 

•159  14 

•313  07 

•263  97 

•364  06 

90 

1 

4'7"  85 

4-936  18 

7-651  87 

7-78791 

10-591  89 

10-67758 

1 

2 

•338  32 

■541  94 

•097  99 

■217  54 

9-857  66 

9-930  59 

2 

3 

3-933  10 

■115  14 

6-496  58 

6-598  90 

•060  06 

•119  75 

3 

4 

■486  00 

3-649  72 

5-832  35 

5-92091 

8-178  70 

8-22843 

4 

95 

■ooi  64 

•146  75 

■112  23 

•18682 

7-222  82 

7-26259 

95 

6 

2-470 15 

2-600  II 

4-321  41 

4-384  93 

6-17267 

6-204  74 

6 

7 

1-891 19 

■012  80 

3-459  39 

3-518  66 

5-027  59 

5-057  36 

7 

8 

■299  45 

1-40056 

2-578  20 

2-624  35 

3-856  95 

3-878  45 

8 

9 

0-63759 

0-718  00 

I-59I  83 

1-62788 

2-54607 

2-562  28 

9 

IOO 

1-92040 

1-945  99 

0-522  46 

0-528  99 

1-12452 

1-126 16 

100 

1 

2-703  44 

5-703  44 

270344 

2-703  44 

2-703  44 

2-703  44 

1 

27—2 
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HM  Table  (Makeham  Graduation) 

Values  of  Annuities.  Joint  Lives.  Equal  Ages 

3  per  cent. 


Age 
X 

Two 

Three 

Four 

Age 
X 

Two 

Three 

Four 

Lives 

Lives 

Lives 

Lives 

Lives 

Lives 

axx 

axxx 

axxxx 

axx 

&XXX 

axxxx 

i 

19-161 

16-013 

13-587 

5° 

10-525 

8-621 

7-342 

2 

20-197 

17-358 

15-143 

1 

10-190 

8-312 

7-°57 

3 

20-740 

18-100 

16-035 

2 

9-854 

8-004 

6-774 

4 

21-038 

18-534 

16-577 

3 

9-5I7 

7-696 

6-491 

5 

21-227 

18-833 

16-965 

4 

9-180 

7-389 

6-2 1 1 

6 

21-318 

19-006 

17-208 

55 

8-844 

7-085 

5-934 

7 

21-327 

19-072 

I7-325 

6 

8-509 

6-783 

5-660 

8 

21-265 

19-046 

17-333 

7 

8-175 

6-483 

5-389 

9 

21-147 

18-946 

I7-253 

8 

7-843 

6-187 

5-122 

IO 

20-984 

18-787 

17-103 

9 

7-5I4 

5-895 

4-861 

i 

20-791 

18-589 

16-906 

60 

7-188 

5-607 

4-604 

2 

20-575 

18-361 

16-674 

1 

6-866 

5-325 

4-353 

3 

20-339 

18-110 

16-414 

2 

,6-548 

5-048 

4-107 

4 

20-094 

17-846 

16-141 

3 

6-235 

4-777 

3-869 

15 

19-839 

I7-572 

I5-854 

4 

5-928 

4-512 

3-636 

6 

19-583 

17-300 

I5-571 

65 

5-626 

4-254 

3-4" 

7 

I9-332 

17-030 

15-293 

6 

5-331 

4-004 

3-193 

8 

19-087 

16-773 

15029 

7 

5-042 

3-76o 

2-983 

9 

18-848 

16-526 

14-780 

8 

4-761 

3-525 

2-780 

20 

18-619 

16-293 

I4-548 

9 

4-487 

3-297 

2-586 

I 

18-398 

16-073 

I4-331 

70 

4-221 

3-078 

2-399 

2 

18-183 

15-861 

14-126 

1 

3-964 

2-868 

2-221 

3 

17-972 

15-656 

13-93° 

2 

3-7I5 

2-665 

2-05I 

4 

17-761 

15-453 

13-738 

3 

3-475 

2-472 

1-889 

25 

17-549 

15-251 

I3-548 

4 

3-243 

2-287 

1-735 

6 

17-334 

15-046 

I3-356 

75 

3-021 

2-III 

1-589 

7 

17-114 

14-837 

13-160 

6 
7 

2-808 
2-605 

1-943 
1-784 

1 -451 
1-322 

8 

16-888 

14-623 

12-959 

9 

16-657 

14-404 

12-754 

8 

2-410 

1-634 

1-199 

3° 

16-420 

14-179 

12-543 

9 

2-225 

1-492 

1-084 

i 

16-176 

13-947 

12-325 

80 

2-049 

1-358 

■977 

2 

15-927 

13-710 

12-102 

1 

1-882 

1-232 

•877 

3 

15-671 

13-467 

11-874 

2 

1-724 

1-114 

•784 

4 

15-410 

13-218 

11-640 

3 

1-576 

1-004 

■697 

35 

15-142 

12-964 

II-400 

4 

1-435 

■901 

•617 

6 

14-869 

12-704 

II-156 

85 

1-303 

•806 

•543 

7 

14-589 

12-439 

10-906 

6 

1-179 

•717 

•475 

8 

i4-304 

12-167 

10-652 

7 

1-064 

•635 

■414 

9 

14-013 

11-892 

10-392 

8 

■956 

•559 

•357 

4° 

13-718 

11-612 

I0-I30 

9 

•856 

•490 

•306 

i 

I3-4I7 

11-327 

9-862 

90 

•762 

•425 

•259 

2 

13-110 

11-037 

9-590 

1 

•676 

•368 

■218 

3 

12-800 

10-746 

9-3I7 

2 

■598 

■317 

•183 

4 

12-485 

10-449 

9-040 

3 

•521 

•266 

•147 

45 

12-167 

10-150 

8-761 

4 

•458 

•226 

•121 

6 

11-844 

9-847 

8-479 

95 

•397 

■187 

•096 

7 

11-518 

9-543 

8-196 

6 

•349 

■157 

•077 

8 

11-189 

9-237 

7-912 

7 

•323 

■146 

•071 

9 

10-858 

8-930 

7-627 

8 

•262 

■112 

T051 

9 

■203 

•087 

■038 

100 

•061 

•015 

•004 

HM  TABLE  (MAKEHAM  GRADUATION) 


THREE-AND-A-HALF  PER  CENT. 


INTEREST  CONSTANTS 


Constant 

Number 

Logarithm 

i 

•°35 

2-544  068  0 

(i+») 

l'°35 

0-014  94°  3 

(r+0* 

1-0173495 

0-007  470  2 

(!+»)* 

1-008  6374 

0-003  735  1 

V 

•966  183  6 

i-985°59  7 

V* 

•982  946  4 

1-9925298 

vi 

•99i  436  5 

1-9962649 

d 

■0338164 

2-5291277 

S 

•034  401  4 

2-536  5765 

i(a> 

•034  699  0 

2-5403170 

5(4) 

•034  549  8 

2-538  445  4 

422 


HM  Table  (Makeham  Graduation) 
Commutation  Table.     3£  per  cent. 


Age 
X 

D« 

N* 

s* 

c* 

M* 

R» 

Age 
X 

0 

o 

127280 

2  553  °52 

52  256  901 

13872 

40948 

785  908 

I 

109  no 

2  425  772 

49  703  849 

3698-5 

27  075-5 

744  959-6 

1 

2 

101  720 

2  316  662 

47  278  077 

2  142-1 

23  377-° 

717884-1 

2 

3 

96137 

2214942 

44  96i  415 

1  434-4 

21  234-9 

694507-1 

3 

4 

9i  45i 

2  118  805 

42  746  473 

1 115-6 

19  800-5 

673  272-2 

4 

5 

87  243 

2  027  354 

40  627  668 

863-14 

18  684-94 

653471-69 

5 

6 

83  430 

1  940  in 

38  600  314 

669-67 

17821-80 

634  786-75 

6 

7 

79  939 

1  856  681 

36  660  203 

518-68 

17152-13 

616964-95 

7 

8 

76717 

1  776  742 

34  803  522 

408-70 

16  633-45 

599812-82 

8 

9 

73  7H 

1  700  025 

33026780 

328-94 

16224-75 

583  179-37 

9 

10 

70892 

1  626  311 

31326755 

279-46 

15895-81 

566  954-62 

10 

i 

68215 

1  555  419 

29  700  444 

244-20 

15616-35 

551  058-81 

1 

2 

65664 

1  487  204 

28  145  025 

221-24 

I5  372-I5 

535  442-46 

2 

3 

63224 

1  421 540 

26657821 

208-19 

15  150-91 

520  070-31 

3 

4 

60877 

1  358  316 

25236281 

201-15 

14942-72 

5°4  919-4° 

4 

15 

58615 

1  297  439 

23  877  965 

207-61 

I4  74I-57 

489  976-68 

15 

6 

56426 

1  238  824 

22  580526 

213-96 

I4  533-96 

475  235-11 

6 

7 

54  304 

1  182  398 

21  341  702 

228-80 

14  320-00 

460  701-15 

7 

8 

52238 

1  128094 

20  159  304 

241-87 

14091-20 

446381-15 

8 

9 

50231 

1  075  856 

19  031  210 

255-3° 

13  849-33 

432  289-95 

9 

20 

48277 

1  025  625 

17  955  354 

266-09 

I3  594-03 

418  440-62 

20 

I 

46378 

977  348 

16929  729 

273-04 

13  327-94 

404  846-59 

1 

2 

44  537 

930  97° 

15  952  381 

276-05 

13  054-90 

391  518-65 

2 

3 

42754 

886433 

15  021  411 

276-35 

12  778-85 

378  463-75 

3 

4 

41033 

843  679 

14  134  978 

273-77 

12502-50 

365  684-90 

4 

25 

39  371 

802  646 

13  291  299 

269-02 

12  228-73 

353  182-40 

25 

6 

37  771 

763  275 

12  488  653 

262-29 

11959-71 

34°  953-67 

6 

7 

36231 

725  5°4 

11  725  378 

256-86 

11  697-42 

328  993-96 

7 

8 

34  750 

689  273 

10  999  874 

250-01 

11440-56 

317296-54 

8 

9 

33  324 

654  523 

10  310  601 

244-41 

.11190-55 

305  855-98 

9 

30 

31953 

621  199 

9  656  078 

237-86 

10946-14 

294  665-43 

3° 

I 

30  634 

589  246 

9  034  879 

232-81 

10  708-28 

283719-29 

1 

2 

29366 

558  612 

8  445  633 

227-83 

10475-47 

273011-01 

2 

3 

28145 

529  246 

7  887021 

223-23 

10  247-64 

262  535-54 

3 

4 

26970 

501 101 

7  357  775 

218-69 

10  024-41 

252  287-90 

4 

35 

25839 

474  131 

6  856  674 

215-06 

9  805-72 

242  263-49 

35 

6 

24  750 

448  292 

6382543 

211-70 

9  590-66 

232  457-77 

6 

7 

23702 

423  542 

5  934  251 

208-33 

9  378-96 

222867-11 

7 

8 

22692 

399  840 

5  510  709 

205-47 

9  170-63 

213488-15 

8 

9 

21  719 

377  148 

5  no  869 

203-58 

8965-16 

204317-52 

9 

4° 

20781 

355  429 

4  733  721 

200-84 

8761-58 

195  352-36 

40 

I 

19877 

334  648 

4  378  292 

199-47 

8  560-74 

186590-78 

1 

2 

19006 

314  771 

4  043  644 

198-42 

8361-27 

178  030-04 

2 

3 

18  165 

295  765 

3  728  873 

196-99 

8  162-85 

169  668-77 

3 

4 

17  353 

277  600 

3  433108 

I96-49 

7  965-86 

161  505-92 

4 

45 

16570 

260  247 

3  155  508 

196-02 

7  769-37 

153  540-06 

Al 

6 

15  814 

243  677 

2  895  261 

195-74 

7  573-35 

145  770-69 

6 

7 

15  083 

227  863 

2  651 584 

I95-83 

7  377-61 

138  I97'34 

7 

8 

14  377 

212  780 

2  423  721 

196-63 

7181-78 

130  81973 

8 

9 

13694 

198403 

2  210  941 

197-14 

6985-15 

123637-95 

9 

423 


Hm  Table  (Makbham  Graduation) 
Commutation  Table.     3£  per  cent. 


Age 
X 


5° 
1 
2 
3 

4 

55 
6 

7 
8 

9 
60 
1 
2 
3 
4 

65 
6 

7 


100 
1 


D* 


13  034 
12395 
"777 
11 178 
10598 

10035 
9490-1 

8961-5 
8  448-9 

7  951-5 

7  469-1 
7001-3 

6  547-7 
6  108-0 
5  682-1 

5  270-0 

4  87I-5 
4  486-8 
4116-0 
3  759-5 

3  4I7-4 
3  090-2 
2  778-4 
2  482-3 
2  202-7 

1  939-7 
1  694-1 
1  466-3 
1  256-6 
1  065-2 

892-26 
737.72 
601-23 
482-39 
380-47 

294-50 
223.31 
165-52 
119-71 
84-252 

57-571 
38-058 
24-275 
14-929 
8-749 

4-912 

2-612 

I-3I5 

■653 

•299 

•128 
•031 


N* 


184  709 

171  675 

159280 

147503 

136325 

125  727 

115  691-8 

106201-7 
97  240-2 
88791-3 

80839-8 

73  37°-7 
66  369-4 
59821-7 
53  7I3-7 
48031-6 
42  761-6 
37  890-1 
33  4°3-3 
29287-3 

25  527-8 

22  110-4 

19020-2 

16241-8 

13  759-5 

II556-8 

9617-1 

7  923-o 

64567 

5  200-1 

4  I34-89 
3  242-63 
2  504-91 
1  903-68 
1421-29 

1  040-82 
746-32 
523-01 
357-49 
237-784 

I53-532 
95-96I 
57-903 
33-628 
18-699 

9-95° 
5-038 
2-426 
i-iii 
■458 

•159 
•031 


2012538 

1  827  829 

1  656 154 

1  496  874 

1  349  371 

1  213046 

1087319-3 
971  627-5 
865  425-8 
768  185-6 

679  394-3 
598  554-5 
525  183-8 
458  814-4 
398  992-7 

345  279-0 
297  247-4 
254  485-8 
216595-7 
183  192-4 

I53  905-I 

128  377-3 

106  266-9 

87  246-7 

71  004-9 

57  245-4 
45  688-6 
36071-5 
28  148-5 
21  691-8 

16491-72 

12  356-83 

9  114-20 

6  609-29 

4  7°5-6l 

3  284-32 

2  243-50 

1  497-18 

974-17 

616-680 

378-896 

225-364 

129-403 

71-500 

37-872 

19-173 

9-223 

4-185 

1-759 

•648 

•190 
•031 


0, 


197-91 
199-41 
200-74 

202-22 
203-98 

205-96 
207-58 
209-54 
211-78 
213-51 
215-24 
216-85 
2I8-2I 

219-35 
220-06 

220-26 
219-89 
2ig-II 

217-38 
214-89 

211-62 
207-32 
202-09 

195-73 
188-43 

180-01 
170-60 
160-11 
148-89 
136-90 

124-38 

i"-54 
98-503 
85-6x1 
73-102 

61-236 
50-241 
40-210 
31-407 
23-833 

17-565 
12-496 

8-525  1 
5-675  i 
3-541  2 
2-1338 
1-2086 
•6183 

•3317 
•1603 

■0930 
•0299 


M, 


6788-01 
6590-10 
6  390-69 
6  189-95 
5  987-73 

5  783-75 
5  577-79 
5370-21 
5  160-67 
4948-89 

4  735-38 
4520-14 

4  303-29 
4085-08 
3  865-73 

3  645-67 

3  425-4I 
3205-52 
2  986-41 
2  769-03 

2  554-14 
2  342-52 
2  135-20 
1  933-n 
1  737-38 

1  548-95 
1368-94 
1  198-34 
1  038-23 
889-34 

752-44 

628-06 

516-521 

418-018 

332-407 

259-305 
198-069 
147-828 
107-618 
76-211 

52-378 
34-813 
22-3170 
13-791  9 
8-1168 

4-575  6 

2-441  8 

1-2332 

•6149 

•2832 

•1229 
•0299 


R.T 


116652-80 

109  864-79 

103  274-69 

96  884-00 

90  694-05 

84  706-32 
78  922-57 
73  344-78 
67  974-57 
62  813-90 

57865-01 
53  129-63 
48  609-49 
44  306-20 
40221-12 

36  355-39 
32  709-72 
29284-31 
26078-79 
23  092-38 

20  323-35 
17769-21 
15  426-69 
13291-49 
11  358-38 

9621-00 
8  072-05 
6703-11 
5  504-77 
4  466-54 

3  577-2Q 
2  824-76 
2  196-695 
1  680-174 
1  262-156 

929-749 
670-444 
472-375 
324-547 
216-929 

140-718 
88-340 
53-527  2 
31-2102 
17-4183 

9-301  5 
4-725  9 
2-284  I 
1-0509 
•4360 

•1528 
■0299 


424 


HM  Table  (Makeham  Graduation) 
Logarithms  of~Dx,  ~NX,  and  Mx.    3£  per  cent. 


Age 

X 

log  1^ 

logNz 

log  Ma, 

Age 
X 

logD* 

logNz 

l°g  Ms 

o 

5-i°4  77 

6-40706 

4-612  23 

50 

4-11508 

5-26649 

3-83I  74 

i 

•°37  85 

•38485 

•432  58 

1 

•093  26 

■234  72 

•81889 

2 

•007  40 

•36487 

•368  79 

2 

■071  03 

•202  16 

■805  55 

3 

4-982  89 

•345  35 

•32705 

3 

•048  36 

•168  79 

•791  69 

4 

•961  19 

•326  09 

•296  69 

4 

•025  21 

•134  59 

•777  26 

5 

■94°  73 

•306  94 

•271  49 

55 

■001  53 

■099  44 

■762  21 

6 

•921  32 

•28782 

•250  96 

6 

3-97727 

•063  30 

•746  46 

7 

•902  76 

•268  74 

■234  31 

7 

•952  38 

•026  12 

•729  99 

8 

•88489 

•249  61 

•22097 

8 

•926  80 

4-987  84 

•712  71 

9 

■86755 

•23045 

•210  18 

9 

■900  45 

■948  37 

■69451 

10 

•850  60 

•211  20 

•201  29 

60 

•87327 

•907  63 

•675  36 

i 

•83388 

•191  84 

•193  57 

1 

•845  18 

•865  52 

•655  15 

2 

•817  33 

•17237 

■18673 

2 

•81609 

•82197 

■633  80 

3 

•80088 

■152  75 

•18044 

3 

•785  go 

•776  86 

•611  20 

4 

•784  45 

■13300 

•17444 

4 

•754  51 

•73°  °9 

•58723 

15 

■768  01 

•H3°7 

•16856 

65 

•721  81 

■681  53 

•561  78 

6 

•751  48 

•093  00 

•162  39 

6 

•687  66 

•631  06 

•534  71 

7 

■734  83 

•072  76 

•155  94 

7 

■651  94 

•578  52 

■505  90 

8 

•71799 

■052  35 

•148  94 

8 

■61448 

•523  79 

•475  15 

9 

•70097 

•031  77 

•141  42 

9 

•575  T3 

•466  67 

•442  32 

20 

■683  74 

•01098 

•133  35 

70 

•533  7° 

•407  02 

•40724 

I 

•666  31 

5-990  05 

•12476 

1 

■489  99 

■344  59 

•36968 

2 

•648  72 

•968  94 

•11578 

2 

•443  79 

•27921 

•32944 

3 

•630  98 

•947  64 

•10650 

3 

•394  86 

•21064 

•28625 

4 

•613  13 

•926  18 

•097  01 

4 

•342  95 

•138  62 

•239  90 

25 

•595  18 

■904  53 

•08739 

75 

•28774 

■062  85 

■19005 

6 

•577  16 

•882  68 

•077  73 

6 

•228  95 

3-983  04 

•13637 

7 

•559  08 

■860  64 

■068  07 

7 

•166  21 

•898  89 

■078  57 

8 

•54°  95 

■838  39 

•058  46 

8 

■099  18 

•810  01 

•01628 

9 

■522  76 

■815  92 

■048  87 

9 

•02743 

•716  01 

2-94907 

3° 

•50451 

793  23 

■039  26 

80 

2-950  49 

•61647- 

•87647 

I 

•48621 

•770  30 

•029  71 

1 

■86789 

•510  89 

•798  00 

2 

■467  84 

•747  11 

•020  15 

2 

■779  04 

■398  79 

•71309 

3 

•449  40 

■723  66 

■010  64 

3 

■683  40 

■27960 

•621  20 

4 

•430  88 

•699  92 

•001  04 

4 

•580  32 

•152  69 

■521  67 

35 

■41228 

■675  90 

3-991  48 

85 

•469  09 

•01737 

■41382 

6 

•393  58 

•651  56 

■98185 

6 

•348  90 

2-872  93 

•29682 

7 

■374  78 

■626  89 

■972  16 

7 

•21884 

■718  51 

•16976 

8 

•355  87 

■601  89 

■962  40 

8 

•078  12 

•553  26 

•031  89 

9 

■33684 

■576  51 

•952  56 

9 

I-925  58 

■37618 

1-882  02 

40 

■31767 

•550  75 

•942  58 

90 

•76020 

•186  19 

■719 15 

1 

•298  36 

•524  59 

•93251 

1 

■58045 

1-98209 

•541  74 

2 

•278  89 

•49799 

•922  27 

2 

•385  16 

•762  70 

•348  64 

3 

■259  23 

•47°  95 

•911  84 

3 

•174  03 

■526  70 

•13963 

4 

•239  38 

•443  42 

•901  23 

4 

0-941  96 

■271  82 

0-909  38 

45 

•21932 

"4*5  39 

•890  39 

95 

•691  26 

0-99781 

•660  45 

6 

•19903 

•38682 

•87929 

6 

■416  99 

■702  23 

•387  71 

7 

•17849 

•357  67 

■867  92 

7 

•118  99 

•38482 

•091  03 

8 

•15767 

■327  93 

•85623 

8 

1-814  60 

•045  48 

178887 

9 

•13654 

•297  54 

•844  1 8 

9 

•475  15 

I-66o  73 

•452  03 

100 

■10803 

•202  00 

•089  4 1 

1 

2-491  03 

2-491  03 

2-476  09 

HM  Table  (Makeham  Graduation) 

Values  of  Annuities,  and  Single  and  Annual  Premiums 

for  Assurance  of  a  Unit 

Z\  per  cent. 


425 


Age 

X 

i 

% 

"■x 

Px 

Age 
X 

&x 

A 

JAX 

?x 

21-233 

•248  16 

•on  16 

50 

13-172 

•520  79 

•036  75 

2 

21775 

•229  82 

•01009 

1 

12-850 

•53i'66 

•038  39 

3 

22-039 

■22088 

•009  59 

2 

12-524 

■542  65 

•040  12 

4 

22-169 

•21652 

■009  35 

3 

12-196 

•553  77 

■041  97 

5 

22-238 

•214  17 

•009  22 

4 

11-864 

■565  00 

•043  92 

6 

22-255 

•213  62 

•009  19 

55 

ix-528 

■576  34 

■046  00 

7 

22-225 

•21456 

■009  24 

6 

11-191 

■587  75 

■048  21 

8 

22-I60 

•216  81 

•009  36 

7 

10-851 

•599  25 

•050  57 

9 

22-062 

•220  n 

•009  54 

8 

10-509 

•61082 

■053  07 

IO 

2I-940 

■22423 

•009  77 

9 

10-167 

•622  39 

•055  74 

i 

2I-802 

■228  92 

•01004 

60 

9-823 

■63400 

■058  58 

2 

21-648 

■234  10 

■010  34 

1 

9-480 

■645  61 

■061  61 

3 

21-484 

•239  64 

•010  66 

2 

9-136 

•657  22 

•064  84 

4 

2I-3I2 

■245  47 

•on  00 

3 

8-794 

•668  81 

•068  29 

15 

21-134 

•2515^ 

•on  36 

4 

8-453 

•680  33 

•071  97 

6 

20-955 

•257  58 

•011  73 

65 

8-114 

•691  78 

•075  90 

7 

20-774 

•263  70 

•012  II 

6 

7-778 

•7°3  15 

■080  10 

8 

20-596 

•269  74 

■OI2  49 

7 

7-445 

•7r4  43 

•084  60 

9 

20-418 

■275  71 

•OI2  87 

8 

7'II5 

•725  55 

■089  40 

20 

20-245 

■281  59 

■OI325 

9 

6-790 

•736  53 

■094  55 

I 

20-074 

•287  38 

■013  64 

70 

6-470 

•747  38 

•10005 

■7 

19-903 

•293  13 

•014  02 

1 

6-155 

•758  04 

•105  95 

3 

19733 

•298  90 

■014  42 

2 

5-846 

■768  51 

•112  26 

4 

19-561 

•304  71 

■014  82 

3 

5-543 

•778  74 

■119  02 

25 

19-387 

•310  61 

•OI524 

4 

5-247 

•788  77 

•12626 

6 

19-208 

•31664 

•015  67 

75 

4-958 

•798  56 

•134  03 

7 

19-024 

•32284 

•Ol6  12 

6 

4-677 

■808  02 

■14234 

8 

18-835 

■32924 

•OI660 

7 

4-404 

■81726 

•151  24 

9 

18-641 

•335  82 

•017  IO 

8 

4-I38 

•82623 

■160  79 

9 

3-882 

•83491 

■171  03 

3° 

18-441 

•342  57 

■OI762 

i 

18-235 

■349  54 

•Ol8  17 

80 

3-634 

■843  3° 

■181  97 

2 

18-023 

•356  71 

•Ol8  75 

1 

3-395 

■85135 

■193  69 

3 

17-804 

•364  12 

•OI9  36 

2 

3-166 

■859  11 

•20621 

4 

17-580 

•371  67 

•020  00 

3 

2-946 

•866  56 

•21958 

4 

2-736 

■87368 

•233  87 

35 

17-349 

•379  49 

•020  68 

6 

17-112 

•387  5° 

■021  39 

85 

2-534 

■88050 

■249  14 

7 

16-870 

■395  71 

•022  14 

6 

2-342 

•88699 

•265  39 

8 

16-620 

•404  14 

■022  94 

7 

2- 160 

•893  14 

•282  65 

9 

16-365 

•412  78 

■023  77 

8 

1-986 

•89902 

•301  04 

9 

1-822 

■9°4  57 

■320  51 

4° 

16-103 

•421  61 

■024  65 

I 

15-835 

■430  68 

•025  58 

90 

1-667 

•90981 

•341  16 

2 

15-562 

•439  93 

•02656 

1 

I-52I 

■91472 

•362  79 

3 

15-282 

•449  38 

■027  60 

2 

I-385 

•919  35 

•385  43 

4 

I4-997 

•459  °4 

•028  70 

3 

1-253 

•923  85 

•410  14 

45 

14-706 

■468  89 

•029  85 

4 

I-I37 

•927  73 

•434°7 

6 

14-409 

•478  92 

•031  08 

95 

1-026 

•93i  52 

•459  88 

7 

14-107 

•489  14 

•032  38 

6 

•929 

•934  80 

•48471 

8 

13-800 

•499  53 

•033  75 

7 

•844 

•937  65 

•508  41 

9 

13-488 

•51008 

•035  21 

8 

•702 

•942  48 

•553  85 

9 

■533 

•948  16 

•618  44 

100 

•242 

•958  03 

•771  63 

1 

•966  18 

■966  18 
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H    Table  (Makeham  Graduation) 

Logarithms  of  D  and  N.  Joint  Lives.  Equal  Ages 

3£  per  cent. 


Two  Lives 

Three  Lives 

Fotjb  Lives 

Age 

Age 

X 

loS  Dra: 

log  $xx 

log  ®xxx 

log  ®xxx 

log  T>xxxx 

log  »oa 

X 

0 

10-209  54 

11-38791 

I5-3I4  3I 

16-38001 

20-41908 

21-38030 

0 

I 

•090  64 

•358  II 

•143  43 

•340  98 

•19622 

■33001 

1 

2 

•044  68 

•333  99 

•081  96 

■31252 

•119  24 

•296  86 

2 

3 

•010  60 

•311  08 

•038  31 

■28619 

•066  02 

•267  01 

3 

4 

9-982  14 

•288  76 

•003  09 

•260  93 

•024  04 

•238  77 

4 

5 

•95616 

•26680 

14-971  59 

•23626 

19-98702 

■211  44 

5 

6 

•932  28 

•245  02 

•943  24 

■211  97 

•954  20 

•18472 

6 

7 

•910  10 

•22334 

•917  44 

•18794 

■924  78 

•158  39 

7 

8 

•889  30 

•201  70 

■893  7i 

•16400 

•898  12 

■13226 

8 

9 

•86956 

•180  01 

■87157 

•14004 

•873  58 

•106 16 

9 

IO 

•850  60 

■15824 

•850  60 

•115  98 

•850  60 

•079  98 

10 

i 

•832  10 

•136  31 

•83032 

•091  74 

•828  54 

•053  58 

1 

2 

•81394 

■114  18 

•81055 

■067  29 

•807  16 

•026  90 

2 

3 

■795  98 

■091  88 

•791  08 

•042  54 

■78618 

20-999  9° 

3 

4 

•778  06 

•069  34 

•771  67 

•017  49 

■765  28 

•972  51 

4 

15 

•760  13 

•04653 

•752  25 

15-992  10 

•744  37 

■944  69 

15 

6 

•742  01 

•023  46 

732  54 

•966  36 

•723  07 

•91640 

6 

7 

•723  65 

■000  13 

•712  47 

•940  24 

•701  29 

•887  65 

7 

8 

■70491 

10-976  52 

•691  83 

•913  74 

•678  75 

•858  40 

8 

9 

•685  81 

■952  64 

•670  65 

•88687 

•655  49 

•828  70 

9 

20 

■666  29 

•928  49 

•648  84 

•859  64 

•631  39 

■798  53 

20 

I 

•646  37 

•904  07 

■626  43 

•832  05 

•606  49 

•767  92 

1 

2 

•626  13 

■879  39 

•603  54 

•804 12 

■580  95 

■736  89 

2 

3 

•605  59 

•854  45 

■580  20 

•775  85 

•554  8i 

•705  44 

3 

4 

•58483 

•829  25 

■556  53 

•74726 

•528  23 

•673  61 

4 

25 

•563  87 

■803  77 

•532  56 

•71832 

•501  25 

■641  37 

25 

6 

•542  77 

•778  03 

■508  38 

■68903 

•473  99 

•608  72 

6 

7 

•52155 

•751  99 

•484  02 

•659  40 

•446  49 

•575  64 

7 

8 

•500  23 

•725  67 

•459  51 

■629  39 

•418  79 

■542  13 

8 

9 

•478  79 

■699  02 

•434  82 

•598  98 

•390  85 

•508  14 

9 

3° 

•457  23 

•672  05 

■4°9  95 

■568  14 

•362  67 

•473  65 

30 

i 

•435  57 

•644  72 

•384  93 

•53687 

•334  29 

•438  64 

I 

2 

•413  77 

•61703 

•359  7° 

•505  14 

•305  63 

•403  07 

2 

3 

•391  83 

■588  94 

■33426 

■472  90 

•276  69 

•36691 

3 

4 

•369  73 

•560  44 

•308  58 

■44°  14 

•24743 

■330  11 

4 

35 

•347  47 

•53i  5° 

•282  66 

•406  80 

•21785 

•292  63 

35 

6 

•325  01 

■502  10 

■256  44 

•372  88 

•18787 

■254  43 

6 

7 

•3°2  35 

■472  22 

•229  92 

•338  32 

•157  49 

•21548 

7 

8 

•279  47 

•441  81 

•203  07 

•3°3  11 

•12667 

■175  71 

8 

9 

•256  35 

•41084 

■175  86 

•267  15 

•095  37 

•13507 

9 

40 

•232  95 

•379  29 

•148  23 

•23045 

•06351 

•093  53 

40 

1 

•209  27 

•347 12 

■120  18 

•  192  93 

■031  09 

•050  96 

1 

2 

•18527 

•31429 

■091  65 

•154  58 

18-998  03 

•007  36 

2 

3 

•16089 

•280  76 

•062  55 

•115  28 

■964  21 

19-962  63 

3 

4 

•136  14 

•24650 

■032  90 

•075  00 

•929  66 

■916  70 

4 

45 

■no  96 

•211  44 

■002  60 

•033  67 

•894  24 

•869  48 

45 

6 

•085  32 

•175  54 

13-971  61 

14-991  23 

•85790 

•82088 

6 

7 

•059  18 

•138  71 

■939  87 

■947  60 

•82056 

•77081 

7 

8 

■032  48 

•10096 

■907  29 

•902  69 

•782  10 

•719  15 

8 

9 

•005  16 

•062  21 

•873  78 

•85641 

742  4° 

•665  80 

9 
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3^  per  cent. 


Two  Lives 

Three  Lives 

Foxm.  Lives 

Age 

Age 

X 

logDaar 

logNra 

log  T>xxx 

logNJJX  1 

loS  Diai 

log  TSxxxx 

X 

5° 

8-977  18 

10022  35 

13-839  28 

14-SoS  68 

18-701  38 

19-61063 

50 

i 

•948  48 

9-981  32 

•803  70 

"759  39 

■658  92 

■553  52 

1 

2 

•918  96 

•939  05 

■76689 

•708  42 

•61482 

■494  29 

2 

3 

■888  56 

•895  47 

•728  76 

•655  65 

•568  96 

•432  83 

3 

4 

•857  20 

■850  48 

-689  19 

■60095 

•521  18 

•368  92 

4 

55 

•824  78 

•803  97 

•648  03 

•544  19 

•471  28 

•302  42 

55 

6 

■79120 

•755  84 

■60513 

•485  20 

•41906 

•233  10 

6 

7 

•756  36 

•7°5  97 

•56034 

■423  82 

■364  32 

•160  74 

7 

8 

•720  14 

■654  22 

•513  48 

■359  85 

•306  82 

•085  15 

8 

9 

•682  38 

•60049 

•464  3i 

•293  12 

•246  24 

•00600 

9 

6o 

•642  96 

•54460 

•41265 

•223  39 

•182  34 

18-923  03 

60 

I 

■601  72 

■486  40 

•358  26 

•150  45 

•114  80 

•835  95 

1 

2 

•558  48 

■425  71 

■30087 

•074  01 

■043  26 

•744  41 

2 

3 

•513  °4 

•362  35 

•240  18 

13-993  84 

17-96732 

•648  05 

3 

4 

•465  20 

■29609 

■17589 

■909  59 

•88658 

•54646 

4 

65 

•414  74 

•226  73 

•10767 

•820  94 

•80060 

•439  19 

65 

6 

•361  38 

•I54°3 

•035  10 

•727  53 

•708  82 

•325  78 

6 

7 

•30488 

•077  70 

12-957  82 

•628  97 

•610  76 

•205  69 

7 

8 

•24490 

8-997  42 

•875  32 

■524  81 

■505  74 

•078  35 

8 

9 

■181 14 

■912  93 

■787  15 

•414  61 

-393  16 

17-943  J3 

9 

7° 

•113  22 

■823  85 

•69274 

■297  80 

•272  26 

•799  34 

70 

i 

•040  74 

■729  81 

•591  49 

•17386 

•142  24 

•646  23 

1 

2 

7-963  29 

•630  40 

■482  79 

•042  18 

•002  29 

•482  97 

2 

3 

•88037 

•525  14 

•365  88 

12-902  01 

16-85139 

■308  65 

3 

4 

•791  49 

•413  55 

•240  03 

•752  67 

•688  57 

•122  28 

4 

75 

•69601 

•295  08 

•104  28 

■593  31 

•512  55 

16-922  75 

75 

6 

•593  37 

•169 15 

11957  79 

-423  °5 

■322  21 

•708  89 

6 

7 

■482  83 

•035  07 

■799  45 

■240  90 

•116  07 

•479  36 

7 

8 

•363  71 

7-892  18 

•628  24 

■045  83 

15-892  77 

•232  77 

8 

9 

■235  15 

"739  66 

•44287 

11-83659 

■650  59 

15-967  50 

9 

8o 

•09621 

•57664 

•241  93 

■611  90 

•38765 

■681  79 

80 

i 

6-945  95 

•402  19 

•024  01 

•37°  37 

•102  07 

"373  76 

1 

2 

•783  19 

■215  29 

10-787  34 

-no  39 

14-791  49 

•041  27 

2 

3 

•60685 

•014  81 

•53°  30 

10-830  32 

•453  75 

14-682  14 

3 

4 

•4*5  63- 

6799  49 

•250  94 

•528  27 

•086  25 

•293  83 

4 

85 

•208  11 

■567  99 

9-947  J3 

•202  19 

13686  15 

I3-873  54 

85 

6 

5-982  67 

•318  77 

•616  44 

9-849  72 

■25021 

•418  17 

6 

7 

•737  49 

■050  19 

■256  14 

•468  38 

12-774  79 

12-92431 

7 

8 

•470  99 

576052 

8-863  86 

•055  61 

•256  73 

•388  60 

8 

9 

•180  85 

•44769 

■436  12 

8-608  19 

11-691  39 

11-80667 

9 

9° 

4-865  03 

•109  54 

7-969  86 

•122  94 

•07469 

•174  26 

90 

I 

■52047 

4743  49 

•46049 

7595  79 

10-400  51 

10-485  75 

1 

2 

•144  83 

•347  29 

6-904  50 

•023  42 

9-664 17 

9-736  73 

2 

3 

373751 

3-91854 

•30099 

6-402  78 

8-864  47 

8-923  87 

3 

4 

•288  31 

•451  13 

5-634  66 

5-722  76 

7-981  01 

•030  48 

4 

95 

2-801  85 

2-946  16 

4-912  44 

4-986  64 

•023  03 

7-062  62 

95 

6 

•268  25 

•39751 

■119  51 

•182  70 

5-97°  77 

6-002  68 

6 

7 

1-687  I9 

1-808  16 

3-255  39 

3314  35 

4-823  59 

4-853  21 

7 

8 

•093  35 

•193  96 

2-372  10 

2-418  02 

3-650  85 

3-672  25 

8 

9 

0-429  39 

0-50944 

I-383  63 

I-4I9  51 

2-337  87 

2-354  0I 

9 

too 

1-71009 

i-735  56 

0-312  15 

0-318  67 

0-914  21 

0-915  85 

100 

I 

5-491  02 

5-491  02 

5-491  02 

2-491  02 

5-491  02 

2-491  02 

1 
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HM  Table  (Makeham  Graduation) 

Values  of  Annuities.  Joint  Lives.  Equal  Ages 

3£  per  cent. 


Age 

X 

Two 

Three 

Four 

Age 

X 

Two 

Three 

Four 

Lives 

Lives 

Lives 

Lives 

Lives 

Lives 

ara: 

^xxx 

axxxx 

axx 

axxx 

axxxx 

i 

I7-5I3 

14-760 

12-608 

50 

10-096 

8-320 

7-114 

2 

18-467 

16-004 

i4-053 

1 

9-785 

8-030 

6-845 

3 

18-974 

16-696 

14-885 

2 

9-474 

7-740 

6-577 

4 

19-260 

17-107 

I5-396 

3 

9-161 

7-451 

6-309 

5 

19-447 

17-393 

I5-765 

4 

8-847 

7-161 

6-043 

6 

19-546 

17-567 

16-003 

55 

8-532 

6-873 

5-779 

7 

19-570 

17-642 

16-124 

6 

8-218 

6-587 

5-5I7 

8 

19-53° 

17-633 

16-145 

7 

7-904 

6-303 

5-258 

9 

19-439 

17-555 

16-084 

8 

7-592 

6-021 

5-002 

10 

19-307 

17-424 

I5-958 

9 

7-282 

5-742 

4-751 

I 

19-146 

17-257 

I5-789 

60 

6-973 

5-468 

4-504 

2 

18-964 

17-060 

I5-586 

1 

6-668 

5-197 

4-262 

3 

18-765 

16-843 

15-358 

2 

6-366 

4-931 

4-025 

4 

18-555 

16-612 

i5-"5 

3 

6-o68 

4-671 

3-794 

15 

18-337 

16-372 

14-860 

4 

5-775 

4-416 

3-57° 

6 

18-118 

16-132 

14-608 

65 

5-486 

4-167 

3-351 

7 

17-901 

I5-895 

14-359 

6 

5-204 

3-925 

3-140 

8 

17-690 

15-669 

14-124 

7 

4-927 

3-690 

2-935 

9 

17-486 

I5-452 

13-901 

8 

4-656 

3-462 

2-738 

20 

17-289 

15-248 

13-694 

9 

4-393 

3-241 

2-548 

1 

17-101 

15-055 

13-502 

70 

4-136 

3-028 

2-366 

2 

16-917 

14-870 

13-320 

1 

3-887 

2-823 

2-191 

3 

16-736 

14-691 

13-146 

2 

3-646 

2-626 

2-025 

4 

16-555 

I4-5I4 

12-976 

3 

3-413 

2-437 

1-866 

25 

16-374 

14-337 

12-808 

4 

3189 

2-256 

i-7!5 

6 

16-189 

I4-I59 

12-637 

75 

2-973 

2-083 

1-572 

7 

16-000 

13-976 

12-464 

6 

7 

2-765 
2-567 

1-919 

1-764 

I-436 
1-308 

8 

15-805 

I3-787 

12-284 

9 

15-605 

13-593 

I2-IOO 

8 

2-377 

1-616 

1-188 

9 

2-195 

1-476 

1-075 

3° 

15-399 

13-394 

II-9I2 

1 

15-187 

13-189 

II-7I6 

80 

2-023 

1-344 

•969 

2 

14-968 

12-978 

11-515 

1 

1-859 

1-220 

•869 

3 

14-744 

12-761 

11-309 

2 

1-705 

I-I04 

■777 

4 

I4-5I3 

12-538 

11-097 

3 

1-558 

•995 

•692 
■613 

35 

14-277 

12-309 

10-879 

4 

1-420 

•894 

6 

i4-035 

12-075 

10-656 

85 

1-290 

•799 

•54° 

7 

13-787 

11-836 

10-428 

6 

1-168 

•711 

•472 

8 

I3-532 

11-590 

10-195 

7 

1-055 

•630 

•411 

9 

13-272 

u-339 

9-958 

8 

•948 

•555 

•355 

40 

13-007 

11-084 

9-715 

9 

■849 

•486 

■304 

1 

12-736 

10-824 

9-468 

90 

•756 

•423 

■258 

2 

12-459 

10-559 

9-217 

1 

•671 

•366 

•217 

3 

12-179 

10-291 

8-964 

2 

•594 

•315 

■182 

4 

11-893 

10-018 

8-706 

3 

•517 

•264 

•147 

45 

11-603 

9-742 

8-446 

4 

•455 

•225 

•121 

6 

11-308 

9-462 

8-183 

95 

■394 

•186 

•095 

7 

II-OIO 

9-180 

7-918 

6 

•347 

■157 

•076 

8 

10-709 

8-895 

7-651 

7 

•321 

■145 

•071 

9 

10-404 

8-608 

7-383 

8 

•261 

•112 

•050 

9 

•202 

•086 

•038 

100 

•060 

•015 

•004 

HM  TABLE  (MAKEHAM  GRADUATION) 


FOUR  PER  CENT. 


INTEREST  CONSTANTS 


Constant 

Number 

Logarithm 

i 

■04 

2-602  060  0 

(i+») 

1-04 

0-0170333 

(i+0* 

1-0198039 

0-008  516  7 

(!+»)* 

1-0098534 

0-004  258  3 

W 

•961 538  5 

1-9829667 

flT 

•980  580  7 

I-99I483  3 

fi 

•990  242  7 

i-995  741  7 

d 

•038  461  5 

2-585  026  7 

a 

•039  220  7 

2-593  515  5 

i<2> 

•039  607  8 

2-597  780  7 

3d) 

•0394136 

2-595  646  4 

430 


HM  Table  (Makeham  Graduation) 
Commutation  Table.    4  per  cent. 


Age 
X 

D* 

^x 

4. 

"s 

Mx 

Rfc 

Age 
X 

o 

127280 

2  332  017 

44  612  595 

13806 

37590 

616 157 

0 

i 

108  580 

2  204  737 

42  280  578 

3  663-0 

23  784-0 

578  567-3 

1 

2 

100  740 

2  096  157 

40  075  841 

2III-3 

20  I2I-0 

554  783-3 

2 

3 

94  757 

1  995  4J7 

37  979  684 

1  407/0 

18  009-7 

534  662-3 

3 

4 

89706 

1  900  660 

35  984  267 

1  089-1 

16602-7 

516652-6 

4 

5 

85165 

1  810  954 

34  083  607 

838-53 

I5  5I3-57 

500  049-89 

5 

6 

81051 

1  725  789 

32  272  653 

647-46 

14  675-04 

484  536-32 

6 

7 

77288 

1  644  738 

30  546  864 

499-06 

14027-58 

469861-28 

7 

8 

73  8i4 

1  567  450 

28  902 126 

391-35 

13528-52 

455  833-70 

8 

9 

70585 

1  493  636 

27334676 

3I3-47 

I3I37-I7 

442  3°5-i8 

9 

IO 

67  557 

1  423  051 

25  841 040 

265-03 

12  823-70 

429  168-01 

10 

I 

64692 

1  355  494 

24417989 

230-48 

12558-67 

416  344-31 

1 

2 

61974 

1  290  802 

23  062  495 

207-80 

12  328-19 

403  785-64 

2 

3 

59  384 

1  228  828 

21 771 693 

194-61 

12  I20-39 

391  457-45 

3 

4 

56904 

1  169  444 

20  542  865 

187-12 

II  925-78 

379  337-o6 

4 

15 

54  528 

1  112  540 

19  373  421 

192-21 

II  738-66 

367411-28 

15 

6 

52240 

1  058  012 

18  260  881 

I97-J3 

II  546-45 

355  672-62 

6 

7 

50032 

1  005  772 

17  202  869 

209-79 

II  349-32 

344  126-17 

7 

8 

47898 

955  74° 

16 197  097 

220-71 

11  139-53 

332  776-85 

8 

9 

45  836 

907  842 

15  241 357 

231-84 

10918-82 

321  637-32 

9 

20 

43841 

862  006 

14  333  515 

240-48 

10  686-98 

310718-50 

20 

I 

41  914 

818  165 

13  471 509 

245-58 

10  446-50 

300031-52 

1 

2 

40  057 

776251 

12653344 

247-09 

10  200-92 

289585-02 

2 

3 

38268 

736  194 

11 877093 

246-17 

9  953-83 

279384-10 

3 

4 

36  551 

697  926 

11 140  899 

242-70 

9  707-66 

269  430-27 

4 

25 

34  903 

661  375 

10  442  973 

237-33 

9  464-96 

259  722-61 

25 

6 

33  323 

626  472 

9781598 

230-29 

9  227-63 

250  257-65 

6 

7 

31  810 

593  149 

9 155 126 

224-43 

8  997-34 

241  030-02 

7 

8 

30363 

561  339 

8  561  977 

217-40 

8  772-91 

232  032-68 

8 

9 

28977 

53°  976 

8  000  638 

211-50 

8  555-51 

223  259-77 

9 

30 

27652 

501  999 

7  469  662 

204-86 

8  344-oi 

214  704-26 

3° 

i 

26383 

474  347 

6  967  663 

199-54 

8  139-15 

206  360-25 

1 

2 

25169 

447  964 

6  493  316 

194-33 

7  939-61 

198221-10 

2 

3 

24007 

422  795 

6045352 

189-5° 

7  745-28 

190281-49 

3 

4 

22  894 

398  788 

5  622  557 

184-74 

7  555-78 

182  536-21 

4 

35 

21  828 

375  894 

5  223  769 

180-80 

7371-04 

174980-43 

35 

6 

20808 

354  °66 

4  847  875 

177-13 

7  190-24 

167  609-39 

6 

7 

19  831 

333  258 

4  493  809 

173-47 

7013-11 

160419-15 

7 

8 

18894 

313427 

4  160  551 

170-26 

6  839-64 

153  406-04 

8 

9 

17997 

294  533 

3  847  124 

167-88 

6  669-38 

146  566-40 

9 

4° 

17  138 

276  536 

3  552  591 

164-83 

6501-50 

139897-02 

40 

i 

16  313 

259  398 

3276055 

162-92 

6  336-67 

133  395-52 

1 

2 

15  523 

243  085 

3016657 

161-28 

6  173-75 

127058-85 

2 

3 

14  765 

227  562 

2  773  572 

159-35 

6012-47 

120885-10 

3 

4 

14038 

212  797 

2  546  010 

158-19 

5  853-12 

114872-63 

4 

45 

13  340 

198  759 

2  333  213 

157-04 

5  694-93 

109019-51 

45 

6 

12670 

185  419 

2  134  454 

156-07 

5  537-89 

103  324-58 

6 

7 

12026 

172  749 

1  949  035 

155-39 

5381-82 

97  786-69 

7 

8 

11  408 

160  723 

1  776  286 

155-27 

5  226-43 

92  404-87 

8 

9 

10  814 

149  315 

1  615  563 

I54-92 

5071-16 

87  I78-44 

9 

431 


HM  Table  (Makbham  Graduation) 
Commutation  Table.     4  per  cent. 


Age 

X 

D* 

N* 

s* 

cx 

M* 

Rx 

Age 
X 

50 

5° 

10243 

138  5QI 

1 466  248 

154-79 

4916-24 

82  107-28 

i 

9  694-4 

128  258-0 

1  327  747-3 

155-21 

4  76I-45 

77  191-04 

1 

2 

9  166-4 

118563-6 

1 199  489-3 

155-49 

4  606-24 

72  429-59 

2 

3 

8  658-2 

109  397-2 

1  080925-7 

I55-89 

4  450-75 

67823-35 

3 

4 

8  169-4 

100  739-0 

97i  528-5 

156-48 

4294-86 

63  372-60 

4 

55 

76987 

92  569-6 

870  789-5 

I57-25 

4138-38 

59077-74 

55 

6 

7  245-4 

84  870-9 

778  219-9 

157-72 

3981-13 

54  939-36 

6 

7 

6  808 -9 

77  625-5 

693  349-0 

I58-44 

3  823-41 

50958-23 

7 

8 

63887 

70  816-6 

615  723-5 

159-37 

3  664-97 

47  J34-82 

8 

9 

5  983-6 

64  427-9 

544  906-9 

159-89 

3  5°5-6o 

43  469-85 

9 

6o 

5  593-6 

58  444-3 

480  479-0 

160-42 

3  34571 

39  964-25 

60 

I 

5218-1 

52  850-7 

422034-7 

160-83 

3  185-29 

36618-54 

I 

2 

4856-5 

47  632-6 

369  184-0 

161-07 

3  024-46 

33  433-25 

2 

3 

4508-6 

42  776-1 

321  551-4 

161-14 

2  863-39 

30408-79 

3 

4 

4  I74'i 

38  267-5 

278  775-3 

160-88 

2  702-25 

27  545-40 

4 

65 

3  852-7 

34093-4 

240  507-8 

160-25 

2  54J-37 

24843-15 

65 

6 

3  544-2 

30  240-7 

206414-4 

159-21 

2  381-12 

22  301-78 

6 

7 

3  248-7 

26  696-5 

176  173-7 

157-88 

2  221-91 

19  920-66 

7 

8 

2  965-9 

23  447-8 

149  477-2 

155-88 

2  064-03 

17  698-75 

8 

9 

2  695-9 

20481-9 

126  029-4 

I53-36 

1  908-15 

15  634-72 

9 

7° 

2438-9 

17786-0 

105  547-5 

150-3° 

1  754-79 

13  726-57 

70 

I 

2  194-7 

15  347-1 

87761-5 

146-54 

1  604-49 

11  971-78 

1 

2 

1  963-8 

13  152-4 

72  414-4 

142-16 

1  457-95 

10  367-29 

2 

3 

1  746-1 

11  188-6 

59  262-0 

137-02 

1  315-79 

8  909-34 

3 

4 

1  541-9 

9  442-5 

48  073-4 

131-27 

1  178-77 

7  593-55 

4 

75 

1  351-4 

7  900-6 

38  630-9 

124-80 

1  047-50 

6414-78 

75 

6 

1  174-6 

6  549-2 

3°  73°-3 

117-71 

922-70 

5  367-28 

6 

7 

10117 

5  374-6 

24  181-1 

109-94 

804-99 

4  444-58 

7 

8 

862-84 

4  362-91 

18  806-47 

10175 

695-°5 

3  639-59 

8 

9 

727-93 

3  500-07 

14  443-56 

93-102 

593-299 

2  944-536 

9 

8o 

606-81 

2  772-14 

10  943-49 

84-182 

500-197 

2  35I-237 

80 

i 

499-3° 

2  165-33 

8I7I-35 

75-129 

416-015 

1  851-040 

1 

2 

404-97 

1  666-03 

6  006-02 

66-028 

340-886 

1  435-025 

2 

3 

323-36 

1  261-06 

4  339-99 

57-111 

274-858 

1  094-139 

3 

4 

253-81 

937-70 

3078-93 

48-532 

217-747 

819-281 

4 

85 

195-52 

683-89 

2  141-23 

4°-459 

169-215 

6oi-534 

85 

6 

I47-54 

488-37 

1  457-34 

33-°35 

128-756 

432-3I9 

6 

7 

108-83 

340-83 

968-97 

26-312 

95-721 

303-563 

7 

8 

78-332 

232-001 

628-136 

20-453 

69-409 

207-842 

8 

9 

54-866 

153-669 

396-I35 

15-446 

48-956 

I38-433 

9 

90 

37-310 

98-803 

242-466 

11-329 

33-5io 

89-477 

90 

1 

24-547 

61-493 

I43-663 

8-020  8 

22-l8l  I 

55-9668 

1 

2 

I5-58I 

36-946 

82-170 

5-445  7 

14-1603 

33-785  7 

2 

3 

9-536 

21-365 

45-224 

3-607  7 

8-7146 

19-625  4 

3 

4 

5-562 

11-829 

23-859 

2-2403 

5-I06  9 

10-9108 

4 

95 

3-108 

6-267 

12-030 

1-343  5 

2-866  6 

5-803  9 

95 

6 

1-645 

3-159 

5-763 

■757  3 

1-5231 

2-937  3 

6 

7 

■824 

I-5I4 

2-604 

•385  5 

765  8 

1-4142 

7 

8 

■407 

■690 

1-090 

•2059 

•3803 

•6484 

8 

9 

•185 

■283 

•400 

•099  0 

•174  4 

•268  1 

9 

100 

•°79 

■098 

•117 

•0571 

•075  4 

•093  7 

100 

1 

•019 

•019 

•019 

■0183 

•0183 

■0183 

1 

432 


H    Table  (Makeham  Graduation) 
Logarithms  ofT>x,  ~NX,  and  Mx.     4  per  cent. 


Age 

X 

o 

log  D,. 

logNz 

log  M,,. 

Age 
X 

log  A,. 

l°gNx 

logMj. 

5-10477 

6-367  73 

4-575  °7 

5° 

4010  43 

5-I4I  45 

3-691  63 

i 

■°35  76 

■343  35 

■37628 

1 

3-98652 

•108  09 

•677  74 

2 

■003  21 

•321  43 

•303  65 

2 

■962  20 

•°73  94 

•663  34 

3 

4-97661 

■300  03 

•255  51 

3 

•937  43 

•039  02 

•648  44 

4 

•952  82 

•278  91 

•220  19 

4 

■912  19 

•003  20 

•632  95 

5 

•93O  26 

■257  92 

•190  72 

55 

•88642 

4-966  47 

■61683 

6 

•908  76 

•236  99 

•16658 

6 

•860  06 

■928  76 

•600  00 

7 

•888  11 

•21609 

•147  00 

7 

■833  08 

■890  01 

•582  45 

8 

•868  14 

•195  21 

•13127 

8 

■805  41 

■850  14 

•564  07 

9 

•848  71 

•174  23 

•118  50 

9 

•776  96 

•80907 

•544  76 

IO 

•829  67 

•15324 

■108  02 

60 

•747  69 

•766  74 

■52449 

i 

■81085 

•132  10 

•098  96 

1 

•717  51 

•723  05 

•503  15 

2 

•792  21 

•no  86 

•090  89 

2 

■686  32 

•677  91 

■480  65 

3 

•773  67 

•089  48 

■083  50 

3 

•654  °4 

•631  20 

■456  88 

4 

755  14 

■067  96 

•076  49 

4 

■620  56 

•582  84 

•431  73 

15 

•736  62 

•046  30 

■069  63 

65 

•585  76 

•532  67 

■405  °7 

6 

■71800 

•024  49 

•062  43 

6 

•549  52 

•480  60 

•376  78 

7 

•699  25 

•002  51 

•054  96 

7 

■511  71 

•426  46 

•346  72 

8 

•680  32 

5-98o  34 

•046  89 

8 

•472  15 

•370  11 

•314  7i 

9 

•661  21 

■958  01 

•038  18 

9 

•430  71 

•3"  37 

•280  62 

20 

•641  88 

•935  51 

■028  86 

70 

•387  19 

•250  08 

•244  23 

I 

•622  36 

•912  84 

•018  99 

1 

•34i  38 

•18602 

•205  34 

2 

•602  68 

•890  00 

■008  64 

2 

•293  10 

■118  99 

•163  76 

3 

■582  84 

•866  99 

3'997  99 

3 

■242  08 

•048  79 

■119  19 

4 

•562  90 

•843  81 

•987  12 

4 

•18807 

3-975  09 

■071  44 

25 

•542  86 

■820  45 

■976  12 

75 

•130  77 

•897  66 

■020  15 

6 

•522  74 

•796  90 

•965  09 

6 

•069  89 

•816  19 

2-965  06 

7 

•5°2  57 

•773  16 

•954" 

7 

•005  05 

■730  35 

•905  79 

8 

■482  35 

749  23 

■943  14 

8 

2-935  93 

•639  78 

•842  02 

9 

•462  06 

•725  08 

•932  25 

9 

•862  09 

•544  08 

773  27 

3° 

•441  72 

•700  70 

■921  37 

80 

•783  05 

•442  81 

•699  14 

i 

•421  33 

•676  10 

■91058 

1 

•698  36 

•335  52 

•619  11 

2 

•400  86 

■651  24 

•899  80 

2 

■60742 

•221  68 

•532  61 

3 

•38033 

•626  14 

•88904 

3 

•509  68 

•100  75 

■439 11 

4 

•359  72 

•600  74 

•878  28 

4 

•404  51 

2-972  06 

"337  96 

35 

•339  02 

•575  06 

•867  53 

85 

•291  19 

■834  99 

■228  45 

6 

•31823 

•549  09 

■856  74 

6 

•168  90 

-688  75 

•109  78 

7 

•297  34 

■522  78 

■845  91 

7 

•036  75 

•532  54 

1-98101 

8 

■276  33 

•496 14 

■835  03 

8 

1-893  94 

•365  49 

•841  42 

9 

•255  21 

•469  13 

•824  09 

9 

•739  30 

•18659 

•689  81 

4° 

•233  95 

•441  76 

•813  01 

90 

•571  83 

1-994  77 

•525  17 

I 

•21254 

■413  97 

•801  86 

I 

•389  99 

•788  83 

•345  98 

2 

•190  98 

■385  77 

■790  55 

2 

•192  60 

•56757 

•151  06 

3 

■16923 

•357  10 

•779  06 

3 

o-979  38 

•329  70 

0-940  25 

4 

•147  29 

•327  97 

■767  39 

4 

•745  22 

•072  95 

•708  16 

45 

•125  14 

•298  33 

•755  49 

95 

•492  42 

0-797  04 

•457  37 

6 

•102  76 

•268  16 

743  35 

6 

•21606 

■499  56 

•18273 

7 

•080  12 

•237  42 

•730  93 

7 

1-91597 

■18027 

1-88413 

8 

■05721 

•206  07 

•718  20 

8 

■609  48 

1-83914 

•580  17 

9 

•033  99 

•174 12 

■705  11 

9 

•267  94 

•452  66 

•241  60 

100 

2-898  73 

2-992  28 

2-87749 

| 

1 

•279  63 

•279  63 

•262  60 

433 


HM  Table  (Makeham  Graduation) 

Value  of  Annuities,  and  Single  and  Annual  Premiums 
for  Assurance  of  a  Unit 

4  per  cent. 


Age 
X 

<*B 

&x 

?x 

Age 
X 

% 

Ax 

P* 

I 

i9-305 

•21904 

•010  79 

50 

12-522 

•479  95 

•035  50 

2 

19-807 

•199  73 

•009  60 

1 

12-230 

•491  16 

■037  12 

3 

20-059 

•19006 

•009  03 

2 

n-935 

•502  50 

•038  85 

4 

20-188 

•18508 

•008  74 

3 

11-635 

•51406 

•040  68 

5 

20-264 

•182  16 

•008  57 

4 

11-331 

■525  73 

•042  63 

6 

20-292 

•181  06 

•008  50 

55 

11-024 

■537  54 

•044  71 

7 

20-282 

•181  51 

■008  53 

6 

10-714 

■549  47 

•046  91 

8 

20-234 

•18329 

•008  63 

7 

10-401 

•561  53 

•049  25 

9 

20-162 

•186  12 

•008  80 

8 

10-085 

•573  67 

•051  75 

IO 

20-065 

•18982 

•009  01 

9 

9-767 

•585  87 

•054  41 

I 

19-953 

•19414 

■009  27 

60 

9-448 

■598  14 

■057  25 

2 

19-828 

■198  92 

•009  55 

1 

9-129 

•610  44 

•06027 

3 

15-692 

•204  09 

•009  86 

2 

8-808 

•622  77 

•063  50 

4 

19-551 

•209  58 

■010  20 

3 

8-488 

•635  10 

•066  94 

4 

8-168 

•647  40 

•070  61 

15 

i9-4°3 

•21528 

•010  55 

6 

19-254 

•221  02 

■010  91 

65 

7-850 

•659  64 

•074  54 

7 

19-102 

•226  84 

•on  28 

6 

7-533 

•671  83 

■078  74 

8 

18-954 

•232  58 

•on  66 

7 

7-218 

•683  93 

•083  23 

9 

18-806 

-238  22 

•012  03 

8 

6-906 

•695  92 

•088  02 

20 

18-662 

•243  77 

■012  40 

9 

6-597 

•707  80 

•093  16 

I 

18-520 

•249  25 

•012  77 

70 

6-293 

•71952 

•098  66 

2 

18-379 

•254  66 

•013  14 

1 

5-993 

•731  07 

•104  55 

3 

18-238 

■260  11 

•01352 

2 

5-698 

•742  44 

•no  86 

4 

18-095 

•265  60 

•013  91 

3 

5-408 

•753  55 

•117  60 

4 

5,I24 

■764  49 

•12484 

25 

17-949 

•271  18 

•014  31 

6 

17-800 

■276  92 

•01473 

75 

4-846 

■775  14 

•13258 

7 

17-647 

•282  84 

•015  17 

6 

4-576 

•785  54 

•14089 

8 

17-488 

•288  93 

■015  63 

7 

4-3I3 

■795  68 

■149  78 

9 

!7-324 

■295  25 

•016  11 

8 

4-057 

•805  55 

■159  31 

9 

3-808 

•81504 

■169  51 

3° 

i7,:[55 

•3°i  75 

•016  62 

1 

16-979 

•308  50 

•017  16 

80 

3-568 

•82431 

•18044 

2 

16-799 

•315  46 

•017  72 

1 

3-337 

•833  2° 

•192  13 

3 

16-612 

■322  63 

•018  32 

2 

3«4 

•841  76 

•204  61 

4 

16-419 

•33°  °4 

•018  95 

3 

2-900 

•850  02 

•21795 

•019  61 

4 

2-695 

•857  93 

•232  22 

35 

16-221 

•337  68 

6 

16-016 

•345  55 

■020  31 

85 

2-498 

•865  49 

•247  43 

7 

15-805 

•353  65 

■021  04 

6 

2-310 

■872  73 

•263  65 

8 

15-588 

•361  99 

•021  82 

7 

2-132 

•879  55 

•280  85 

9 

I5-300 

•370  58 

•022  64 

8 
9 

1-962 
1-801 

•886  09 
•892  30 

■299  18 
•31858 

40 

15-136 

•379  37 

•023  51 

•339  16 
•360  70 

1 

14-902 

•388  44 

•024  43 

90 

1-648 

•898  13 

2 

14-660 

"397  71 

•025  40 

1 

l-5°5 

■903  63 

3 

14-413 

•407  22 

•026  42 

2 

I-371 

•908  78 

•38326 

4 

i4-!59 

•41697 

•02751 

3 
4 

1-240 
1-127 

•91384 
•918  21 

•407  90 
•431  73 

45 

13-900 

•426  92 

•028  65 

6 

13-635 

■437  IJ 

•029  87 

95 

1-017 

•922  47 

•457  44 
•482  14 
•505  66 
•550  85 
•615  09 

7 
8 

13-364 
13-089 

•447  52 
•458  13 

•031 15 
•032  52 

6 

7 

■921 
•838 

•926  13 
•929  31 

9 

12-807 

■468  94 

•033  96 

8 
9 

•697 
•53° 

•934  74 
•941  15 

100 

■240 

•952  27 

•767  73 

1 

•961  54 

•961  54 

28 
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HM  Table  (Makeham  Graduation) 

Logarithms  of  D  and  N.  Joint  Lives.  Equal  Ages 

4  per  cent. 


Two  Lives 

Thkbb  Lives 

Four  Lives 

Age 

Age 

X 
o 

log  Dxx       lo 

;N„ 

loS  ^xxx      log 

'  ^>xxx 

log  ®xxxx 

log  T&xxxx 

X 

10-20954      ii- 

35374 

15-31431      16- 

349  74 

20-41908 

21-35326 

0 

I 

■088  55 

321 41 

•i4r34 

307  75 

•194  J3 

•299  53 

1 

2 

•040  49 

29524 

•°77  77 

27708 

•115  °5 

•264  04 

2 

3 

■004  32 

27038 

•032  03 

24873 

•059  74 

•232  08 

3 

4 

9-973  77 

246 18 

14-994  72 

221  52 

•01567 

•201  86 

4 

5 

■945  69 

22235 

■961 12 

194  99 

I9-976  55 

•172  60 

5 

6 

•91972 

19874 

•930  68 

16885 

■941  64 

•144  01 

6 

7 

•895  45 

17528 

•902  79 

143  01 

•910  13 

•115  88 

7 

8 

■872  55 

151  86 

•876  96 

11727 

•881  37 

•08796 

8 

9 

•850  72 

12840 

•852  73 

09156 

•854  74 

•060  09 

9 

IO 

•829  67 

10486 

■82967 

06577 

•82967 

•032  14 

10 

T 

■809  07 

081  17 

•807  29 

039  77 

•805  51 

•004  02 

1 

2 

•78882 

057  32 

•785  43 

OI3  55 

•782  04 

20-975  61 

2 

3 

■768  77 

033  26 

•763  87      15 

98709 

758  97 

•946  86 

3 

4 

■748  75 

00898 

•742  36 

96031 

735  97 

•917  74 

4 

15 

■728  74      10 

98445 

•720  86 

93319 

•712  98 

•888  17 

15 

6 

•7°8  53 

959  65 

•699  06 

90570 

•689  59 

•858 15 

6 

7 

•688  07 

934  58 

•676  89 

87784 

•665  71 

•827  64 

7 

8 

•667  24 

90924 

■654  16 

84960 

•641  08 

■796  64 

8 

9 

•646  05 

88362 

•630  89 

82098 

•615  73 

•765 18 

9 

20 

•624  43 

857  74 

•606  98 

792  01 

•589  53 

733  25 

20 

I 

■602  42 

83158 

•582  48 

762  67 

■562  54 

•70088 

1 

2 

•580  09 

80517 

•557  50 

733  00 

•534  91 

•668  09 

2 

3 

•557  45 

77851 

■532  06 

70299 

•506  67 

•634  89 

3 

4 

•534  6° 

75159 

■506  30 

672  66 

•478  00 

•601  30 

4 

25 

•5"  55 

72440 

•480  24 

64199 

•448  93 

•567  31 

25 

6 

•488  35 

69695 

•453  96 

61099 

•419  57 

•532  92 

6 

7 

•465  04 

66921 

•42751 

579  64 

■38998 

•498  10 

7 

8 

•441  63 

641  20 

•400  91 

547  90 

■360  19 

■462  85 

8 

9 

■418  09 

■612  86 

•374  12 

515  78 

•330  15 

•427  13 

9 

3° 

"394  44 

•584  20 

■347  16 

48326 

•299  88 

•390  94 

30 

i 

•37°  69 

•555  19 

•320  05 

45030 

•269  41 

•354  2° 

1 

2 

•346  79 

•525  82 

•292  72 

41686 

•238  65 

■316  91 

2 

3 

•322  76 

•496  07 

■265  19 

38294 

•207  62 

•279  05 

3 

4 

•298  57 

•465  92 

•23742 

34848 

■17627 

•240  55 

4 

35 

•274  21 

•435  32 

•209  40 

313  49 

■144  59 

•201  37 

35 

6 

•249  66 

•40427 

■181  09 

27788 

•112  52 

•l6l  49 

6 

7 

•224  91 

•372  73 

•15248 

241  67 

•080  05 

•I2087 

7 

8 

•199  93 

■340  66 

•123  53 

20477 

■047  13 

■079  40 

8 

9 

•174  72 

•308  07 

•094  23 

167  17 

•013  74 

-037  II 

9 

4° 

•149  23 

•274  87 

•06451 

■12882 

18-979  79 

19-993  85 

40 

I 

•123  45 

•241  07 

•034  36 

08966 

•945  27 

•949  63 

1 

2 

•097  36 

•206  64 

■003  74 

•049  64 

•910  12 

■904  36 

2 

3 

•070  89 

•171  46 

I3-972  55 

•008  69 

•87421 

•85795 

3 

4 

•044  05 

•135  58 

•94081      14 

•966  76 

■837  57 

•81035 

4 

45 

•016  78 

•098  89 

■908  42 

■923  79 

•800  06 

■761  46 

45 

6 

8-98905 

•061  38 

•875  34 

•87971 

■761  63 

•711  20 

6 

7 

•960  01 

■022  96 

•841  50 

•834  43 

•722  19 

■659  46 

7 

8 

•932  02        9 

•983  57 

■806  83 

•78789 

•681  64 

•606  13 

8 

9 

•902  61 

■943  18 

■771  23 

■739  97 

•63985 

•551  12 

9 
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H    Table  (Makeham  Graduation) 

Logarithms  of  D  and  N.  Joint  Lives.  Equal  Ages 

4  per  cent. 


Two  Lives 

Three  Lives 

Four  Lives 

Age 

Age 

X 

log  Ara 

log  ®xx 

log  T>xxx 

log  ®xxx 

log  Vxxxx 

log  'iZxxxx 

X 

5° 

8-87253 

9-901  71 

1373463 

14-690  59 

18-59673 

19-49428 

5° 

i 

■841  74 

■859  08 

•696  96 

■639  66 

■552  18 

■435  49 

1 

2 

•810  13 

•815  21 

■658  06 

■587  °4 

■505  99 

■374  60 

2 

3 

•777  63 

■770  00 

•61783 

■532  63 

•458  03 

•3"  44 

3 

4 

•744  18 

■723  39 

•57617 

•476  28 

•408  16 

•245  86 

4 

55 

•709  67 

•675  26 

•532  92 

■41785 

•35617 

■17768 

55 

6 

■673  99 

•625  51 

■487  92 

•357  21 

•301  85 

•10667 

6 

7 

•637  06 

•574  °2 

•441  04 

•29416 

■245  02 

•032  62 

7 

8 

•598  75 

•520  65 

■392  09 

•228  55 

•18543 

18-955  32 

8 

9 

•558  89 

•465  28 

■340  82 

■160  14 

■12275 

•874  46 

9 

6o 

•517  38 

•407  76 

■28707 

■088  74 

•056  76 

■78980 

60 

i 

■474°5 

•347  92 

•230  59 

•014  10 

17-98713 

•701  01 

1 

2 

•428  71 

•285  58 

•171  10 

13-93600 

•913  49 

•607  74 

2 

3 

•381 18 

•220  58 

■108  32 

■85412 

•835  46 

•509  65 

3 

4 

•33i  25 

•152  66 

•041  94 

•768  16 

•752  63 

■406  32 

4 

65 

■278  69 

•081  64 

12-971  62 

•677  81 

•664  55 

•297  3° 

65 

6 

•22324 

•007  28 

■89696 

•582  68 

■570  68 

•182  13 

6 

7 

•16465 

8-929  25 

•8i7  59 

•482  39 

•47°  53 

•060  28 

7 

8 

•10257 

•847  30 

.732  99 

•37°  50 

■363  41 

17-931  17 

8 

9 

■036  72 

•761  12 

•642  73 

•264  56 

•248  74 

•794  J7 

9 

70 

7-966  71 

■670  34 

•54°  23 

■14600 

•125  75 

•648  59 

7° 

1 

•892  13 

•574  59 

■442  88 

•020  28 

16-993  63 

•493  68 

1 

2 

•81260 

•473  46 

•332  10 

12-88682 

■851  60 

•328  62 

2 

3 

■72759 

•366  46 

•213  10 

•74488 

•698  61 

■15247 

3 

4 

■636  61 

•253  14 

•085  15 

•593  74 

•533  69 

16-964  26 

4 

75 

•539  °4 

•132  93 

n-947  31 

•432  57 

•355  58 

■762  88 

75 

6 

"434  31 

■005  22 

•798  73 

•26050 

•163  15 

•547  l6 

6 

7 

•321  67 

7-869  38 

•638  29 

•07653 

15-954  9i 

•315  76 

7 

8 

•200  46 

■724  70 

•464  99 

11-87960 

■72952 

•067  29 

8 

9 

•069  81 

•57°  38 

•277  53 

■668  52 

•485  25 

15-800  13 

9 

80 

6-928  77 

•405  55 

•074  49 

■441  96 

•220  21 

•512  51 

80 

1 

•776  42 

•22927 

10-85448 

•198  55 

I4-932  54 

•202  57 

1 

2 

•611  57 

•040  52 

•61572 

10-936  68 

•61987 

14-868  15 

2 

3 

•433  13 

6-838  19 

•356  58 

•654  72 

•280  03 

-507  07 

3 

4 

•23982 

•621  03 

■°75  13 

•35°  77 

13-91044 

•11681 

4 

85 

•030  21 

■38766 

9-769  23 

•022  76 

■508  25 

13-694  58 

85 

6 

5-802  67 

•13656 

•436  44 

9-668  34 

■070  21 

•237  24 

6 

7 

■555  4° 

5-86610 

•074  05 

•285  06 

12-592  70 

12-741  40 

7 

8 

•28681 

•574  54 

8-679  68 

8-870  34 

•072  55 

•203  71 

8 

9 

4-994  57 

•259  78 

•249  84 

•420  96 

11505  11 

11-61978 

9 

90 

■676  66 

4-919  70 

7-781  49 

7-933  74 

10-88632 

10-985  37 

90 

1 

•33001 

■551  72 

•270  03 

■404  59 

■21005 

■294  86 

1 

2 

3-95227 

-I53  57 

6-711  94 

6-830  23 

9-471  61 

9-543  8I 

2 

3 

•542  86 

3-72287 

•106  34 

•207  58 

8-669  82 

8-728  92 

3 

4 

•091  57 

•253  48 

5'437  92 

5-525  58 

7-784  27 

7-833  50 

4 

95 

2-603  01 

2-746  54 

4-713  60 

4787  43 

6-824  19 

6-86358 

95 

6 

•067  32 

•195  9o 

3-91858 

3-98145 

5-769  84 

5-801  61 

6 

7 

1-484  17 

1-60451 

■052  37 

•in  06 

4-620  57 

4-650  05 

7 

8 

o-888  23 

0-988  32 

2-16698 

2-21269 

3-445  73 

3-467  °2 

8 

9 

•222  18 

■301  83 

1-17642 

I-2I2  II 

2-13066 

2-14672 

9 

IOO 

[•50079 

1-526  13 

0-102  85 

0-10931 

0-704  91 

0-706  54 

100 

1 

2-279  63 

2-279  63 

2-279  63 

2-279  63 

2-279  63 

2-27963 

1 

28—2 
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HM  Table  (Makeham  Graduation) 

Values  of  Annuities.  Joint  Lives.  Equal  Ages 

4  per  cent. 


Age 
X 

Two 

Three 

Four 

Age 
X 

Two 

Three 

Four 

Lives 

Lives 

Lives 

Lives 

Lives 

Lives 

axx 

axxx 

^xxxx 

axx 

axxx 

JC£X*1 

i 

16-095 

13-669 

n-747 

50 

9-695 

8-036 

6-899 

2 

16-978 

14-824 

i3-093 

1 

9-407 

7-764 

6-644 

3 

17-453 

15-470 

13-871 

2 

9-117 

7-492 

6-389 

4 

17-725 

I5-859 

14-353 

3 

8-826 

7-219 

6-135 

5 

17-908 

16-134 

I4-705 

4 

8-533 

6-945 

5-882 

6 

18-012 

16-305 

I4-936 

55 

8-238 

6-673 

5-630 

7 

18-047 

16-386 

15-060 

6 

7-944 

6-401 

5-38o 

8 

18-024 

16-391 

15-091 

7 

7-649 

6-131 

5-132 

9 

17-953 

16-332 

15-045 

8 

7-354 

5-862 

4-887 

IO 

17-844 

16-222 

14-940 

9 

7-061 

5-597 

4-646 

i 

17-711 

16-079 

14-794 

60 

6-769 

5-334 

4-408 

2 

17-557 

I5-910 

14-616 

1 

6-479 

5-075 

4-175 

3 

17-386 

I5-720 

14-414 

2 

6-193 

4-820 

3-94° 

4 

17-207 

15-518 

14-197 

3 

5-909 

4-569. 

3-723 

15 

17-018 

I5-305 

13-969 

4 

5-629 

4-324 

3-505 

6 

16-829 

I5-093 

13-742 

65 

5-353 

4-084 

3-293 

7 

16-641 

14-884 

I3-5I9 

6 

5-082 

3-850 

3-088 

8 

16-458 

14-683 

13-308 

7 

4-816 

3-622 

2-888 

9 

16-281 

14-492 

13-108 

8 

4-556 

3-4°i 

2-696 

20 

16112 

I4-3I2 

12-923 

9 

4-302 

3-186 

2-511 

I 

15-950 

14-142 

12-751 

7° 

*4-°54 

2-979 

2-333 

2 

15-791 

13-979 

12-589 

1 

3-8i4 

2-779 

2-163 

3 

15-637 

I3-823 

12-435 

2 

3-58o 

2-587 

1-999 

4 

15-481 

13-668 

12-283 

3 

3-354 

2-402 

1-844 

4 

3-136 

2-226 

1-695 

25 

15-325 

I3-5I3 

12-134 

6 

15-166 

I3-356 

11-982 

75 

2-925 

2-057 

1-555 

7 

15  002 

13-194 

11-827 

6 

2-723 

1-896 

1-421 

8 

I4-833 

13-028 

11-666 

7 

2-530 

1-743 

1-295 

9 

I4-D59 

12-857 

11-502 

8 

2-344 

1-598 

1-177 

3° 

14-479 

I2-68I 

11-332 

9 

2-166 

1-460 

1-065 

I 

I4-293 

12-497 

11-156 

80 

1-998 

1 -331 

■960 

2 

I4-I02 

12-309 

10-975 

1 

1-837 

1-208 

•862 

3 

I3-905 

12-114 

10-788 

2 

1-685 

1-094 

•771 

4 

I3-70I 

11-914 

10-595 

3 

I-54I 

•987 

•687 

35 

I3-49I 

11-708 

10-397 

4 

1-406 

•886 

•608 

6 

13-276 

n-497 

10-194 

85 

1-278 

■793 

•536 

7 

13-054 

11-280 

9-985 

6 

I-I57 

•706 

•469 

8 

I2-827 

11-057 

9-772 

7 

1-045 

•626 

•408 

9 

12-594 

10-829 

9-552 

8 

■940 

•551 

•353 

40 

12-355 

10-596 

9-329 

9 

•842 

■483 

•302 

1 

I2-III 

10-358 

9-101 

90 

•75o 

•420 

•256 

2 

n-86o 

10-115 

8-868 

1 

•666 

•363 

•216 

3 

11-606 

9-868 

8-633 

2 

•590 

■313 

•181 

4 

11-346 

9-616 

8-393 

3 

•514 

•263 

•146 

45 

11-082 

9-360 

8-150 

4 

•452 

•224 

•120 

6 

10-812 

9-101 

7-904 

95 

■392 

■185 

•095 

7 

10-538 

8-839 

7-655 

6 

-.345 

•156 

•076 

8 

10-260 

8-573 

7-404 

7 

•319 

■145 

•070 

9 

9-979 

8-305 

7-152 

8 

•259 

■III 

•050 

9 

•201 

•086 

•038 

100 

•060 

•015 

•004 

BRITISH  OFFICES  LIFE  TABLES,  1893 

WHOLE-LIFE  NON-PARTICIPATING  ASSURANCES 
MALE  LIVES 

Q[NM] 
SELECT  TABLES 

GRADUATION  FUNCTIONS 


t  = 

0 

1 

2 

A, 

•002  720  1 

•004  617  2 

•005  767  9 

B, 

•000  072  150 

•000075  981 

■000085  "7 

at 

•001  623  6 

■002  278  7 

■002  650 1 

ft 

•000  033  393 

•000  036  503 

•000041 183 

logio  B, 

5-858  234  4 

5-880  703  9 

5-9300141 

logio  ft 

5-523  655  4 

55623286 

5-6147180 

logio  *l 

5-060  845  6 

5-062  091  5 

5-062  682  5 

logio  ff» 

-  -ooo  573  064 

-■000554370 

-•000  540 126 

t  = 

3 

4 

5  or  more 

A, 

•006  358  8 

■006  576  5 

•006  607  6 

B, 

■000096021 

•000  105  156 

■000  108  987 

a, 

•002  8190 

•002  866  2 

■002  869  6 

ft 

•000045873 

•000  048  933 

•000  049  523 

logio  B, 

5-982  364  2 

4-021  835  3 

4-037  376  4 

logio  ft 

5-661  557  1 

5-689  601  8 

5-694  806  9 

log10  h 

5-062  901  9 

5-062  952  5 

5-0629560 

logio  9t 

-■000  531  381 

-  -ooo  527  674 

-•000527087 

ABSOLUTE  CONSTANTS 
0=1-0939564;  log10c=-O39;  log6c  =  'o89  8oo8;  Iog10s=-a5 


=  -  '002  8696 


log  £[*]  +  <=  log  &,+  (x+t)logs+c*  +  tloggt 
Md  +  (=A(+B4c*  +  < 
C°ho(P[x\  +  t)=at+  foe*** 
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OtNM] 

hxi+t 

OINM 

Years  elapsed  since 

Date  ov  Assurance 

Age  at 
Entry- 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

fas] 

»+5 

'w 

'uiti 

hxin 

'[iCl+3 

'M+4 

'■X+b 

20 

IOO  ooo 

99  58o 

99003 

98  333 

97  616 

96879 

25 

I 

99264 

98844 

98  267 

97  596 

96877 

96137 

6 

2 

98530 

98  109 

97  53° 

96857 

96  135 

95  392 

7 

3 

97  794 

97  369 

96  790 

96 115 

95  389 

94  641 

8 

4 

97°55 

96630 

96048 

95  37° 

94639 

93  886 

9 

25 

96316 

95887 

95302 

94619 

93884 

93  124 

3° 

6 

95  567 

95  135 

94  547 

93862 

93122 

92  355 

1 

7 

94818 

94382 

93  791 

93  I00 

92  353 

91578 

2 

8 

94°59 

93618 

93023 

92327 

91574 

90790 

3 

9 

93  3°° 

92854 

92253 

91  550 

90788 

89  995 

4 

3° 

92529 

92  079 

91472 

90763 

89991 

89187 

35 

i 

91749 

91294 

90682 

89964 

89183 

88365 

6 

2 

90962 

90500 

89879 

89154 

88361 

87  529 

7 

3 

90163 

89693 

89066 

88  330 

87  525 

86678 

8 

4 

89  355 

88877 

88241 

87494 

86674 

85810 

9 

35 

88536 

88048 

87402 

86642 

85806 

84924 

40 

6 

87700 

87203 

86545 

85  771 

84918 

84OI6 

1 

7 

86850 

86342 

85670 

84881 

84010 

83085 

2 

8 

85981 

85  459 

84  775 

83  971 

83079 

82  I30 

3 

9 

85092 

84  559 

83861 

83  039 

82  124 

8l  I48 

4 

4° 

84188 

83639 

82924 

82081 

81  141 

80136 

45 

i 

83257 

82693 

81962 

81  096 

80131 

79  095 

6 

2 

82  300 

81  720 

80969 

80081 

79086 

78017 

7 

3 

81  319 

80  720 

79948 

79035 

78010 

76904 

8 

4 

80310 

79691 

78897 

77  956 

76897 

75  753 

9 

45 

79267 

78627 

77807 

76  837 

75  743 

74  557 

50 

6 

78192 

77  528 

76683 

75682 

74  549 

73  3i8 

1 

7 

77083 

76  394 

75  520 

74  483 

73  3o8 

72  029 

2 

8 

75  931 

75216 

74  312 

73  239 

72019 

70690 

3 

9 

74  736 

73  993 

73  057 

71945 

70  679 

69296 

4 

5° 

73  499 

72724 

71753 

7°599 

69284 

67845 

55 

i 

72212 

71  405 

70398 

69199 

67831 

66333 

6 

2 

70878 

70036 

68989 

67  744 

66319 

64  759 

7 

3 

69483 

68606 

67518 

66225 

64  743 

63  118 

8 

4 

68036 

67  120 

65989 

64644 

63  102 

61  409 

9 

55 

66527 

65  571 

64  395 

62997 

61392 

59629 

60 

6 

64952 

63  954 

62732 

61  279 

59  6io 

57  776 

1 

7 

63  315 

62  274 

61  004 

59  494 

57  758 

55851 

2 

8 

61  610 

60523 

59  202 

57  634 

55832 

53852 

3 

9 

59830 

58698 

57  327 

55  699 

53829 

51777 

4 

6o 

57  982 

56802 

55  380 

53  693 

51756 

49632 

65 

i 

56060 

54831 

53  357 

51  611 

49608 

47  4*4 

6 

2 

54  059 

52784 

51259 

49  456 

47  389 

45130 

7 

3 

51  991 

50669 

49093 

47  233 

45  Io6 

42785 

8 

4 

49  845 

48476 

46853 

44942 

42  757 

40382 

9 

65 

47630 

46218 

44  549 

42589 

40  355 

37  932 

70 

6 

45  348 

43894 

42185 

40  182 

37  904 

35  445 

1 

7 

43002 

41  512 

39  766 

37  726 

35  415 

32929 

2 

8 

40603 

39080 

37  304 

35  235 

32901 

30  401 

3 

9 

38152 

36602 

34803 

32  7*7 

30  372 

27874 

4 

7° 

35  662 

34092 

32  280 

30 186 

27845 

25365 

75 

I 

33  146 

31564 

29747 

27659 

25  336 

22893 

6 

x 

30615 

29030 

27221 

25152 

22864 

20476 

7 

3 

28083 

26506 

24717 

22  682 

20448 

18  135 

8 

4 

25  570 

24012 

22255 

20271 

18  108 

15889 

9 

75 

23091 

21564 

439 

QINM] 

log  I 

[x]  +  t 

OtNM] 

STears  elapsed  since 

Date  of  Assurance 

Age  at 
Entry 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

[X] 

x  +  5 

log  *[« 

log  hxi  ■  1 

log  Z[x]+2 

log'tt]     3 

log  hxvt 

log  lx  ' 5 

20 

5-000  00 

4-998 17 

4995  65 

4-992  70 

4-98952 

4-986  23 

25 

1 

4-996  79 

■994  95 

■992  41 

•989  43 

•98622 

•982  89 

6 

2 

•993  57 

■991  71 

•989  14 

•986  13 

■982  88 

•979  51 

7 

3 

■990  31 

■988  42 

■985  83 

■982  79 

•979  5° 

•976  08 

8 

4 

■987  02 

•985  11 

■982  49 

■97941 

•976  07 

•972  60 

9 

25 

•983  70 

■981  76 

•979  10 

•975  98 

•972  59 

•969  06 

30 

6 

■98031 

•978  34 

•975  65 

•972  49 

•969  05 

•965  46 

1 

7 

■976  89 

■974  89 

•972  16 

■968  95 

■965  45 

•961  79 

2 

8 

•973  4° 

•971  36 

•968  59 

■965  33 

•961  77 

•958  04 

3 

9 

•969  88 

•967  80 

•964  98 

■961  66 

•958  03 

•954  22 

4 

3° 

•966  28 

•964  16 

■961  29 

■957  9i 

•954  20 

■950  30 

35 

1 

•962  60 

•960  44 

•957  52 

■954  07 

•950  28 

•946  28 

6 

2 

•958  86 

•956  65 

•953  66 

■95°  14 

•946  26 

•942  15 

7 

3 

■955  03 

•952  76 

•949  71 

•946  1 1 

•942  13 

■937  91 

8 

4 

•951  12 

•948  79 

•945  67 

•941  98 

•937  89 

•933  54 

9 

35 

•947  I2 

•944  72 

•941  52 

•937  73 

■933  52 

•929  03 

4° 

6 

•943  00 

•94°  53 

•937  24 

•933  34 

•929  00 

•924  36 

1 

7 

•938  77 

•93622 

•932  83 

•92881 

•924  33 

■91952 

2 

8 

•934  4° 

•931  76 

•928  27 

•924  13 

■919  49 

■91450 

3 

9 

•929  89 

•927  16 

•923  56 

•91928 

■914  47 

■909  28 

4 

40 

•925  25 

■922  41 

•918  68 

•91424 

•909  24 

•903  83 

45 

1 

■920  42 

•91747 

•913  61 

•909  00 

■903  80 

•898  15 

6 

2 

•915  40 

•91233 

•908  32 

•903  53 

•898  10 

•892  19 

7 

3 

■910  19 

•906  98 

•902  81 

■897  82 

•892  15 

■885  95 

8 

4 

•904  77 

•901  41 

•897  06 

■891  85 

■885  91 

■879  40 

9 

45 

•899  09 

•895  57 

•891  02 

•885  57 

•879  34 

■872  49 

50 

6 

•893  16 

•889  46 

•88470 

•878  99 

•872  44 

•86521 

1 

7 

•886  96 

•88306 

•878  06 

•872  06 

•865  15 

•857  51 

V£ 

8 

•880  42 

•87631 

•871  06 

•864  74 

•857  45 

•849  36 

3 

9 

•873  53 

•869  19 

•863  66 

■85700 

•849  29 

•840  71 

4 

5° 

-866  28 

•861  68 

■855  84 

•848  80 

■840  63 

•83152 

55 

1 

•858  61 

•853  73 

■847  56 

•840  10 

•831  43 

■821  73 

6 

2 

•850  51 

■845  32 

■838  78 

•830  87 

•821  64 

•811  30 

7 

3 

•841  88 

■83636 

•829  42 

•821  02 

■811  19 

■800  15 

8 

4 

•832  74 

•82685 

•819  47 

•81053 

■80004 

•788  23 

9 

55 

•82300 

■816  71 

■808  85 

•799  32 

•788  11 

•775  46 

60 

6 

■81259 

•805  87 

•797  49 

•787  31 

■775  32 

•761  75 

1 

7 

•801  51 

794  31 

•785  36 

•774  47 

■761  61 

■747°3 

2 

8 

•789  65 

■781  92 

•772  34 

•760  68 

■74688 

•731  20 

3 

9 

•776  92 

•768  62 

•758  36 

•745  85 

■731  02 

•714  14 

4 

60 

■763  29 

754  36 

■743  35 

•72992 

•713  96 

•695  76 

65 
6 

1 

•748  65 

■739  °3 

•727  19 

•712  74 

•695  55 

■675  91 

2 

■732  87 

■72250 

•709  77 

•694  22 

•675  68 

■654  47 

7 

3 

•715  93 

•704  74 

•691  02 

•674  25 

•65423 

•631  29 

8 

4 

■697  62 

•685  53 

•670  74 

•652  65 

•631  01 

•606  19 

9 

65 

•677  88 

•66481 

■648  84 

•629  30 

■605  90 

•57901 

70 

6 

■656  56 

•642  41 

•625  16 

■604  03 

•578  69 

■549  55 

1 

7 

■633  49 

■618  17 

•599  51 

•576  64 

■549  19 

•51758 

2 

8 

•608  56 

•591  95 

•571  75 

•546  98 

•51721 

•482  89 

3 

9 

•581  52 

•563  5° 

•541  62 

•5*4  77 

•482  47 

•445  20 

4 

70 

•55221 

•532  65 

•508  93 

■47981 

■444  74 

•404  24 

75 
6 

1 

•52043 

•499  19 

•473  45 

•441  84 

•403  74 

•359  7° 

2 
3 

•485  94 
■448  44 

■462  85 
•423  34 

■434  9i 
■392  99 

■400  58 
•355  69 

•359  16 
•31065 

•311  25 
•25851 

7 
8 

4 

•407  73 

•380  42 

•347  43 

•30687 

•25786 

■20I  O9 

9 

75 

■363  45 

•333  73 

•29785 

•253  73 

•200  38 

•13855 

80 

440 

QINM] 


d[xUt 


QINM] ' 


Xeabs  elapsed  since 

Date  of  Assurance 

Age  at 
Entry 

[X] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

a;  +  5 

dlxi 

^[iCl+1 

"lOT+2 

d[xl+a 

dm+t 

"■X+6 

20 

420 

577 

670 

717 

737 

742 

25 

I 

420 

577 

671 

719 

740 

745 

6 

vs 

421 

579 

673 

722 

743 

751 

7 

3 

425 

579 

675 

726 

748 

755 

8 

4 

425 

582 

678 

731 

753 

762 

9 

25 

429 

585 

683 

735 

760  1 

769 

3° 

6 

432 

588 

685 

740 

767 

777 

I 

7 

43° 

59i 

691 

747 

775 

788 

2 

8 

441 

595 

696 

753 

784 

795 

3 

9 

446 

601 

7°3 

762 

793 

808 

4 

3° 

45° 

607 

709 

772 

804 

822 

35 

I 

455 

612 

718 

781 

818 

836 

6 

2 

462 

621 

725 

793 

832 

851 

7 

3 

470 

627 

736 

805 

847 

868 

8 

4 

478 

636 

747 

820 

864 

886 

9 

35 

488 

646 

760 

836 

,882 

908 

40 

6 

497 

658 

774 

853 

902 

931 

I 

7 

508 

672 

789 

871 

925 

955 

2 

8 

522 

684 

804 

892 

949 

982 

3  } 

9 

533 

698 

822 

915 

976 

1  012 

4 

4° 

549 

715 

843 

940 

1005 

1  041 

45 

i 

564 

73i 

866 

965 

1036 

1078 

6 

2 

580 

751 

888 

995 

1  069 

1  "3 

7 

3 

599 

772 

913 

1025 

1  106 

1 151 

8 

4 

619 

794 

941 

1059 

1  144 

1 196 

9 

45 

640 

820 

970 

1094 

1  186 

1239 

5° 

6 

664 

845 

1  001 

1  133 

1  231 

1*289 

I 

7 

689 

874 

i°37 

1 175 

1279 

1339 

2 

8 

715 

904 

i°73 

1  220 

1329 

1394 

3 

9 

743 

936 

1  112 

1  266 

1383 

1  45i 

4 

5° 

775 

971 

1 154 

1  315 

1439 

1  512 

55 

I 

807 

1007 

1  199 

1368 

1498 

1574 

6 

2 

842 

1047 

1245 

M25 

1560 

1  641 

7 

3 

877 

1088 

1293 

1482 

1625 

1709 

8 

4 

916 

1  131 

1345 

1542 

1693 

1780 

9 

55 

956 

1  176 

1398 

1605 

I763 

iR53 

60 

6 

998 

1  222 

M53 

1  669 

1834 

1925 

1 

7 

1  041 

1  270 

1  510 

1736 

1907 

1999 

2 

8 

1087 

1  321 

1568 

1  802 

1  980 

2075 

3 

9 

1  132 

1  371 

1628 

1S70 

2052 

2145 

4 

6o 

1  180 

1  422 

1687 

1937 

2  124 

2218 

65 

i 

1  229 

1474 

1746 

2003 

2  194 

2284 

6 

2 

1275 

1525 

1803 

2  067 

2259 

2  345 

7 

3 

1322 

i57<5 

i860 

2  127 

2321 

2403 

8 

4 

1369 

1623 

1  911 

2185 

2  375 

2450 

9 

65 

1  412 

1  669 

1  960 

2234 

2423 

2487 

70 

6 

1454 

1709 

2003 

2278 

2  459 

2516 

1 

7 

1490 

1746 

2040 

2  311 

2486 

2528 

2 

8 

1523 

1776 

2069 

2  334 

2500 

2527 

3 

9 

1550 

1799 

2086 

2  345 

2498 

2509 

4 

70 

157° 

1  812 

2094 

2  341 

2480 

2472 

75 

1 

1582 

1817 

2088 

2323 

2  443 

2417 

6 

2 

1585 

1  809 

2  069 

2288 

2388 

i  2341 

7 

3 

1577 

1789 

2035 

2234 

2  313 

2246 

8 

4 

1558 

1757 

1984 

2163 

2219 

2  131 

9 

75 

1527 

1  710 

?[*]+« 
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QINM] 


Years  elapsed  since  Date  oe  Assurance 

Age  at 
Entry 

[X] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

X  +  5 

?M 

1lxi+i 

?ta;]4  8 

?raj]+s 

?M  +  4 

ffaH-S 

20 

•004  20 

•005  79 

■006  77 

007  30' 

•00755 

•007  66 

25 

I 

•004  23 

•005  83 

•006  84 

007  36 

■007  64 

•007  75 

6 

2 

•004  27 

•005  90 

■006  91 

00746 

•007  73 

■00787 

7 

3 

•004  34 

■005  95 

•006  98 

007  55 

•007  84 

•007  98 

8 

4 

•004  39 

•006  01 

•007  07 

00766 

■007  96 

•008  12 

9 

25 

•004  46 

■006 11 

■007  16 

00778 

■008  IO 

■008  26 

3° 

6 

•004  53 

•006  17 

•007  25 

00789 

•008  23 

•008  41 

1 

7 

•004  59 

•006  27 

•007  36 

008  03 

•008  39 

•008  60 

2 

8 

•004  69 

•006  36 

•007  48 

008  16 

•008  55 

•008  76 

3 

9 

•004  78 

■006  47 

•007  62 

008  32 

•008  73 

•008  99 

4 

3° 

•004  87 

•006  59 

•007  75 

008  51 

•008  94 

■00921 

35 

1 

■004  96 

-006  70 

■007  91 

008  69 

•009  17 

■009  46 

6 

2 

•005  08 

•006  86 

•008  07 

00889 

■009  42 

•009  72 

7 

3 

•005  21 

•007  00 

•008  25 

009  12 

•009  67 

•010  01 

8 

4 

•005  35 

•007  16 

•008  46 

00937 

■009  97 

•01033 

9 

35 

•005  51 

•oq?34 

•008  69 

00965 

•01029 

•010  70 

40 

6 

•005  67 

•007  55 

■00S  94 

00994 

•010  63 

•on  08 

1 

7 

•005  85 

•007  78 

•009  21 

01026 

•on  01 

■on  49 

2 

8 

•006  06 

•008  00 

•009  49 

01063 

•on  42 

•on  95 

3 

9 

■006  27 

•008  26 

■009  81 

on  01 

■on  88 

•012  47 

4 

40 

•006  52 

•008  55 

•010  17 

on  45 

•012  38 

■012  99 

45 

1 

•006  77 

•008  85 

•01056 

on  90 

■01293 

■013  63 

6 

2 

•007  04 

■009  19 

•01097 

01243 

•01352 

■014  27 

7 

3 

•007  36 

•009  56 

•on  42 

012  97 

•014  17 

•01497 

8 

4 

•007  71 

■009  97 

•on  92 

01358 

•01488 

•015  78 

9 

45 

•008  07 

•010  42 

■012  47 

014  24 

•015  65 

•01662 

50 

6 

•008  48 

•010  90 

•01306 

01497 

•016  51 

•OI7  57 

1 

7 

■008  94 

•on  45 

•013  72 

01578 

■01744 

•01859 

2 

8 

•009  42 

•012  02 

■014  45 

01665 

•018  46 

•019  72 

3 

9 

•009  94 

•012  65 

•015  22 

017  60 

■01956 

■02094 

4 

5° 

•010  54 

•013  36 

•01608 

018  64 

■020  76 

•022  29 

55 

1 

■on  17 

•014  11 

•01703 

01977 

■022  09 

•023  73 

6 

2 

•on  88 

•01495 

•018  05 

021  03 

•023  53 

•025  35 

7 

3 

•012  63 

•015  85 

•019  16 

022  38 

■025  10 

•027  07 

8 

4 

■013  47 

•01685 

■020  37 

023  86 

•026  83 

•028  98 

9 

55 

•014  38 

■01794 

•021  70 

02548 

■028  71 

■031  08 

60 

6 

•015  35 

•019  11 

•023  17 

02723 

•030  76 

•033  33 

1 

7 

■016  44 

•020  40 

•024  76 

029  18 

■03301 

•035  79 

2 

8 

•017  64 

•021  82 

•026  49 

03128 

•035  4° 

•038  52 

3 

9 

■018  93 

•023  35 

•028  39 

033  57 

•038  12 

•04144 

4 

60 

■020  35 

•025  03 

•030  45 

03608 

•041  04 

•044  68 

65 

1 

•021  91 

■026  89 

•032  72 

03881 

•044  22 

•048  17 

6 

2 

■023  59 

•028  89 

■035  17 

04179 

•047  66 

•051  97 

7 

3 

•025  44 

•031  10 

•037  88 

04505 

•051  45 

•05616 

8 

4 

•027  45 

•°33  48 

•040  80 

04861 

■055  55 

•060  67 

9 

65 

•029  65 

•036  10 

•044  00 

05245 

•060  04 

•065  58 

70 

6 

•032  06 

•038  94 

•047  49 

05668 

•064  90 

•070  97 

1 

7 

•034  66 

■042  06 

•051  30 

061  25 

■070  20 

•076  77 

2 

8 

•037  52 

•045  45 

■055  44 

06625 

•075  98 

•083  13 

3 

9 

■040  64 

•04913 

•059  95 

071  68 

•082  24 

•090  00 

4 

70 

•044  04 

•°53  15 

•064  85 

077  58 

•089  04 

■097  47 

75 

1 

•°47  73 

•°57  55 

•070  20 

08399 

•09643 

•10556 

6 

2 

•051  78 

•062  31 

■076  00 

09097 

■10445 

•"4  35 

7 

3 

•056 16 

•067  50 

•082  30 

09851 

•"3  J3 

•12385 

8 

4 

.   -06095 

•073  15 

•089  16 

10672 

■12253 

•134  12 

9 

75 

■066 14 

•079  3° 

■096  60 

115  60 

•132  70 

•145  25 

80 

442 

Q(NM] 


PtxU 


QINM] 


Yeaks  elapsed  since  Date  of 

Assurance 

Age  at 
Entry 

[*] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

X  +  5    . 

Ptxl 

J[JW 

?[!]•! 

Pm  L3 

P[X1H 

Px+i 

20 

•995  80 

•994  21 

■993  23 

■992  70 

•992  45 

■992  34 

25 

1 

•995  77 

■99417 

■993  16 

•992  64 

■992  36 

•992  25 

6 

2 

•995  73 

•994  10 

•993  °9 

•992  54 

•992  27 

•992  13 

7 

3 

•995  66 

•994  °5 

•993  °2 

■992  45 

■992  16 

•992  02 

8 

4 

•995  61 

•993  99 

■992  93 

■992  34 

•992  04 

•991  88 

9 

25 

•995  54 

•993  89 

■992  84 

•992  22 

•991  90 

■99i  74 

3° 

6 

•995  47 

•993  83 

•992  75 

•992  11 

■991  77 

•991  59 

1 

7 

■995  41 

•993  73 

■992  64 

■991  97 

•991  61 

•991  4° 

2 

8 

•995  31 

•993  64 

•992  52 

•991  84 

•99i  45 

•991  24 

3 

9 

•995  22 

•993  53 

•992  38 

•991  68 

•991  27 

•991  01 

4 

3° 

•995  13 

•993  41 

•992  25 

•991  49 

•991  06 

•990  79 

35 

1 

•995  °4 

•993  3° 

•992  09 

•99i  31 

•990  83 

•990  54 

6 

2 

•994  92 

■993  14 

•991  93 

•991  11 

•990  58 

•990  28 

7 

3 

•994  79 

•993  °° 

•991  75 

•990  88 

•99°  33 

•989  99 

8 

4 

•994  65 

•992  84 

■991  54 

•990  63 

•990  03 

•989  67 

9 

35 

•994  49 

•992  66 

■991  31 

•990  35 

■989  71 

•989  3° 

40 

6 

•994  33 

•992  45 

•991  06 

•990  06 

•989  37 

•988  92 

1 

7 

•994  15 

•992  22 

•990  79 

•989  74 

•988  99 

•988  51 

2 

8 

•993  94 

■992  00 

•990  51 

•989  37 

•988  58 

•988  05 

3 

9 

•993  73 

•991  74 

•990  19 

■988  99 

•988  12 

•987  53 

4 

40 

■993  48 

•991  45 

•989  83 

•988  55 

•987  62 

■987  01 

45 

1 

•993  23 

•991  15 

■989  44 

■988  10 

•987  07 

•98637 

6 

2 

•992  96 

■990  81 

•989  03 

•987  57 

•986  48 

•985  73 

7 

3 

•992  64 

•990  44 

•988  58 

•987  °3 

■985  83 

•985  °3 

8 

4 

•992  29 

•990  03 

■988  08 

■986  42 

•985  12 

•984  22 

9 

45 

•991  93 

•989  58 

•98753 

•985  76 

•984  35 

•983  38 

5° 

6 

•991  52 

•989  10 

■986  94 

•985  03 

•983  49 

•982  43 

1 

7 

■991  06 

•988  55 

•986  28 

•984  22 

•982  56 

■981  41 

2 

8 

■990  58 

•98798 

•985  55 

•983  35 

•981  54 

•980  28 

3 

9 

■990  06 

•987  35 

•984  78 

•982  40 

■980  44 

■979  06 

4 

50 

•989  46 

■986  64 

■983  92 

■981  36 

■979  24 

■977  71 

55 

1 

•988  83 

•985  89 

•982  97 

■980  23 

■97791 

•976  27 

6 

2 

•988  12 

•985  05 

■981  95 

•978  97 

■976  47 

•974  65 

7 

3 

•98737 

•984  15 

■980  84 

■977  62 

•974  9° 

•972  93 

8 

4 

•98653 

•983  15 

■979  63 

•976  14 

•973  17 

•971  02 

9 

55 

•985  62 

•982  06 

•978  30 

•974  52 

•971  29 

•968  92 

60 

6 

•984  65 

•980  89 

■976  83 

•972  77 

•969  24 

•966  67 

1 

7 

•983  56 

•979  60 

•975  24 

•970  82 

•966  99 

•964  21 

2 

8 

•982  36 

■978  18 

•973  5i 

•968  72 

•964  54 

•961  48 

3 

9 

•981  07 

•976  65 

•971  61 

•966  43 

•961  88 

■958  56 

4 

60 

•979  65 

•974  97 

■969  55 

•963  92 

•958  96 

■955  32 

65 

1 

■978  09 

•973  11 

■967  28 

■961  19 

•955  78 

■951  83 

6 

2 

■97641 

•971  11 

•964  83 

•958  21 

■952  34 

•948  03 

7 

3 

•974  56 

■968  90 

•962  12 

■954  95 

■948  55 

•943  84 

8 

4 

•972  55 

•966  52 

■959  20 

■95i  39 

•944  45 

•939  33 

9 

65 

•97°  35 

•963  90 

•956  00 

■947  55 

■939  96 

■934  42 

70 

6 

•967  94 

•961  06 

•952  51 

•943  32 

•935  10 

•929  03 

1 

7 

■965  34 

•957  94 

■948  70 

■938  75 

•929  80 

•923  23 

2 

8 

■962  48 

•954  55 

•944  56 

•933  75 

■924  02 

■91687 

3 

9 

■959  36 

•950  87 

•940  05 

•928  32 

■91776 

■91000 

4 

70 

■955  96 

■946  85 

•935  15 

•922  42 

■91096 

•902  53 

75 

1 

•952  27 

■942  45 

•929  80 

•916  01 

•903  57 

•894  44 

6 

2 

•948  22 

■937  69 

■924  00 

•909  03 

•895  55 

•885  65 

7 

3 

•943  84 

•932  5° 

•917  70 

■901  49 

•88687 

■87615 

8 

4 

•939  05 

•926  85 

•910  84 

■893  28 

•87747 
•86730    | 

•865  88 

9 

75 

•933  86 

•920  70 

•903  40 

•88440 

•854  75 

80 

443 

QINMl 

log  P[x]+t 

OtNM] 

5TEARS  ELAPSED  SINCE 

Date  of  Assurance 

Age  at 
Entry 

[z] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

X  +  5 

log  Pm 

'°gP[.T]+l 

l°gP[«+! 

l°gPM+3 

l0gP|M+4 

log  Px+s 

20 

1-998  17 

1-997  48 

1-99705 

I-996  82 

1-996  7I 

1-99666 

25 

I 

•998  16 

•997  46 

•997  02 

•996  79 

•996  67 

•996  62 

6 

2 

■998  14 

•997  43 

■996  99 

•996  75 

•996  63 

•99657 

7 

3 

•998  11 

■997  41 

■996  96 

•996  71 

•996  58 

•996  52 

8 

4 

■998  09 

■997  38 

■996  92 

•996  66 

•996  53 

•996  46 

9 

25 

■998  06 

■997  34 

•996  88 

•99661 

•996  47 

•996  40 

3° 

6 

■998  03 

■997  31 

■996  84 

•996  56 

■996  41 

•996  33 

1 

7 

■998  00 

•997  27 

■996  79 

•996  5° 

■996  34 

■996  25 

2 

8 

•997  96 

■997  23 

■996  74 

•996  44 

•996  27 

•996  18 

3 

9 

•997  92 

•997  l8 

■996  68 

•996  37 

•996  19 

■996  08 

4 

3° 

•997  88 

•997  13 

•996  62 

•996  29 

•996  10 

•995  98 

35 

1 

•997  84 

•997  08 

•996  55 

•99621 

•996  00 

•995  87 

6 

2 

•997  79 

•997  01 

•996  48 

•996  12 

■995  89 

•995  76 

7 

3 

•997  73 

•996  95 

•996  40 

■996  02 

•995  78 

•995  63 

8 

4 

•997  67 

•996  88 

•996  31 

•995  91 

•995  65 

•995  49 

9 

35 

•997  60 

•996  80 

■996  21 

•995  79 

•995  51 

•995  33 

40 

6 

•997  53 

•996  71 

•996  10 

■995  66 

•995  36 

•995  16 

1 

7 

■997  45 

■996  61 

•995  98 

•995  52 

•995  19 

■994  98 

2 

8 

■997  36 

■99651 

•995  86 

•995  36 

•995  01 

■994  78 

3 

9 

•997  27 

•996  40 

•995  72 

■995  19 

•994  81 

•994  55 

4 

40 

•997  16 

•996  27 

•995  56 

■995  00 

■994  59 

;  -994  32 

45 

1 

•997  °5 

•996  14 

•995  39 

•994  80 

•994  35 

•994  °4 

6 

2 

•996  93 

■995  99 

■995  21 

•994  57 

•994  °9 

■993  76 

7 

3 

■996  79 

■995  83 

•995  01 

•994  33 

•993  80 

•993  45 

8 

4 

•996  64 

■995  65 

•994  79 

•994  06 

■993  49 

•993  °9 

9 

45 

■996  48 

"995  45 

•994  55 

•993  77 

•993  15 

•992  72 

5° 

6 

•996  30 

•995  24 

•994  29 

•993  45 

•992  77 

•992  3° 

1 

7 

•996  10 

■995  00 

•994  00 

•993  09 

•992  36 

•991  85 

2 

8 

•995  89 

•994  75 

•993  68 

•992-71 

•991  91 

•991  35 

3 

9 

•995  66 

■994  47 

•993  34 

•992  29 

•991  42 

•99081 

4 

5° 

■995  4° 

•994  16 

■992  96 

•991  83 

•990  89 

•99021 

55 

1 

■995  I2 

•993  83 

•992  54 

•991  33 

■990  30 

•989  57 

6 

2 

•99481 

•993  46 

•992  09 

•990  77 

•989  66 

•988  85 

7 

3 

■994  48 

•993  °6 

•991  60 

•990  17 

•988  96 

•988  08 

8 

4 

•994  11 

•992  62 

•991  06 

•98951 

•988  19 

•987  23 

9 

55 

•993  71 

•992  14 

•990  47 

•988  79 

•987  35 

•986  29 

60 

6 

■993  28 

•991  62 

•989  82 

•988  01 

•986  43 

■985  28 

1 

7 

•992  80 

•991  05 

•989  11 

•987  14 

•985  42 

■984  17 

2 

8 

•992  27 

•990  42 

•988  34 

•986  20 

•984  32 

•982  94 

3 

9 

•991  70 

•989  74 

•987  49 

•985  17 

•983  I2 

■981  62 

4 

60 

■991  07 

•988  99 

•98657 

•984  04 

•981  80 

•980  15 

65 

1 

•990  38 

•988  16 

■985  55 

•982  81 

•980  36 

•978  56 

6 

2 

■989  63 

•987  27 

•984  45 

•981  46 

•978  79 

•976  82 

7 

3 

•98881 

•986  28 

•983  23 

■979  98 

•977  06 

•974  9° 

8 

4 

•98791 

•985  21 

•981  91 

•978  36 

•975  18 

•972  82 

9 

65 

•986  93 

■984  °3 

•980  46 

•976  60 

■973  « 

■97°  54 

70 

6 

•985  85 

•982  75 

•978  87 

•974  66 

•970  86 

•968  03 

1 

7 

•984  68 

•981  34 

•977  !3 

•972  55 

•968  39 

•965  31 

2 

8 

•983  39 

•979  80 

•975  23 

•970  23 

•965  68 

■962  31 

3 

9 

•981  98 

•978  12 

•973  15 

■967  70 

•962  73 

•959  04 

4 

70 

•980  44 

•976  28 

•970  88 

•964  93 

•959  5° 

•955  46 

75 

1 

■978  76 

■974  26 

•968  39 

•961  90 

•955  96 

■95i  55 

6 

2 

•976  91 

•972  06 

•965  67 

■958  58 

•952  09 

•947  26 

7 

3 

■974  9° 

■969  65 

•962  70 

•954  96 

■947  86 

•942  58 
■937  46 

8 

4 

■972  69 

•967  01 

•959  44 

•950  99 

•943  23 

9 

75 

■970  28 

•964  12 

■955  88 

•946  65 

•938  17 

•931  84 

80 

444 


OINM] 

/*!«]+« 

OINM] 

Years  elapsed  since  Date  of 

ASSTIEANCE 

Age  at 
Entry 

[X] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

*  +  5 

^W] 

Miami 

/*[<!?]  +  « 

M[M+3 

Mis] +4 

f-x+s 

20 

•003  16 

•005  12 

■OO6  38 

007  12 

•007  48 

•007  64 

25 

1 

•003  20 

■005  17 

•006  44 

007  19 

•007  57 

•007  73 

6 

2 

•003  24 

•005  22 

•O06  50 

OO727 

•007  66 

■007  84 

7 

3 

•003  29 

•005  27 

•OO657 

007  35 

•007  76 

•007  96 

8 

4 

•o°3  34 

•005  33 

•006  65 

OO744 

•007  88 

■008  08 

9 

25 

•003  40 

•005  40 

•006  73 

007  55 

•008  00 

•008  22 

30 

6. 

•003  47 

•005  48 

•006  82 

OO766 

•008  13 

•008  37 

1 

7 

■o°3  54 

•005  56 

•006  92 

OO778 

■008  28 

•008  54 

2 

8 

■003  61 

•005  64 

•007  03 

007  91 

•008  44 

•008  72 

3 

9 

■003  70 

•005  74 

•007  15 

008  06 

•008  61 

•008  92 

4 

3° 

■003  79 

•005  85 

•007  28 

008  22 

•008  80 

•009  13 

35 

1 

•003  89 

•005  96 

•007  42 

00839 

•009  01 

•009  37 

6 

2 

•004  00 

•006  09 

•007  57 

OO858 

■009  24 

■009  63 

7 

3 

■004  12 

•006  23 

•007  74 

008  79 

•009  49 

•009  92 

8 

4 

•004  25 

•006  38 

•007  93 

OO902 

•009  77 

■01023 

9 

35 

■004  39 

•006  54 

•008  13 

009  27 

•01007 

•01057 

40 

6 

■004  55 

•006  72 

•008  35 

009  55 

•010  39 

■01094 

1 

7 

■004  72 

•006  92 

■008  59 

00985 

•010  75 

•on  34 

2 

8 

•004  91 

■007  14 

•008  86 

010  17 

•on  14 

•on  79 

3 

9 

•005  12 

•007  38 

■009  15 

01053 

•on  57 

•012  28 

4 

40 

■005  34 

•007  64 

•009  47 

01092 

•012  04 

■012  81 

45 

1 

•005  59 

•007  92 

•00981 

on  35 

•012  56 

•01339 

6 

2 

■005  86 

•008  23 

•010  19 

on  82 

•013  12 

■01403 

7 

3 

•006  15 

•008  57 

•010  61 

01233 

•013  73 

•014  73 

8 

4 

■006  47 

■008  94 

■on  07 

01290 

•014  41 

■015  49 

9 

45 

•006  82 

•009  35 

•on  56 

013  5i 

■015  14 

•01632 

50 

6 

■007  21 

■009  79 

•012  11 

014  18 

•015  95 

■01723 

1 

7 

•007  63 

•010  28 

•012  70 

01492 

■016  83 

•018  23 

2 

8 

•008  09 

•010  81 

•013  35 

01572 

•017  79 

•019  33 

3 

9 

•008  60 

■on  39 

•01407 

01660 

•01885 

■020  52 

4 

50 

•009  15 

•012  03 

■01485 

01756 

•020  00 

•021  83 

55 

1 

•009  75 

•OI2  72 

■015  70 

018  62 

•021  26 

■023  26 

6 

2 

•010  42 

■OI348 

•01663 

oi9  77 

■022  64 

•024  82 

7 

3 

•on  14 

•01432 

•01765 

021  03 

•024  15 

•026  53 

8 

4 

•on  93 

•OT5  23 

•018  77 

022  41 

■025  80 

•028  40 

9 

55 

•012  80 

•Ol6  22 

•01999 

02391 

•027  61 

•030  45 

60 

6 

■013  74 

•017  31 

•021  33 

02556 

•029  58 

•032  69 

1 

7 

•014  78 

•Ol8  51 

•022  79 

02737 

•031  74 

•035  14 

2 

8 

■015  91 

•OI9  8l 

■024  39 

02934 

•034  n 

■037  82 

3 

9 

•017  15 

•02I  24 

•026  14 

03150 

•036  70 

•040  76 

4 

60 

•018  50 

•022  80 

•028  05 

03386 

•039  53 

■043  97 

65 

1 

•019  99 

•024  51 

•030  15 

03645 

•042  62 

•047  48 

6 

2 

•021  61 

•026  38 

•032  44 

03927 

•046  01 

■051  32 

7 

3 

•023  39 

•028  42 

•°34  94 

04236 

•049  71 

■055  52 

8 

4 

■025  33 

•030  66 

•037  68 

045  75 

•053  77 

■060  11 

9 

65 

■027  45 

•033  II 

•040  68 

049  45 

•058  20 

■065  14 

70 

6 

■029  77 

•035  78 

•043  96 

05350 

■063  05 

•070  64 

1 

7 

•032  32 

■038  71 

•047  55 

057  93 

•068  36 

•076  65 

2 

8 

•035  10 

•041  92 

•051  48 

062  77 

•074  16 

•083  24 

3 

9 

•038  14 

■045  42 

•055  77 

068  07 

•08051 

•090  43 

4 

70 

•041  47 

•049  26 

•060  47 

07387 

•087  46 

•098  31 

75 

1 

•045  11 

•053  45 

•065  61 

08021 

•095  06 

■10693 

6 

2 

•049  09 

•058  04 

•071  23 

08715 

■103  37 

•116  35 

7 

3 

•053  45 

•063  06 

•077  38 

09474 

•112  47 

•126  66 

8 

4 

•058  21 

•068  55 

•084  11 

10304 

•122  42 

•13794 

9 

75 

•063  43 

•074  55 

445 

QINM] 

log  Wd+t 

OENM] 

Yeaes  elapsed  since 

Date  of  Asstoance 

Age  at 
Entry 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

[X] 

X  +  5 

log  Mix] 

togMM+i 

log^UO +2 

logMwHs 

log  Cm« 

log  iix+s 

20 

3-499  69 

3709  27 

3-804  82 

3-852  48 

3-873  9° 

3-88309 

25 

1 

•505 15 

•713  49 

•808  89 

■856  73 

•879 10 

•888  18 

6 

2 

•51055 

•71767 

■812  91 

•86153 

•88423 

■894  32 

7 

3 

•51720 

■721  81 

•81757 

■866  29 

•889  86 

■900  91 

8 

4 

•523  75 

•726  73 

•82282 

•871  57 

■89653 

•907  41 

9 

25 

■53i  48 

732  39 

■828  02 

•87795 

•903  09 

■91487 

30 

6 

•54°  33 

•738  78 

•833  78 

•88423 

•91009 

•922  73 

1 

7 

•549  00 

•745  07 

•84O  II 

■89098 

■91803 

•931  46 

2 

8 

•557  5i 

•751  28 

•846  96 

•898  18 

■926  34 

•940  52 

3 

9 

■568  20 

•758  91 

•854  31 

•906  34 

•935  °° 

•95°  36 

4 

3° 

•578  64 

•767  16 

•862  13 

•91487 

•944  48 

•960  47 

35 

1 

•589  95 

■775  25 

•870  40 

•923  76 

•954  72 

•971  74 

6 

2 

•602  06 

■784  62 

•879  IO 

•933  49 

•965  67 

•983  63 

7 

3 

•61490 

•794  49 

•888  74 

■943  99 

•977  27 

•99651 

8 

4 

•628  39 

•804  82 

■89927 

•955  21 

•989  89 

2-009  88 

9 

35 

■642  46 

•81558 

•91009 

■967  08 

2-003  °3 

■024  08 

4° 

6 

•658  01 

•82737 

•921  69 

•980  00 

•01662 

■039  02 

1 

7 

•673  94 

•840  n 

•933  99 

•993  44 

•031  41 

■054  61 

2 

8 

■691  08 

•853  7° 

■947  43 

2-007  32 

■046  89 

■071  51 

3 

9 

•709  27 

•868  06 

•961  42 

•022  43 

•063  33 

■089  20 

4 

40 

•727  54 

•88309 

•97°  35 

•038  22 

•080  63 

•107  55 

45 

1 

•747  41 

•898  73 

•991  67 

■055  00 

•098  99 

•12678 

6 

2 

•767  90 

•915  40 

2-008  17 

•072  62 

■117  93 

•14706 

7 

3 

•788  88 

•932  98 

■025  72 

•090  96 

■13767 

•168  20 

8 

4 

•81090 

•95i  34 

■044 15 

■no  59 

•15866 

•19005 

9 

45 

•833  78 

•970  81 

•062  96 

■13066 

•180  13 

•212  72 

50 

6 

•857  94 

•990  78 

•083 14 

•151  68 

•202  76 

•236  29 

1 

7 

•882  52 

2-oi  1  99 

•103  80 

•173  77 

•226  08 

•260  79 

2 

8 

•907  95 

•033  83 

•12548 

■196  45 

•250  18 

•28623 

3 

9 

•934  5° 

■056  52 

•14829 

■220  n 

•275  31 

•312  18 

4 

5° 

•961  42 

•080  27 

•171  73 

■244  52 

■301  03 

•339  05 

55 

1 

•989  00 

•10449 

•195  90 

•269  98 

■32756 

•366  61 

6 

2 

2-01787 

■12969 

•22089 

•296  01 

•354  88 

•394  80 

7 

3 

•046  89 

•155  94 

•246  74 

•322  84 

•382  92 

•423  74 

8 

4 

•076  64 

•182  70 

•273  46 

■35°  44 

•411  62 

•453  32 

9 

55 

•107  21 

•21005 

•300  81 

■378  58 

•441  07 

•483  59 

60 

6 

•137  99 

•238  30 

•328  99 

•407  56 

•471  00 

•514  41 

1 

7 

•16967 

•267  41 

■357  74 

•437  27 

•501  61 

•545  80 

2 

8 

•201  67 

•296  88 

•38721 

■467  46 

•532  88 

•577  72 

3 

9 

•234  26 

■327  15 

•417  31 

•498  31 

•564  67 

•61023 

4 

60 

•267  17 

•357  93 

•447  93 

•529  69 

•596  93 

•643  16 

65 

1 

■300  81 

•389  34 

•479  29 

•561  70 

■629  61 

•676  51 

6 

2 

•334  °5 

•421  27 

•511  08 

•594  °° 

■662  85 

•71029 

7 

3 

•369  03 

•453  °2 

•543  32 

•626  96 

■696  44 

•744  45 

8 

4 

■403  64 

•48657 

•576  11 

•660  39 

■73°54 

778  95 

9 

65 

■438  54 

■51996 

•609  38 

•694  17 

•764  92 

•81385 

70 

6 

'473  78 

•553  64 

•643  06 

•728  35 

•799  69 

•849  05 

1 

7 

•509  47 

•58782 

•677  15 

■762  90 

•834  80 

•88451 

2 

8 

•545  31 

•622  42 

•711  64 

•797  75 

•870  17 

•920  33 

3 

9 

■581  38 

•657  25 

•746  40 

•832  96 

■905  85 

•956  31 

4 

70 

•61773 

•692  49 

•781  54 

■868  47 

•941  81 

•992  60 

75 

1 

•65427 

•72795 

■81697 

•90423 

•978  00 

1-029  10 

6 

2 

•690  99 

■763  73 

■852  66 

•94027 

1-01439 

•065  77 

7 

3 

4 

•72795 
•765  00 

•799  75 
■83601 

•888  63 
•924  85 

•976  53 
1-01301 

•051  04 
•087  85 

•102  64 
•13969 

8 
9 

75 

•802  29 

■872  45 

•961  28 

■049  72 

•12483 

•17690 

80 

446 


0"*™  lx,  dx,  px,  qx,  nx,  loglx,  logpx,  log  fix 

ULTIMATE  VALUES 


QINM] 


Age 
X 

lx 

dx 

Px 

lx 

Px 

kgk 

log  2^ 

log*-* 

Age 
X 

25 

96879 

742 

■992  34 

•007  66 

•007  64 

4-98623 

1-99666 

3-883  09 

25 

6 

96137 

745 

•992  25 

■007  75 

•007  73 

•982  89 

•996  62 

•888  18 

6 

7 

95  392 

75i 

•992  13 

•007  87 

•007  84 

•979  5i 

•99657 

■894  32 

7 

8 

94641 

755 

•992  02 

•007  98 

•007  96 

•976  08 

■996  52 

•900  91 

8 

9 

93  886 

762 

•991  88 

■008  12 

■008  08 

•972  60 

■996  46 

■907  41 

9 

3° 

93124 

769 

•991  74 

•008  26 

•008  22 

•969  06 

•996  40 

■91487 

3° 

1 

92  355 

777 

•991  59 

•008  41 

•008  37 

•965  46 

■996  33 

•922  73 

1 

2 

91578 

788 

■991  40 

•008  60 

•008  54 

■961  79 

•996  25 

•931  46 

2 

3 

90  790 

795 

•991  24 

•008  76 

•008  72 

■958  04 

•996  18 

■940  52 

3 

4 

89  995 

808 

•991  01 

■008  99 

•008  92 

■95422 

•996  08 

•95°  36 

4 

35 

89187 

822 

•990  79 

•009  21 

•009  13 

•95°  3° 

•995  98 

•960  47 

35 

6 

88365 

836 

•990  54 

•009  46 

•009  37 

•946  28 

■995  87 

•971  74 

6 

7 

87529 

851 

•990  28 

•009  72 

■009  63 

•942  15 

•995  76 

•983  63 

7 

8 

86678 

868 

•989  99 

•010  01 

•009  92 

•937  91 

•995  63 

•99651 

8 

9 

85810 

886 

•989  67 

•01033 

•01023 

•933  54 

•995  49 

5-oog  88 

9 

40 

84924 

908 

•989  3° 

•010  70 

•01057 

•929  °3 

•995  33 

•024  08 

40 

1 

84016 

93i 

•988  92 

•on  08 

•010  94 

•924  36 

•995  16 

•039  02 

1 

2 

83085 

955 

•988  51 

■011  49 

•on  34 

■91952 

•994  98 

•054  61 

2 

3 

82  130 

982 

•988  05 

•on  95 

•on  79 

•914  50 

•994  78 

•071  51 

3 

4 

81  148 

1  012 

•987  53 

•012  47 

■012  28 

■909  28 

•994  55 

•089  20 

4 

45 

80136 

1  041 

■987  01 

■012  99 

•012  81 

•903  83 

•994  32 

■10755 

45 

6 

79095 

1078 

•986  37 

•013  63 

•013  39 

■898  15 

•994  °4 

•126  78 

6 

7 

78017 

1  113 

•985  73 

•01427 

•01403 

■892  19 

•993  76 

•14706 

7 

8 

76904 

1  151 

•985  03 

•01497 

•014  73 

■885  95 

•993  45 

•168  20 

8 

9 

75  753 

1  196 

•984  22 

•015  78 

•015  49 

•879  40 

•993  °9 

•19005 

9 

5° 

74  557 

1239 

•983  38 

■016  62 

•01632 

•872  49 

■992  72 

■212  72 

5° 

1 

73  318 

1289 

•982  43 

•017  57 

•01723 

•865  21 

•992  3° 

•23629 

1 

2 

72029 

1339 

■981  41 

•018  59 

•018  23 

•857  51 

•991  85 

■260  79 

2 

3 

70690 

1394 

•98028 

•019  72 

019  33 

■849  36 

•99i  35 

■286  23 

3 

4 

69296 

1  451 

■979  06 

•020  94 

■020  52 

•840  71 

•99081 

•312  18 

4 

55 

67845 

1512 

•97771 

•022  29 

•021  83 

•831  52 

•99021 

•339  05 

55 

6 

66  333 

1574 

•976  27 

•023  73 

■023  26 

•821  73 

•989  57 

•36661 

6 

7 

64  759 

1  641 

•974  65 

•025  35 

•024  82 

•8n  30 

•988  85 

•394  80 

7 

8 

63  118 

1709 

•972  93 

•027  07 

•026  53 

•800  15 

•988  08 

•423  74 

8 

9 

61  409 

1780 

•971  02 

•028  98 

•028  40 

•788  23 

•98723 

•453  32 

9 

60 

59629 

1853 

•968  92 

■031  08 

•030  45 

775  46 

•986  29 

•483  59 

60 

1 

57  776 

1925 

•966  67 

•033  33 

■032  69 

•761  75 

■985  28 

■514  4i 

1 

2 

55851 

1999 

•964  21 

•035  79 

•035  14 

■747  03 

•984  17 

•545  80 

2 

3 

53852 

2075 

•961  48 

•038  52 

•037  82 

•731  20 

•982  94 

•577  72 

3 

4 

51777 

2  145 

•958  56 

•041  44 

•040  76 

•714 14 

■981  62 

•61023 

4 

447 


OtNM1  lx,  dx,  px,  qx,  nx,  loglx,  logpx,  logiix 

ULTIMATE  VALUES 


QtNM] 


Age 
X 

lx 

dx 

Px 

9x 

t*x 

log's 

logPz 

log  Ms 

Age 
X 

65 

49632 

2218 

■955  32 

04468 

•043  97. 

4-69576    1 

98015 

2-643  16 

65 

6 

47  414 

2284 

•95i  83 

048  17 

•047  48 

■675  91 

97856 

•676  51 

6 

7 

45130 

2  345 

•948  °3 

05197 

•051  32 

•654  47 

97682 

■710  29 

7 

8 

42785 

2  4°3 

■943  84 

056  16 

■055  52 

•631  29 

974  90 

744  45 

8 

9 

40382 

2450 

■939  33 

06067 

■060  1 1 

•606  19 

972  82 

778  95 

9 

70 

37  932 

2487 

•934  42 

06558 

•065  14 

•579  01 

970  54 

•81385 

7° 

I 

35  445 

2516 

■929  03 

07097 

•070  64 

•549  55 

96803 

■849  °5 

1 

2 

32929 

2528 

■923  23 

07677 

•076  65 

■517  58 

96531 

•88451 

2 

3 

30401 

2527 

■91687 

08313 

•083  24 

•482  89 

96231 

•920  33 

3 

4 

27874 

2509 

■910  00 

09000 

•090  43 

•445  20 

95904 

•956  31 

4 

75 

25365 

2  472 

•902  53 

09747 

•098  31 

•404  24 

955  46 

•992  60 

75 

6 

22893 

2417 

•894  44 

10556 

■10693 

■359  7° 

95155 

1-029  10 

6 

7 

20476 

2  341 

•885  65 

"4  35 

•116  35 

•311  25 

94726 

■065  77 

7 

8 

18  135 

2246 

•876  15 

12385 

•12666 

■258  51 

94258 

•102  64 

8 

9 

15889 

2  131 

■865  88 

134  12 

•137  94 

■201  09 

937  46 

•13969 

9 

80 

13  758 

1998 

•854  75 

14525 

■15028 

■138  55 

93184 

•17690 

80 

1 

11  760 

1  849-2 

•842  79 

157  21 

•163  78 

■070  39 

92572 

•21426 

1 

2 

9910-8 

1  686-3 

•82985 

170  15 

•178  55 

3-99611 

91900 

•251  76 

2 

3 

8  224-5 

I5I3-8 

■815  94 

18406 

•19470 

•915  11 

911  66 

■289  37 

3 

4 

6710-7 

1  335-4 

•801  00 

19900 

•212  38 

•82677 

90363 

•327  11 

4 

85 

5  375-3 

1  155-9 

•784  96 

21504 

•231  71 

•730  40 

89485 

•364  94 

85 

6 

4219-4 

979-9 

•767  77 

232  23 

■252  86 

■625  25 

88523 

•402  88 

6 

7 

3  2395 

8117 

•749  43 

25057 

•275  99 

■51048 

874  73 

•440  89 

7 

8 

2  427-8 

655-9 

•729  83 

270  17 

•301  31 

■38521 

86322 

•479  01 

8 

9 

1  771-9 

5I5-7 

■708  99 

291  01 

•328  99 

■248  43 

85064 

•517  18 

9 

90 

1  256-2 

393-32 

•686  88 

313  12 

■359  28 

•099  07 

83688 

•555  43 

90 

1 

862-88 

290-39 

•663  47 

336  53 

•392  42 

2-935  95 

82182 

•593  75 

1 

2 

572-49 

206-79 

•638  78 

361  22 

•428  67 

757  77 

805  35 

•632  12 

2 

3 

365-70 

141-60 

•612  82 

38718 

•468  33 

•563  12 

787  33 

■670  55 

3 

4 

224-10 

92-86 

■585  61 

414  39 

•511  71 

■350  45 

76761 

•709  02 

4 

95 

131-24 

58-106 

•557  26 

442  74 

■559  16 

■118  06 

74606 

■747  54 

95 

6 

73,;I34 

34-535 

•527  79 

47221 

•611  08 

1-86412 

722  46 

•786  10 

6 

7 

38-599 

19-402 

•497  35 

50265 

•667  87 

■58658 

69666 

•824  69 

7 

8 

19-197 

10-250 

•466  04 

533  96 

•730  00 

•28324 

66842 

■863  32 

8 

9 

8-947 

5-064 

•434  06 

565  94 

•79797 

0-951  66 

637  55 

•901  99 

9 

100 

3-883 

2-324 

•401  56 

598  44 

■892  33 

•58921 

60375 

•950  53 

100 

1 

1-559 

■984 

•36881 

631  19 

•953  67 

•19296 

56680 

•979  4° 

1 

2 

•575 

■382 

•33602 

66398 

1-042  65 

1 759  76 

52636 

0-018  14 

2 

3 

•193 

-I34 

■3°3  48 

69652 

1-13999 

•28612 

48213 

•056  90 

3 

4 

•°59 

•°43 

•271  48 

72852 

1-24648 

2-768  25 

433  74 

•095  68 

4 

i°5 

•016 

•016 

•000  00   1 

00000 

1-36297 

•201  99 

•134  49 

105 

448 
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Age 

Age 

Attained 

i=0 

i=5  or  more 

Attained 

t=0 

2=5  or  more 

[X]  +  t 

[X]  +  t 

20 

40-980 

65 

10-750 

10-356 

1 

40-277 

6 

10-244 

9-841 

2 

39-571 

7 

9-752 

9-339 

3 

38-864 

8 

9-273 

8-851 

4 

38-I55 

9 

8-809 

8-377 

25 

37-441 

37-228 

70 

8-360 

7-918 

6 

36-728 

36-5I5 

1 

7-924 

7-474 

7 

36-012 

35-800 

2 

7-503 

7'°45 

8 

35-297 

35-084 

3 

7-098 

6-631 

9 

34-578 

34-366 

4 

6-707 

6-232 

3° 

33-859 

33-648 

75 

6-330 

5-849 

1 

33-I41 

32-928 

6 

5-480 

2 

32-420 

32-206 

7 

5-127 

3 

31-700 

31-487 

8 

4-789 

4 

30-980 

30-765 

9 

4-466 

35 

30-259 

30-043 

80 

4-158 

6 

29-539 

29-322 

1 

3-864 

7 

28-820 

28-603 

2 

3-585 

8 

28-103 

27-884 

3 

3-320 

9 

27-388 

27-166 

4 

3-069 

40 

26-674 

26-450 

85 

2-831 

1 

25-962 

25-735 

6 

2-607 

2 

25-254 

25-024 

7 

2-395 

3 

24-548 

24-314 

8 

2-196 

4 

23-846 

23-609 

9 

2-009  ' 

45 

23-148 

22-906 

90 

1-833 

6 

22-455 

22-209 

1 

1-669 

7 

21-765 

21-514 

2 

I-5I5 

8 

21-082 

20-826 

3 

I-371 

9 

20-405 

20-143 

4 

1-238 

5° 

19-732 

19-466 

95 

1-114 

1 

19-069 

18-795 

6 

•999 

2 

18-411 

18-131 

7 

■892 

3 

17-761 

17-475 

8 

■793 

4 

17-120 

16-826 

9 

•703 

55 

16-488 

16-185 

100 

■619 

6 

15-866 

15-555 

1 

•541 

7 

15-251 

14-933 

2 

•466 

8 

14-648 

14-321 

3 

•386 

9 

14-056 

13-720 

4 

•271 

60 

13-474 

13-130 

i°5 

■000 

1 

12-904 

12-550 

2 

12-347 

11-956 

3 

ii-8oi 

11-428 

4      ' 

11-269 

10-886 

■ 

Q[NM] 


THREE  PER  CENT. 


INTEREST  CONSTANTS 


Constant 

Number 

Logarithm 

i 

•03 

2-477  !2i  3 

(l+i) 

1  03 

0-OI2  8372 

(!+»")* 

1-014  8892 

0-006  418  6 

(I  +»)* 

1-007417  1 

0-003  2°9  3 

V 

•9708738 

1-987  162  8 

U* 

•985  329  3 

1-9935814 

»* 

•992  637  5 

1-996  790  7 

d 

•029  1262 

2-4642840 

5 

•0295588 

2-470  686  8 

450 
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3  PER  CENT. 


Years  elapsed  since 

Date  of  Assurance 

Age  at 
Entry 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

a;  +  5 

DW] 

Axl-U 

D[Z]+2 

D(;H+3 

D[Z]+4 

I>X+I 

20 

55  368 

53  529 

51669 

49824 

48  02I 

4627O 

25 

1 

53  359 

51586 

49  791 

48  on 

46269 

44  578 

6 

2 

51422 

49  7" 

47  979 

46259 

44  577 

42944 

7 

3 

49  551 

47899 

46227 

44  568 

42  943 

4I366 

8 

4 

47  745 

46  151 

44  537 

42  934 

41365 

39  840 

9 

25 

46001 

44462 

42903 

41356 

39  839 

38  365 

30 

6 

44  314 

42828 

41325 

39830 

38365 

36  941 

1 

7 

42685 

41252 

39  8oo 

38  356 

36940 

35  563 

2 

8 

41  in 

39  726 

38324 

36  93° 

35  56i 

34230 

3 

9 

39  591 

38254 

36900 

35  552 

34229 

32  942 

4 

3° 

38 121     , 

36831 

35  522 

34  220 

32  94° 

31696 

35 

1 

36699 

35  453 

34189 

32  931 

31694 

30  489 

6 

2 

35  324 

34  121 

32900 

31684 

30487 

29  320 

7 

3 

33  994 

32831 

31653 

30  477 

29319 

28  190 

8 

4 

32708 

31586 

30446 

29309 

28189 

27O95 

9 

35 

3M64 

3°379 

29278 

28  179 

27094 

26034 

40 

6 

3°259 

29  211 

28147 

27083 

26032 

25.005 

1 

7 

29093 

28081 

27051 

26021 

25003 

24OO8 

2 

8 

27963 

26984 

25988 

24992 

24007 

23O4I 

3 

9 

26868 

25922 

24  959 

23  995 

23039 

22  102 

4 

40 

25808 

24893 

23962 

23027 

22  100 

21  igi 

45 

1 

24779 

23895 

22994 

22088 

21  189 

20307 

6 

2 

23782 

22  926 

22054 

21  176 

20304 

I9446 

7 

3 

22813 

21  986 

21  141 

20291 

19  445 

18  6ll 

8 

4 

21  874 

21073 

20256 

19  431 

18  609 

I7798 

9 

45 

20961 

20  186 

19  394 

18594 

17  796 

I7OO7 

50 

6 

20075 

19  325 

18  557 

17782 

17005 

16237 

1 

7 

19  214 

18487 

17  744 

16990 

16235 

15  487 

2 

8 

18  375 

17672 

16  951 

16220 

15485 

14  757 

3 

9 

17  559 

16878 

16  179 

15469 

14  754 

I4044 

4 

5° 

16  766 

16  106 

15428 

14  738 

14042 

13  350 

55 

1 

15  992 

15  353 

14696 

14025 

13  347 

12  672 

6 

2 

15239 

14620 

13982 

13  330 

12  670 

12  Oil 

7 

3 

14505 

13904 

13285 

12  651 

12  008 

II  366 

8 

4 

13789 

13207 

12  606 

11  990 

11  363 

IO736 

9 

55 

13090 

12527 

11  943 

11  344 

10  733 

IO  121 

60 

6 

12408 

11  862 

11  296 

10  713 

10  118 

9  520-9 

1 

7 

11  743 

II  214 

10665 

10098 

9  5I7-9 

8  935-5 

2 

8 

11  094 

10581 

10049 

9  497-5 

8  932-4 

8  364-7 

3 

9 

10460 

9  963-0 

9  446-9 

8911-3 

8  361-2 

7808-4 

4 

60 

9841-5 

9  360-3 

8  86o-i 

8  34°- 1 

7  805-1 

7266-7 

65 

1 

9238-0 

8  772-4 

8287-8 

7  783-2 

7  263-2 

6  739-8 

6 

2 

8  648-9 

8  198-8 

7  73°-2 

7241-0 

6  736-3 

6228-5 

7 

3 

8  075-7 

7641-2 

7187-9 

6714-1 

6  225-0 

5  732-7 

8 

4 

7516-9 

7  097-6 

6  66o-i 

6202-4 

5  729-o 

5  253-2 

9 

65 

6973-6 

6569-8 

6  148-2 

5  7°6-5 

5  249-6 

4  790-7 

7° 

6 

6  446-1 

6057-9 

5  652-4 

5227-1 

4  787-2 

4  346-2 

1 

7 

5  9347 

5  562-1 

5  I73-0 

4  764-6 

4  342-6 

3920-1 

2 

8 

5  44°-4 

5  083-7 

4  7II-3 

4  320-6 

3  916-8 

3  5137 

3 

9 

4963-1 

4  622-6 

4  267-6 

3  894-8 

3  5io-3 

3  I27-9 

4 

70 

4  5°4-° 

4  180-3 

3  842-8 

3  488-9 

3  124-6 

2  763-4 

75 

1 

4064-3 

3  757-6 

3  438-2 

3I03-8 

2  760-3 

2421-4 

6 

2 

3  644-7 

3  355-3 

3  054-6 

2  740-2 

2418-4 

2  102-7 

7 

3 

3  245-8 

2  974-3 

2  692-8 

2  399-2 

2  099-8 

1  808-0 

8 

4 

2  869-3 

2  616-0 

2  354-0 

2 081 -6 

1  805-3 

1  538-0 

9 

75 

2  5I5-7 

2  280-9 

QtNM] 
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3  PER  CENT. 


Years  elapsed  since 

Date  of  Assubanoe 

Age  at 
Entry 

[X] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

X  +  5 

log  DM 

l°gI>M+1 

l0gD[fl  +  2 

log  DM]+3 

l°g!W4 

kg  D^ 

20 

4743  26 

4-728  59 

4713  23 

4-697  44 

4-681  43 

4-665  30 

25 

I 

•727  21 

•712  53 

•697  15 

•681  34 

•665  29 

•649  12 

6 

2 

•711 15 

■696  45 

•68l  05 

•665  20 

•649  11 

•632  90 

7 

3 

■695  °5 

•680  33 

•£64  90 

•649  02 

•632  89 

•6l6  64 

8 

4 

•678  93 

•664  18 

■648  72 

•632  80 

■61663 

•600  32 

9 

25 

•662  77 

•647  99 

•632  49 

•61654 

•600  31 

•583  94 

3° 

6 

•646  54 

•631  73 

■6l6  21 

•60021 

•583  93 

■56751 

1 

7 

•63028 

•615  45 

•599  88 

•583  83 

•567  50 

•551  00 

2 

8 

•613  96 

•599  08 

•583  47 

■567  38 

■55°  98 

■534  41 

3 

9 

■597  60 

•582  68 

•567  03 

•55087 

"534  4° 

•517  75 

4 

3° 

■581 16 

•56621 

•550  50 

■534  28 

•517  73 

•501  00 

35 

1 

•56465 

■549  65 

•533  89 

•51760 

■500  98 

•484  14 

6 

2 

•548  07 

•533  °2 

•517  r9 

•500  84 

•484  12 

•46717 

7 

3 

•53i  40 

■51629 

•500  41 

•483  97 

•467  15 

•450  10 

8 

4 

■51465 

•499  49 

•483  53 

•467  00 

•450  08 

•432  89 

9 

35 

•497  82 

■482  58 

•466  54 

•449  92 

■432  87 

•415  54 

40 

6 

■480  86 

•465  55 

•449  43 

■432  69 

■415  5i 

•398  03 

1 

7 

■463  79 

•448  41 

•432  18 

•415  32 

•398  00 

•380  36 

2 

8 

•446  59 

•431 11 

•414  78 

•397  80 

•380  33 

•362  50 

3 

9 

•429  24 

•413  67 

•397  23 

•380  12 

•362  47 

•344  44 

4 

40 

•411  76 

•396  08 

•379  52 

•362  24 

•344  4° 

•32615 

45 

1 

•394  °9 

•378  31 

•361  61 

■344  16 

■326  12 

•307  64 

6 

2 

•376  24 

•360  33 

"343  48 

•325  85 

■307  59 

•288  84 

7 

3 

•358  19 

•342  14 

•325  13 

•307  31 

•288  80 

•269  76 

8 

4 

•339  93 

•323  73 

•306  55 

•288  50 

•269  72 

•250  38 

9 

45 

•321  41 

•305  06 

•28767 

•269  38 

•250  32 

•230  63 

50 

6 

•302  65 

•286  11 

•26851 

■249  97 

•23058 

■210  51 

1 

7 

•28361 

•26687 

•249  04 

•230  20 

■21045 

■18997 

2 

8 

•264  23 

•24729 

-229  20 

•21004 

•189  91 

•168  99 

3 

9 

•244  51 

•227  33 

•208  96 

•189  46 

•168  92 

■147  50 

4 

5° 

•224  42 

■20698 

■18830 

•16843 

•14742 

•12547 

55 

1 

•203  91 

•186  19 

•167  19 

•14689 

■125  38 

■10285 

6 

2 

•18297 

•16495 

■145  57 

•12482 

•102  76 

•07958 

7 

3 

•161  51 

•143  15 

■123  37 

•102  14 

■079  47 

■055  59 

8 

4 

•139  53 

•12080 

■10059 

■078  81 

•055  48 

•030  83 

9 

55 

•11695 

•09783 

•077  13 

•054  76 

■030  71 

•005  23 

60 

6 

•093  71 

•074  15 

■052  93 

•029  91 

■005  09 

3-978  68 

1 

7 

•069  79 

•049  75 

•027  96 

•004  24 

3-978  54 

•951  12 

2 

8 

•045  09 

•024  52 

•002  11 

3-977  61 

•950  97 

•922  45 

3 

9 

-01952 

3'998  39 

3-975  29 

•949  94 

•922  27 

■89256 

4 

60 

3-993  06 

•971  29 

■947  44 

•921 17 

•892  38 

•861  34 

65 

1 

•965  58 

•943  12 

•918  44 

•891 16 

•861  13 

•828  65 

6 

2 

•936  96 

■913  75 

•888  19 

•859  80 

•828  42 

•794  38 

7 

3 

•907  18 

•883  16 

■856  60 

•826  99 

•794  14 

•758  36 

8 

4 

•87604 

•851  11 

•823  48 

•792  56 

•758  08 

■72042 

9 

65 

•843  46 

•81755 

■788  75 

•756  37 

•720  13 

•680  40 

70 

6 

■809  30 

•782  32 

•752  23 

•71826 

■680  08 

•638  11 

1 

■7 

773  4° 

•745  24 

■7J3  74 

•678  03 

■637  75 

■593  30 

2 

8 

•735  63 

■706  18 

•673  14 

•635  54 

•592  93 

•545  77 

3 

9 

•695  75 

•664  89 

•630  18 

•590  49 

•545  35 

•495  25 

4 

70 

•65360 

•621  21 

■58465 

•542  69 

•494  79 

•441  45 

75 

1 

•60899 

•574  91 

•536  33 

•491  89 

■440  95 

•38407 

6 

2 

■561  66 

•525  73 

•484  96 

•437  79 

■383  53 

•322  78 

7 

3 

•511  32 

"473  39 

•430  20 

•380  06 

■322  18 

•257  21 

8 

4 

"457  78 

•41763 

■371  80 

•31840 

•256  56 

•18695 

9 

75 

•400  66 

•358  10 

■309  38 

•252  43 

•18624 

•in  57 

80 
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3  PER  CENT 

Years  eiapsed  since  Date  of  Assurance 

Age  at 
Entry- 
fa;] 

,  Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

NW] 

Nt«+i 

Nwj+a 

Ntaa+a 

%]+« 

^*+5 

x+5 
25 

20 

i  265  826 

1  210458 

1 156  929 

1  105  260 

1  055  436 

I  007  4I5 

i 

1  210  161 

1 156  802 

1 105  216 

1  055  425 

1  007  414 

96l  I45 

6 

2 

1 156  515 

1 105  093 

1 055  382 

1  007  403 

961 144 

916  567 

7 

3 

1 104  811 

1 055  260 

1 007  361 

961 134 

916566 

873  623 

8 

4 

1  054  989 

1 007  244 

961 093 

916  556 

873  622 

832  257 

9 

25 

1  006  978 

960  977 

916  515 

873612 

832  256 

792  417 

3° 

6 

960  714 

916  400 

873  572 

832  247 

792  4r7 

754  052 

1 

7 

916 144 

873  459 

832  207 

792  4°7 

754  051 

717  in 

2 

8 

873  200 

832  089 

792  363 

754  039 

717  109 

681  548 

3 

9 

831 844 

792  253 

753  999 

717099 

681  547 

647318 

4 

3° 

792  010 

753  889 

717058 

681  536 

647  316 

614  376 

35 

i 

753  646 

716947 

681  494 

647  305 

614  374 

582  680 

6 

2 

716  707 

681  383 

647  262 

614  362 

582  678 

552  191 

7 

3 

681  145 

647  151 

614  320 

582  667 

552  190 

522  871 

8 

4 

646  919 

614  211 

582  625 

552  179 

522  870 

494681 

9 

35 

613980 

582516 

552 137 

522  859 

494  680 

467  586 

40 

6 

582  284 

552  025 

522814 

494  667 

467  584 

44i  552 

1 

7 

55i  796 

522  703 

494  622 

467  571 

44i  55° 

416547 

2 

8 

522  473 

494510 

467  526 

441 538 

416546 

392  539 

3 

9 

494  281 

467413 

441  491 

4^532 

392  537 

369  498 

4 

4° 

467 186 

44i  378 

416485 

392  523 

369  496 

347  396 

45 

I 

441 150 

4*6  371 

392  476 

369  482 

347  394 

326  205 

6 

2 

416  140 

392  358 

369  432 

347  378 

326  202 

305  898 

7 

3 

392  128 

369315 

347  329 

326  188 

305  897 

286  452 

8 

4 

369  084 

347210 

326  137 

305  881 

286  450 

267  841 

9 

45 

346  974 

326013 

3°5  827 

286433 

267  839 

250043 

50 

6 

325  78° 

3°5  7°5 

286380 

267  823 

250  041 

233  036 

1 

7 

3°5  469 

286255 

267  768 

250  024 

233  °34 

216  799 

2 

8 

286015 

267  640 

249  968 

233017 

216797 

201  312 

3 

9 

267  394 

249  835 

232  957 

216778 

201  309 

186555 

4 

5° 

249  591 

232  825 

216719 

201  291 

186553 

172  511 

55 

I 

232  574 

216582 

201  229 

186  533 

172  508 

159  161 

6 

2 

216330 

201  091 

186  471 

172  489 

159  159 

146489 

7 

3 

200831 

186326 

172  422 

159  137 

146  486 

134  478 

8 

4 

186067 

172  278 

159  071 

146  465 

134  475 

123 112 

9 

55 

172  013 

158923 

146  396 

134  453 

123  109 

112  376 

60 

6 

158  652 

146  244 

134  382 

123  086 

112  373 

102  254-7 

1 

7 

145  972 

134229 

123  015 

112  350 

102251-7 

92  733-8 

2 

8 

133  952 

122  858 

112  277 

102  228-2 

92  730-7 

83  798-3 

3 

9 

122  576 

112  116 

102  153-0 

92  706-1 

83  794-8 

75  433-6 

4 

6o 

111832-3 

101  990-8 

92  630-5 

83  77°-4 

75  43°-3 

67  625-2 

65 

I 

101  703-1 

92465-1 

83  692-7 

75  4°4-9 

67621-7 

60  358-5 

6 

2 

92  173-9 

83525-0 

75  326-2 

67  596-0 

60  355-0 

536187 

7 

3 

83234-1 

75  158-4 

67517-2 

60  329-3 

53615-2 

47  390-2 

8 

4 

74  863-5 

67  346-6 

60  249-0 

53  588-9 

47  386-5 

41  657-5 

9 

65 

67  052-0 

60078-4 

53  5o8-6 

47  360-4 

41  653-9 

36404-3 

70 

6 

59  784-3 

53  338-2 

47280-3 

41  627-9 

36  400-8 

31613-6 

1 

7 

53  044-4 

47  I097 

41  547-6 

36  374-6 

31  6io-o 

27  267-4 

2 

8 

46820-1 

41  379-7 

36  296-0 

31  584-7 

27264-1 

23  347-3 

3 

9 

41  092-0 

36  128-9 

3i  5°6-3 

27238-7 

23  343-9 

19833-6 

4 

7° 

35  846-3 

3i  342-3 

27  162-0 

23319-2 

19  830-3 

16  705-7 

75 

i 

31  066-5 

27002-2 

23  244-6 

19  806-4 

16702-6 

I3  942-3 

6 

2 

26734-1 

23  089-4 

19  734-1 

16679-5 

13  939-3 

11520-9 

7 

3 

22  830-1 

I9  584-3 

16610-0 

13917-2 

11  518-0 

9418-2 

8 

4 

I9  336-4 

16467-1 

13851-1 

11497-1 

9  4*5-5 

7  610-2 

9 

75 

16231-4 

I3  7I5-7 

11434-8 

9  396-0 

7  607-7 

6  072-2 

80 

453 


OtNM] 

log  N[a,]+< 

3  PEE  CENT. 

Years  elapsed  since 

Date  of  Assurance 

Age  at 
Entry 

[X] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

x+5 

log  N1M 

logNM+1 

loS  Nm+a 

l0gNW]+3 

logNu)+i 

logNx+6 

20 

6-102  38 

6-082  95 

6-063  31 

6-043  46 

6-023  43 

6-003  21 

25 

1 

•082  84 

•063  26 

•°43  45 

•023  43 

•003  21 

5-982  79 

6 

2 

•063 15 

■043  40 

•023  41 

•OO3  20 

5-982  79 

•962  17 

7 

3 

•043  28 

•023  36 

■003  18 

5-982  78 

•962  17 

•941  32 

8 

4 

•023  25 

•003  14 

5-982  76 

•962  16 

•941  32 

■920  26 

9 

25 

•003  02 

5-982  71 

•962  14 

•941  32 

•920  26 

■898  96 

30 

6 

5-982  59 

■962  09 

■941  3° 

•920  25 

•898  96 

•87740 

1 

7 

•961  96 

■941  24 

•920  23 

•898  95 

■877  4° 

•855  59 

2 

8 

■941  n 

•920 17 

•898  92 

•877  39 

•855  59 

•833  50 

3 

9 

•920  04 

•898  86 

•877  37 

•855  58 

•833  5° 

■811  12 

4 

3° 

•898  73 

•877  31 

•855  56 

•833  49 

■811  12 

•788  44 

35 

1 

•877  17 

•855  49 

•833  46 

•811  11 

•788  43 

•765  43 

6 

2 

•855  34 

•833  39 

•811  08 

•788  42 

765  43 

•742  09 

7 

3 

■83324 

•811  01 

•788  39 

•765  42 

•742  09 

•718  39 

8 

4 

■81085 

•788  32 

•765  39 

•742  08 

•718  39 

•694  32 

9 

35 

•788  15 

765  31 

•742  05 

•7!8  39 

•694  32 

•669  87 

40 

6 

•765  13 

•741  96 

•7!8  34 

•694  32 

■669  86 

•644  98 

1 

7 

•741  78 

•71825 

■694  27 

■669  85 

•644  98 

•61967 

2 

8 

•718  06 

■694  18 

■669  81 

•64497 

•619  67 

•593  88 

3 

9 

■693  97 

•669  70 

•644  92 

•619  65 

•593  88 

•567  61 

4 

40 

•669  49 

•64481 

•619  60 

•593  86 

•567  61 

■54°  83 

45 

1 

•644  59 

•619  48 

•593  82 

•567  59 

•540  82 

■513  49 

6 

2 

•619  24 

■593  68 

•567  53 

■540  80 

■513  48 

•485  58 

7 

3 

•593  43 

•567  40 

■54°  74 

•513  47 

•485  58 

•457  °5 

8 

4 

■567  12 

•540  59 

•5134° 

•485  55 

•457  05 

■427  88 

9 

45 

■54029 

•51323 

•48548 

•457  °2 

■427  88 

•398  02 

50 

6 

■512  92 

•485  31 

•456  94 

•427  85 

■398  01 

•367  42 

1 

7 

•48497 

•456  76 

•427  76 

•39798 

•36742 

•336  06 

2 

8 

•456  39 

•427  55 

•397  89 

•367  38 

•33605 

•303  87 

3 

9 

•427  15 

•397  65 

•367  27 

■336  02 

•303  87 

•27081 

4 

5° 

•397  23 

•36703 

•335  9° 

•303  82 

•27081 

•23681 

55 

1 

■366  56 

•335  62 

•303  69 

•270  76 

•23681 

■201  83 

6 

2 

•335  12 

•303  39 

•270  61 

•236  76 

•201  83 

■165  81 

7 

3 

•302  83 

■270  27 

•236  59 

■201  77 

•16580 

•12865 

8 

4 

•269  67 

•236  23 

•201  59 

•165  74 

•12865 

•090  30 

9 

55 

•235  56 

•201  19 

•165  53 

•12857 

■090  29 

•050  67 

60 

6 

■200  45 

■165  08 

•12834 

•690  2 1 

•050  66 

•009  68 

1 

7 

•16427 

•12785 

■089  96 

•°5°57 

•009  67 

4-967  24 

2 

8 

•12695 

•089  40 

•050  29 

•009  57 

4-967  22 

•92323 

3 

9 

•088  40 

■049  66 

■009  25 

4-96711 

•923  22 

■877  57 

4 

60 

•048  57 

■008  56 

4-966  76 

•923  09 

•877  54 

•830  11 

65 

1 

•o°7  33 

4-965  98 

•922  69 

•877  4° 

•830  09 

•78074 

6 

2 

4-964  61 

•921  82 

•87694 

•829  92 

•78071 

■72932 

7 

3 

•920  30 

■875  98 

•82941 

•780  53 

•729  29 

•675  69 

8 

4 

•87427 

■828  32 

•779  95 

•729  08 

•675  66 

•619  70 

9 

65 

•82641 

•778  72 

•728  43 

•675  41 

•619  66 

•561  15 

70 

6 

•776  59 

•727  04 

■67468 

•619  39 

■561 11 

•499  88 

1 

7 

•724  64 

•673  11 

•61855 

■560  80 

■499  82 

•435  64 

2 

8 

•670  43 

•616  79 

■559  86 

•499  48 

•435  59 

•368  24 

3 

9 

•613  76 

•557  86 

•498  40 

•435  19 

■368  18 

•297  40 

4 

70 

•554  44 

•496  13 

•433  96 

■367  71 

•297  33 

•222  86 

75 
6 

1 

•492  30 

•431  40 

•366  32 

•29681 

•222  78 

■144  34 

2 

•427  06 

•363  41 

■295  22 

•222  19 

•144  24 

■061  49 

7 
8 

3 

•358  51 

•291  91 

■220  37 

•143  56 

•061  38 

3-973  97 

4 

•286  38 

•216  61 

•141 48 

•060  58 

3-973  84 

•881  40 

9 

75 

■21036 

•13722 

•058  23 

3-972  94 

•88125 

■783  35 

80 

454 

OINM] 

M[x]+J 

3  PEE  CENT. 

Years  elapsed  since  Date  oe  Assurance 

Age  at 

Age 

Entry 
[as] 

0 

1 

2 

3 

4 

5  or  more 

Attained 

x  +  5 

MM 

%l+i 

Mw]+2 

^[aa  +3 

^■m+i 

Mtf+5 

20 

18498-87 

18  273-10 

17971-97 

17632-49 

1727977 

16927-77 

25 

I 

18111-88 

17892-69 

17  600-33 

17270-24 

16926-84 

16  58371 

6 

2 

17737-17 

17523-86 

17  239-03 

16917-60 

16582-81 

16248-32 

7 

3 

17  372H3 

17  163-36 

16886-83 

16573-84 

16  247-00 

15  920-07 

8 

4 

17016-81 

16813-83 

16543-96 

1623874 

15919-23 

15  599-69 

9 

25 

16671-57 

16472-64 

16  209-28 

15910-76 

15  598-86 

15  285-75 

3° 

6 

16331-98 

16137-50 

15  880-50 

15589-82 

15  284-95 

14978-15 

1 

7 

l6  002-20 

15811-63 

15  560-84 

15276-16 

14  977-37 

14  676-41 

2 

8 

15  677-98 

15  490-84 

1524571 

14967-32 

14  674-90 

14  379-31 

3 

9 

15  363-01 

15  I79-27 

14938-88 

14  665-88 

14378-58 

14088-31 

4 

3° 

15  052-50 

14872-51 

14  636-79 

14  369-48 

14  086-89 

13  801-16 

35 

i 

14  747-57 

14570-88 

14340-14 

14077-33 

13  799-77 

I3  5I7-54 

6 

2 

14448-95 

14  274-77 

14047-46 

13  789-80 

13516-19 

I3  237H9 

7 

3 

14154-67 

13982-63 

i3  759-8o 

13505-85 

13236-19 

12  960-72 

8 

4 

13  865-69 

13695-81 

13  476-37 

13  226-14 

12  959-45 

12  686-64 

9 

35 

I3  58I-33 

13412-95 

13  I96-55 

12  949-38 

12  685-41 

12  415-03 

40 

6 

13299-61 

13133-12 

12  919-12 

12  674-73 

12413-24 

12  14478 

1 

7 

13  021-56 

12  856-34 

12644-15 

12  402-28 

12  14305 

11  87576 

2 

8 

12745-63 

12580-81 

12  371-12 

I2I3I-83 

11  874-08 

11  607-84 

3 

9 

12471-57 

12  308-17 

12  100-43 

II  862-gO 

11  606-20 

11  340-37 

4 

4° 

12201-06 

12037-66 

11  831-05 

H594-55 

11  338-52 

11  072-76 

45 

I 

11930-58 

11  767-61 

11  562-53 

II  326-66 

II  071-48 

10805-50 

6 

2 

11  66o-8o 

11  498-08 

11293-53 

11058-71 

10803-26 

10  536-80 

7 

3 

11  392-29 

11  229-14 

11 024-99 

IO  790-59 

10535-10 

10  267-45 

8 

4 

11  124-18 

10  960-49 

10  756-64 

I0  522-09 

10265-81 

9  997-02 

9 

45 

10855-21 

10  690-90 

10486-51 

I0  25I-77 

9  994-73 

9  724-20 

50 

6 

10  586-07 

10  420-56 

10216-07 

9  980-88 

9  722-43 

9  449-81 

1 

7 

10316-52 

10  149-78 

9  944-43 

9  707-88 

9  447-66 

9  172-66 

2 

8 

10044-71 

9876-72 

9670-51 

9432-88 

9  I70-57 

8  893-14 

3 

9 

9771-05 

9601-57 

9  394-28 

9I55-I9 

8  890-91 

8  610-62 

4 

5° 

9  496-08 

9  324-45 

9115-67 

8  874-77 

8  608-26 

8325-11 

55 

i 

9218-33 

9  044-82 

8  834-61 

8591-61 

8  322-43 

8  036-26 

6 

2 

8  938-83 

8  763-06 

8  550-86 

8  305-89 

8  033-66 

7  744-33 

7 

3 

8  655-15 

8  477-41 

8  263-33 

8  016-32 

7  741-45 

7448-84 

8 

4 

8  369-47 

8  189-23 

7  973-17 

7  72371 

7  446-05 

7  150-07 

9 

55 

8  080-27 

7  897-64 

7  679-52 

7  427-78 

7147-18 

6  847-94 

60 

6 

7  787-25 

7602-15 

7382-11 

7  128-09 

6844-80 

6  542-58 

1 

7 

7491-55 

7  3°4-10 

7  082-08 

682578 

6539-7° 

6  234-60 

2 

8 

7  192-59 

7  002-56 

6778-34 

6  5I9-95 

6231-65 

5  924-1° 

3 

9 

6  889-63 

6  697-49 

6471-56 

62II-IO 

5  920-64 

5611-18 

4 

6o 

6584-20 

6  389-75 

6  162-25 

5  900-21 

5  608-10 

5297-12 

65 

I 

6275-86 

6  079-23 

5  850-28 

5  586-97 

5  293-71 

4981-84 

6 

2 

5  964-22 

5  766-18 

5  536-20 

5  272-21 

4  978-39 

4  666-62 

7 

3 

5  65I-47 

5  452-10 

5221-35 

4  956-96 

4663-41 

4  352-42 

8 

4 

5  336-44 

5  136-00 

4905-29 

4  64I-55 

4348-78 

4039-83 

9 

65 

5  020-69 

4819-98 

4  589-64 

4  327-02 

4  036-41 

3  730-4° 

70 

6 

4  704-87 

4  504-21 

4  275-22 

4014-66 

3  726-96 

3  425-44 

1 

7 

4  389-66 

4  190-01 

3  962-88 

3  705-24 

3421-87 

3  125-92 

2 

8 

4  076-66 

3878-54 

3  654-24 

3  400-54 

3 122-68 

2  833-73 

3 

9 

3766-18 

3  570-42 

3  349-83 

3  101-50 

2  830-47 

2  550-16 

4 

70 

3  459-93 

3  267-42 

3051-71 

2  809-69 

2  547-00 

2  276-82 

75 

1 

3  159-47 

2971-14 

2761-13 

2  526-83 

2  273-75 

2  015-35 

6 

2 

2  865-98 

2  682-79 

2  479-79 

2  254-38 

2012-37 

1  767-15 

7 

3 

2  580-87 

2  403-91 

2  209-01 

1  993-77 

I  764-36 

1  533-75 

8 

4 

2  306-11 

2  136-37 

1  95°-53 

1  746-79 

I53fI3 

1  316-34 

9 

75 

2  042-90 

1881-39 

1  705-79 

1  5I4-56 

I  3I3-90 

1 116-08 

80 

. 

455 

OtNM] 

log  M[x]+f 

3  PER  CENT. 

Seabs  elapsed  since 

Date  of  Assttranoe 

Age  at 
Entry 

[X] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

X  +  5 

log  Mw] 

logMw]+1 

logMM+a 

logMM+3 

logM^n-4 

log  Mjj+j 

20 

4-267  15 

4-261  81 

4-254  60 

4-246  31 

4-237  54 

4-228  60 

25 

1 

•25797 

•252  67 

•245  52 

•237  30 

•228  58 

•21968 

6 

2 

•248  88 

•243  63 

•23651 

•228  34 

•21966 

•210  81 

7 

3 

•23986 

•234  60 

•22755 

•219  43 

•21077 

•201  94 

8 

4 

•230  88 

•225  67 

•218  64 

•21055 

■201  92 

■193  11 

9 

25 

■221  98 

•21676 

•209  77 

■201  69 

•193  10 

•18429 

30 

6 

•21304 

■207  84 

•200  87 

•192  84 

■18427 

•175  45 

1 

7 

•204  18 

•198  98 

•19204 

•184  01 

•175  43 

■16662 

2 

8 

•195  29 

•190  08 

■183  15 

•175  14 

•16658 

•157  74 

3 

9 

•18648 

•181 25 

•174  32 

•166  31 

•157  72 

•14886 

4 

3° 

■177  61 

•172  39 

•165  44 

■157  44 

■14882 

■139  91 

35 

1 

•168  72 

•16349 

•15655 

•148  52 

•13987 

•13090 

6 

2 

•15984 

•154  57 

■147  59 

•139  55 

•13086 

•121  80 

7 

3 

•15090 

•145  59 

•138  61 

■13052 

•121  77 

•112  63 

8 

4 

•141  94 

■13658 

•12957 

■121  43 

•112  59 

•103  35 

9 

35 

•13294 

•12753 

•12046 

•112  25 

•103  30 

•093  95 

40 

6 

•12384 

•118  36 

•in  23 

•102  94 

■093  89 

•084  39 

1 

7 

•114  66 

•109  12 

•101  89 

•093  50 

■084  33 

■074  66 

2 

8 

■105  36 

•099  71 

■092  40 

•083  92 

•074  60 

■064  75 

3 

9 

•095  92 

•090  20 

•082  80 

■074  19 

•064  69. 

•054  62 

4 

40 

•086  40 

■080  54 

•073  02 

■064  25 

•054  56 

■044  26 

45 

1 

■07666 

•070  69 

•063  05 

•054  10 

•04421 

•033  65 

6 

2 

•066  73 

•060  62 

•052  83 

•043  71 

•033  55 

■022  71 

7 

3 

•056  61 

•050  35 

•042  38 

■033  °4 

•022  64 

•on  46 

8 

4 

•046  27 

•03983 

■031  68 

•022  10 

■on  39 

3-999  87 

9 

45 

•°35  64 

•029  02 

•020  63 

•01080 

3-999  77 

■98785 

5° 

6 

■024  73 

•01789 

•009  28 

3-999  17 

•987  77 

•975  42 

1 

7 

■OI3  53 

•006  46 

3'997  58 

•987  13 

•975  33 

•962  50 

2 

8 

•001  94 

3-994  61 

■985  45 

■974  65 

■962  40 

•949  05 

3 

9 

3-98994 

•982  34 

■972  86 

•961  67 

•948  95 

•935  °3 

4 

5° 

■977  55 

•969  63 

•959  79 

•948  1-6 

•934  92 

•920  39 

55 
6 

1 

•964  65 

•956  40 

•946  19 

■934  °7 

■920  25 

•905  06 

2 

•951  28 

•942  66 

•932  01 

•919  39 

■904  92 

•888  98 

7 

3 

•937  28 

•928  26 

■917  r5 

•903  97 

•88883 

•872  09 

8 

4 

•922  70 

■9I324 

•901  63 

■88783 

•871  93 

•854  31 

9 

55 

•907  43 

■897  50 

•885  33 

■87086 

■854  14 

■835  56 

60 

6 

•891  39 

•88094 

•868  18 

■852  97 

•835  36 

•815  75 

1 

7 

•874  57 

•863  57 

•85016 

■834  15 

•81556 

•79481 

2 

8 

■856  89 

•845  26 

•831 12 

•81425 

•794  61 

•772  62 

3 

9 

•838  19 

■825  91 

•811  01 

793  17 

•772  37 

■749  06 

4 

60 

•81850 

•805  49 

•789  74 

•770  87 

•748  82 

•72404 

65 
6 

1 

■797  68 

•78385 

•767  18 

•747  18 

■723  76 

•697  39 

2 

•775  55 

•760  89 

•743  21 

•721  99 

•697  09 

■669  00 

7 
8 

.      3 
4 

•752  16 

•73656 

.717  79 

•695  22 

•668  70 

•638  73 

.72725 

•71063 

•690  67 

■666  67 

•638  37 

•606  36 

9 

65 

•700  76 

•683  05 

■661  77 

•636  19 

•605  99 

•57i  76 

70 

6 

•672  55 

•653  62 

•630  96 

■603  65 

■571  36 

•534  71 

1 

7 
8 

•642  43 

■622  21 

■598  01 

•568  81 

•534  26 

•494  98 

2 

•610  31 

•588  67 

•562  79 

•531  55 

•494  53 

•452  36 

3 

9 

■575  90 

■552  72 

•525  02 

•49i  57 

■451  86 

•406  57 

4 

70 

1 

•539  07 
•499  61 

•51420 
•472  92 

•484  54 
•441  09 

•44866 
■402  58 

•406  03 
•356  74 

•357  32 
•304  35 
•247  28 
•185  76 

75 
6 

2 

•457  28 

•428  59 

•394  42 

•353  03 

.303  70 

7 
8 

3 
4 

•411  76 

•380  92 

•344  20 

•299  67 

•246  59 

•362  88 

•329  67 

•290  16 

•242  24 

•185  01 

•119  37 

9 

75 

•31025 

•27448 

•231  93 

■18029 

•118  56 

•047  69 

80 

456 

QtNM] 


Olxl+t 


3  PER  CENT. 


Years  elapsed  sinoi 

Date  of 

Assurance 

Age  at 

Age 

Entry 

0 

1 

2 

3 

4 

5  or  more 

Attained 
x+5 

alx\ 

%]+i 

alX1  Yi 

aW]+3 

°[a;]+4 

aX+i 

20 

21-862 

21-613 

21-391 

2I-I83 

20-979 

20773 

25 

1 

21-680 

21-425 

21-197 

20-983 

20-773 

20-56I 

6 

2 

21-491 

21-230 

20-997 

20-777 

20-562 

20-343 

7 

3 

21-296 

21-031 

20-791 

20-566 

20-344 

20-120 

8 

4 

21-096 

20-825 

20-580 

20-348 

20-120 

19-890 

9 

25 

20-890 

20-613 

20-362 

20-124 

19-891 

J9-654 

30 

6- 

20-680 

20-397 

20-139 

I9-895 

I9-655 

19-412 

1 

7 

20-463 

20-173 

19-910 

I9-659 

i9-4!3 

I9-I65 

2 

8 

20-240 

19-945 

19-675 

I9-4I8 

19-165 

I8-9II 

3 

9 

20-OII 

19-710 

19-433 

I9-I70 

18-911 

18-650 

4 

3° 

19-776 

19-469 

19-186 

I8-9I6 

18-651 

18-384 

35 

1 

19-530 

19-223 

18-933 

18-656 

18-384 

i8-iii 

6 

2 

19-290 

18-970 

18-674 

I8-390 

18-112 

I7-833 

7 

3 

19-037 

18-711 

18-408 

18-118 

17-834 

I7-548 

8 

4 

18-779 

18-446 

18-136 

17-840 

17-549 

17-258 

9 

35 

18-514 

18-175 

I7-859 

17-555 

17-258 

16-961 

40 

6 

18-243 

17-897 

17-575 

17-265 

16-962 

16-659 

1 

7 

17-967 

17-614 

17-285 

16-969 

16-660 

16-350 

2 

8 

17-684 

17-326 

16-990 

16-667 

16-351 

16-037 

3 

9 

i7'397 

17-031 

16-689 

16-359 

16-038 

15-718 

4 

40 

17-102 

16-731 

16-381 

16-046 

I57I9 

15-394 

45 

1 

16-803 

16-425 

16-069 

15-728 

15-395 

15-064 

6 

2 

16-498 

16-114 

I5-75I 

15-404 

15-066 

14-73° 

7 

3 

16-189 

I5-798 

15-429 

I5-075 

I4-732 

I4-392 

8 

4 

I5-873 

I5-476 

15-101 

14-742 

14-393 

14-049 

9 

45 

15-553 

15-150 

14-769 

I4-405 

14-051 

13-702 

50 

6 

15-228 

14-819 

I4-432 

14-062 

I3-704 

I3-352 

1 

7 

14-898 

14-484 

14-091 

I3-7I6 

13-354 

12-999 

2 

8 

I4-565 

I4-H5 

I3-746 

13-366 

13-001 

12-642 

3 

9 

14-228 

13-802 

I3-399 

13-014 

12-644 

12-283 

4 

5° 

13-887 

I3-456 

13-047 

12-658 

12-285 

11-922 

55 

1 

13-543 

13-107 

12-693 

12-300 

11-925 

11-560 

6 

2 

13-196 

12-754 

12-336 

11-940 

11-562 

11-196 

7 

3 

12-846 

12-401 

11-978 

n-579 

n-199 

10-832 

8 

4 

12-494 

12-045 

11-619 

II-2I6 

10-835 

10-467 

9 

55 

12-141 

11-687 

u-257 

10-853 

10-470 

10-103 

60 

6 

11-786 

11-329 

10-896 

10-489 

10-106 

9-740 

1 

7 

H-43I 

10-970 

io-534 

10-126 

9-743 

9-378 

2 

8 

11-074 

io-6ii 

10-173 

9-764 

9-381 

9-018 

3 

9 

10-719 

10-253 

9-8i3 

9-403 

9-022 

8-66i 

4 

60 

10-363 

9-896 

9-455 

9-044 

8-664 

8-306 

65 

1 

10-009 

9-541 

9-098 

8-688 

8-3IO 

7-956 

6 

2 

9-657 

9-187 

8-744 

8-335 

7-960 

7-609 

7 

3 

9-307 

8-836 

8-393 

7-986 

7-613 

7-267 

8 

4 

8-959 

8-489 

8-046 

7-640 

7-27I 

6-930 

9 

65 

8-615 

8-145 

7-703 

7-299 

6-935 

6-599 

7° 

6 

8-274 

7-805 

7-365 

6-964 

6-604 

6-274 

1 

7 

7-938 

7-470 

7-032 

6-634 

6-279 

5-956 

2 

8 

7-606 

7-140 

6-704 

6-310 

5-961 

5-645 

3 

9 

7-280 

6-816 

6-383 

5-994 

5-650 

5-341 

4 

70 

6-959 

6-498 

6-o68 

5-684 

5-347 

!    5-045 

75 

1 

6-644 

6-186 

5-761 

5-381 

5-051 

4-758 

6 

2 

6-335 

5-882 

5-461 

5-087 

4-764 

4-479 

7- 

3 

6-034 

5-584 

5-168 

4-801 

4-485 

4-209 

8 

4 

5-739 

5-295 

4-884 

4-523 

4-215 

3-948 

9 

75 

5-452 

5-013 

4-609 

4-254 

3-955 

3-697 

80 

457 


QtNM] 


ULTIMATE  VALUES 


3  PER  CENT. 


Age 
X 

Dz 

». 

Mx 

Age 
X 

log  Da- 

logNx 

log  ML,. 

81 

1  072-9 

4  779-3 

933-78 

81 

3-030  57 

3-679  36 

2-970  24 

2 

877-93 

3  706-44 

769-97 

2 

2-94346 

•568  95 

•88647 

3 

7°7-33 

2828-51 

624-95 

3 

•849  62 

•451  56 

•795  85 

4 

560-33 

2  121-18 

498-55 

4 

•748  44 

■32658 

•697  71 

85 

435-75 

1  560-85 

390-291 

85 

•639  24 

•193  37 

•591  39 

6 

332-09 

1  125-10 

299-316 

6 

•521  25 

•051 19 

•476  13 

7 

247-54 

793-01 

224-440 

7 

■393  64 

2-89928 

•351  10 

8 

i8o-n 

545-47 

164-223 

8 

•255  53 

•736  77 

•215  44 

9 

127-62 

365-36 

116-981 

9 

•10592 

•562  72 

•068  11 

90 

87-846 

237-743 

80-919 

90 

I-943  72 

•376  11 

1-908  05 

1 

58-581 

149-897 

54-216 

1 

•767  76 

•175  79 

•734  13 

2 

37-735 

91-316 

35-°75 

2 

•576  75 

1-96055 

•545  00 

3 

23-402 

53-581 

21-841  8 

3 

•369  26 

•729  01 

•339  29 

4 

13-924 

30-179 

I3-044  3 

4 

•143  75 

•479  70 

•115  42 

95 

7-9163 

16-2549 

7-443  0 

95 

0-89852 

•21099 

0-871  75 

6 

4-2830 

8-3386 

4-040  1 

6 

•631  75 

0-921  09 

•606  39 

7 

2-1947 

4-°55  6 

2-076  5 

7 

■34i  37 

•608  06 

•317  33 

8 

1-059  7 

1-8609 

1-0055 

8 

•025  19 

•269  72 

•002  38 

9 

•479  5 

•801  2 

■4562 

9 

1-68077 

1-90371 

1-65912 

100 

•202  1 

•3217 

•1927 

100 

■305  49 

•507  41 

■284  81 

1 

•0788 

•119  6 

•075  3 

1 

2-896  40 

•077  78 

2-876  64 

2 

•028  2 

•0408 

•0270 

2 

■45°  36 

2-611  03 

•43i  56 

3 

•0092 

•0126 

•0088 

3 

3-963  89 

■101  33 

3-945  57 

4 

,      -002  7 

•003  4 

■0026 

4 

•433  18 

3-534  77 

•419  49 

105 

•OOO  7 

■0007 

•000  7 

105 

4-854  08 

4-85408 

4-843  37 

ax — ULTIMATE  VALUES 


Age 

X 

% 

Ago 

X 

ax 

81 

3-455 

95 

I-053 

2 

3-222 

6 

•947 

3 

2-999 

7 

•848 

4 

2-786 

8 

756 

85 

2-582 

9 

•671 

6 

2-388 

100 

■592 

7 

2-204 

1 

•518 

8 

2-029 

2 

•448 

9 

1-863 

3 

•372 

90 

1-706 

4 

■264 

1 

1-559 

105 

•000 

2 

1-420 

3 

1-290 

4 

I- 168 

The  ultimate  values  for  ages  below  81  are  given  in  the  final  columns  of  the 
corresponding  tables  of  values  for  the  first  five  years  of  assurance. 
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QtNM]      a[a:b  A[x])  p[d — SELECT  VALUES       3  PER  CENT. 


Age 

[X] 

20 

a[x] 

A[w 

■Pirn 

Age 

[X] 

50 

aM 

■&W] 

P«J 

21-862 

■334" 

•014  61 

13-887 

•566  41 

•038  05 

1 

21-680 

■339  44 

•014  97 

I 

13-543 

•57642 

•039  64 

2 

21-491 

•344  93 

•015  34 

2 

13-196 

•58656 

•041  32 

3 

21-296 

•35060 

■°i5  73 

3 

12-846 

•596  72 

•043  10 

4 

21-096 

■35°  41 

•016  13 

4 

12-494 

•606  97 

•044  98 

25 

20-890 

•362  42 

•01656 

55 

12-141 

•61728 

■046  98 

6 

20-680 

•368  55 

•01700 

6 

11-786 

•627  60 

•049  08 

7 

20-463 

■374  89 

•01747 

7 

"•431 

•637  94 

•051  32 

8 

20-240 

•381  36 

•01796 

8 

11-074 

•648  34 

•°53  7° 

9 

20-011 

•388  04 

■018  47 

9 

10-719 

•658  67 

•05621 

3° 

19-776 

•394  87 

•019  01 

60 

10-363 

•669  02 

■058  88 

1 

I9'53° 

•401  86 

•OI9  57 

1 

10-009 

•679  36 

•061  71 

2 

19-290 

■409  04 

•020  16 

2 

9-657 

•689  59 

•064  71 

3 

19-037 

■4i6  39 

•020  78 

3 

9-3°7 

•69981 

•067  90 

4 

18-779 

•423  93 

•021  43 

4 

8-959 

•709  92 

•071  28 

35 

18-514 

■43i  64 

•022  12 

65 

8-615 

•719  95 

•074  88 

6 

18-243 

■439  52 

•022  84 

6 

8-274 

■72988 

•078  70 

7 

17-967 

•447  58  ' 

•023  60 

7 

7-938 

739  66 

•082  75 

8 

17-684 

•455  80 

•024  40 

8 

7-606 

•749  34 

•08707 

9 

17-397 

•464  17 

•025  23 

9 

7-280 

•758  84 

•091  65 

40 

17-102 

•472  76 

•026  12 

70 

6-959 

•768  19 

■096  52 

1 

16-803 

•481  47 

•027  04 

1 

6-644 

■777  36 

•101  70 

2 

16-498 

•490  33 

•028  02 

2 

6-335 

•78636 

•107  21 

3 

16-189 

•499  37 

■029  05 

3 

6-034 

■795  13 

■Ii3°4 

4 

I5-873 

■5°8  56 

■030  14 

4 

5-739 

•803  71 

■119  26 

45 

15-553 

•51788 

•031  29 

75 

5H52 

•81206 

•12586 

6 

15-228 

•527  33 

■032  50 

7 

14-898 

•536  93 

•°33  77 

8 

I4-565 

•546  65 

■035  12 

9 

14-228 

■556  45 

■03654 

OtNM] 
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JOINT  LIEE  ANNUITIES 

3  PEE  CENT. 

Two  Lives 

Select  Values 

Ultimate  Values 

Age 
[x] 

aWX] 

Age 

X 

"n 

Age 

X 

^ara; 

20 

18-363 

25 

17-213 

65 

5-537 

1 

18-184 

6 

17-004 

6 

5-249 

2 

17-999 

7 

16-789 

7 

4-967 

3 

17-808 

8 

16-567 

8 

4-692 

4 

17-611 

9 

16-340 

9 

4-425 

25 

17-407 

30 

16-107 

70 

4-166 

6 

17-200 

1 

15-867 

1 

3-9I4 

7 

16-985 

2 

15-622 

2 

3-671 

8 

16-765 

3 

I5-37I 

3 

3-436 

9 

16538 

4 

15-114 

4 

3-210 

3° 

16-306 

35 

14-850 

75 

2-993 

1 

16-069 

6 

14-581 

6 

2-785 

2 

15-825 

7 

I4-307 

7 

2-585 

3 

I5-576 

8 

14-027 

8 

2-395 

4 

I5-32I 

9 

I3-74I 

9 

2-213 

35 

I5-059 

40 

I3-45I 

80 

2-041 

6 

14-792 

1 

13-156 

1 

1-877 

7 

14-520 

2 

12-856 

2 

1-722 

8 

I4-243 

3 

12-551 

3 

1-575 

9 

13-962 

4 

12-242 

4 

1-437 

40 

I3-674 

45 

11-930 

85 

1-307 

1 

I3-383 

6 

11-613 

6 

1-185 

2 

13-087 

7 

11-295 

7 

1-071 

3 

12-787 

8 

10-973 

8 

0-965 

4 

12-482 

9 

10-648 

9 

•865 

45 

12-175 

50 

10-322 

90 

■773 

6 

11-864 

1 

9-994 

1 

•687 

7 

"■55° 

2 

9-665 

2 

•608 

8 

11-234 

3 

9-336 

3 

■536 

9 

10-916 

4 

9-007 

4 

•469 

5° 

10-596 

55 

8-678 

95 

•408 

1 

10-275 

6 

8-351 

6 

•352 

2 

9-953 

7 

8-024 

7 

•302 

3 

9-632 

8 

7-701 

8 

•256 

4 

9-311 

9 

7-379 

9 

■216 

55 

8-990 

60 

7-061 

100 

■180 

6 

8-671 

1 

6-747 

1 

•148 

7 

8-353 

2 

6-437 

2 

•120 

8 

8-037 

3 

6-131 

3 

■096 

9 

7-725 

4 

5-831 

4 

■072 

60 

7-416 

105 

•000 

1 

7-110 

2 

6-809 

3 

6-512 

4 

6-221 

65 

5-935 

6 

5-654 

7 

5-38o 

8 

5-"3 

9 

4-853 

70 

4-599 

1 

4-353 

2 

4-115 

3 

3-884 

4 

3-66i 

75 

3-446 

Q[NM] 


THREE-AND-A-HALF  PER  CENT. 


INTEREST  CONSTANTS 


Constant 

Number 

Logarithm 

i 

•°35 

2-544  °68  ° 

(i+0 

i-°35 

0-014  94°  3 

(i+O* 

1-0173495 

0-007  47°  2 

(i+i)* 

1-008  6374 

°-°°3  735  1 

u 

■966 183  6 

1-9850597 

t>* 

•982  946  4 

1-9925298 

«i 

■99i  436  5 

1-9962649 

<* 

•0338164 

2-5291277 

5 

•034  401  4 

2-536  576  5 

462 

QtNM] 


D 


[xi+t 


3£  PEE  CENT. 


Yeabs  elapsed  since  Date  op 

Assubanoe 

Age  at 
Entry 

[05] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

£  +  5 

Dm 

^Mti 

D[;r]+2 

■"[*]+3 

D[£]+4 

D.,+5 

20 

50256 

48353 

46  447 

44  573 

42751 

40  994 

25 

I 

48199 

46372 

44  543 

42  743 

40  993 

39  304 

6 

2 

46225 

44471 

42714 

40985 

39  303 

37681 

7 

3 

44328 

42643 

40  956 

39  295 

37680 

36  120 

8 

4 

42506 

40888 

39268 

37672 

36 119 

34620 

9 

25 

40756 

39202 

37  645 

36  112 

34619 

33178 

3° 

6 

39071 

37  579 

36084 

34  6n 

33177 

3i  791 

1 

7 

37454 

36021 

34  585 

33170 

31  791 

30458 

2 

8 

35898 

34  522 

33H2 

31  782 

30  457 

29175 

3 

9 

34404 

33082 

31756 

30  449 

29174 

27942 

4 

3° 

32966 

31696 

30423 

29166 

27940 

26754 

35 

i 

31583 

30363 

29  140 

27932 

26753 

25  611 

6 

2 

3°253 

29082 

27906 

26744 

25610 

24  5ii 

7 

3 

28973 

27848 

26718 

25601 

24510 

23  452 

8 

4 

27743 

26661 

25  575 

24501 

23  451 

22432 

9 

35 

26559 

25  519 

24  475 

23  442 

22431 

21450 

40 

6 

25  4r9 

24420 

23416 

22422 

21448 

20503 

1 

7 

24321 

23361 

22  395 

21439 

20501 

19  590 

2 

8 

23263 

22340 

21  412 

20492 

19588 

18  710 

3 

9 

22244 

21357 

20465 

19  579 

18  709 

17  861 

4 

40 

21  264 

20  41 1 

19  552 

18699 

17859 

17042 

45 

1 

20317 

19498 

18672 

17849 

17040 

16251 

6 

2 

19405 

18  617 

17  821 

17030 

16250 

15488 

7 

3 

18525 

17  766 

17002 

16239 

15486 

14  75i 

8 

4 

17676 

16947 

16211 

15  476 

H749 

14038 

9 

45 

16857 

16  155 

15  446 

14  738 

14037 

i3  35o 

50 

6 

16066 

15  391 

14708 

14025 

13  348 

12684 

1 

7 

15302 

14653 

13  995 

13  336 

12682 

12040 

2 

8 

14  564 

13  939 

I3  3°6 

12  670 

12038 

11  416 

3 

9 

13850 

13249 

12639 

12  025 

11  414 

10  813 

4 

5° 

13  160 

12  581 

11  993 

11  401 

10811 

10228 

55 

1 

12493 

"935 

11  369 

10797 

10226 

9662-1 

6 

2 

11  847 

11  310 

10765 

10  213 

9660-1 

9113-8 

7 

3 

11  221 

10705 

10  179 

9  646-3 

9IH-5 

8  582-4 

8 

4 

10  616 

10  119 

9611-9 

9097-7 

8580-3 

8  067-7 

9 

55 

10030 

9  55i-o 

9  062-5 

8  566-0 

8  065-5 

7569-0 

60 

6 

9  460-8 

9  ooo-6 

8  530-0 

8  050-6 

7  566-6 

7085-8 

c 

7 

8  910-7 

8  467-8 

8014-6 

7  551-8 

7083-5 

6618-0 

2 

8 

8  377-4 

7951-3 

7  514-8 

7  068-4 

6615-8 

6  165-4 

3 

9 

7  860-3 

7450-8 

7030-7 

6  6oo-i 

6162-8 

5  727-4 

4 

60 

7  359-9 

6  966-3 

6562-2 

6  147-2 

5  725-1 

5  304-4 

65 

1 

6875-3 

6  497-3 

6108-7 

5  7°9-o 

5  3°i-9 

4896-1 

6 

2 

6405-8 

6043-1 

5  670-1 

5285-7 

4  893-5 

45027 

7 

3 

5  952-4 

5  604-8 

5  246-9 

4  877-4 

4  500-2 

4  I24-3 

8 

4 

5  5I3-7 

5181-0 

4838-2 

4483-8 

4121-6 

3761-1 

9 

65 

5  090-5 

4  772-5 

4  444-7 

4  105-4 

3  758-5 

3  4I3-4 

70 

6 

4  682-7 

4  379-4 

4  °66-5 

3  742-4 

3  4io-9 

3081-7 

1 

7 

4  290-3 

4001-6 

3  703-7 

3  394-8 

3079-1 

2  766-1 

2 

8 

3  9I4-0 

3  639-7 

3  356-8 

3  063-5 

2  763-8 

2  467-4 

3 

9 

3  553-4 

3  293-7 

3025-9 

2  748-3 

2  465-0 

2185-8 

4 

70 

3  209-2 

2  964-1 

2  711-6 

2  450-0 

2183-5 

1  921-8 

75 

1 

2881-8 

2651-4 

2  4I4-3 

2  169-0 

1  919-6 

1  675-8 

6   . 

2 

2571-8 

2  356-1 

2  134-6 

1  905-7 

1  673-7 

1  448-2 

7 

3 

2279-2 

2  078-5 

1  872-7 

1  660-4 

1  446-2 

1  239-3 

8 

4 

2  005-1 

1  819-2 

1  629-1 

1  433-7 

1  237-4 

1  049-1 

9 

75 

1  749-5 

1  578-6 

1  404-2 

1  225-7 

1  047-3 

877-65 

80 

463 
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3£  PER  CENT. 

Years  elapsed  since  Date  oe 

ASSTJKANCI 

Age  at 
Entry 

[as] 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

x+5 

log  I>wi 

logD[«+i 

togDram 

l0f?I>[a.+3 

log  Dm+4 

logics 

20 

4701 19 

4-684  42 

4-666  96 

4-649  O7 

4-630  95 

4-612  72 

25 

1 

•683  04 

■666  26 

•648  78 

•630  86 

■612  71 

•594  44 

6 

2 

•664  88 

•648  08 

■630  57 

•612  62 

•594  43 

•57612 

7 

3 

•646  68 

•629  85 

•612  32 

•594  34 

■576  11 

•557  75 

8 

4 

•628  45 

•611  60 

•594°4 

■576  02 

•557  74 

•539  33 

9 

25 

■610  19 

•593  31 

•575  71 

•557  65 

■539  32 

•520  85 

30 

6 

•591  86 

•574  95 

•557  32 

.539  22 

•520  84 

•502  31 

1 

7 

•573  50 

•55656 

•538  89 

•520  74 

•502  30 

•483  7° 

2 

8 

•555  °7 

•538  °9 

•520  38 

■502  18 

■483  68 

•465  01 

3 

9 

•536  6l 

■519  59 

•501  83 

•483  57 

•465  °o 

•446  25 

4 

3° 

•51807 

•501  01 

•483  20 

•464  88 

•446  23 

■427  39 

35 

1 

•499  45 

•482  35 

•464  49 

•446  10 

•427  37 

■408  43 

6 

2 

•480  77 

•463  62 

•445  69 

•427  23 

•408  41 

•389  36 

7 

3 

•462  00 

•444  79 

•426  80 

•408  26 

•389  34 

•370  18 

8 

4 

•443  15 

•425  88 

•407  82 

•389  19 

•370  l6 

•350  87 

9 

35 

•424  21 

•406  87 

•388  73 

•370  00 

•35085 

•331  42 

40 

6 

•4°5  15 

■387  74 

■369  51 

•350  67 

•33i  39 

•311  81 

1 

7 

■385  98 

•368  49 

■35016 

•331  20 

•311  78 

•292  03 

2 

8 

•366  67 

•349  09 

•33°  66 

•311  58 

•292  00 

•272  07 

3 

9 

•347  22 

•329  55 

•311  01 

•291  79 

•272  04 

•251  90 

4 

40 

.327  64 

•309  86 

•291 19 

■271  81 

•251  86 

•231  51 

45 

1 

•307  87 

•289  98 

•271  18 

•251  62 

•231  48 

•21089 

6 

2 

•28791 

•269  90 

■250  94 

•231  21 

•21084 

■18999 

7 

3 

■267  76 

•249  60 

•230  49 

•21056 

•18995 

•168  81 

8 

4 

•247  39 

•22909 

•209  80 

•189  65 

•168  77 

•147  32 

9 

45 

•226  77 

•208  31 

•18882 

•168  43 

•14726 

•125  47 

50 

6 

■205  90 

•18726 

•167  56 

■146  91 

•125  42 

■10325 

1 

7 

•18476 

•165  92 

•145  98 

•125  04 

•103  19 

•080  61 

2 

8 

•16328 

•144  23 

•12404 

•102  78 

•080  55 

•057  52 

3 

9 

•I4M5 

•122  17 

•101  70 

•080  10 

•057  45 

•033  93 

4 

5° 

•119  26 

•099  72 

•078  94 

•056  96 

•03385 

•009  80 

55 

1 

•096  65 

■076  83 

•055  72 

•033  32 

■009  71 

3-985  07 

6 

2 

•073  61 

•053  48 

•032  00  . 

•009  15 

3-984  98 

•959  7° 

7 

3 

•050  04 

•029  58 

•007  70 

3-984  36 

•959  59 

■933  61 

8 

4 

•025  96 

■005  13 

3-982  81 

•958  93 

•933  50 

•906  75 

9 

55 

•001  28 

3-980  05 

•957  25 

•932  78 

•906  63 

•879  04 

60 

6 

3-975  93 

•954  27 

■93°  95 

•9°5  83 

•878  90 

•850  39 

1 

7 

•949  9i 

•927  77 

•903  88 

•878  05 

•850  25 

■82073 

2 

8 

•923  n 

•900  44 

•875  92 

•849  32 

■82058 

•789  96 

3 

9 

•895  44 

•872  20 

■847  00 

•819  55 

•78978 

■757  96 

4 

60 

•866  87 

•843  00 

•81705 

■788  68 

•757  78 

•   72464 

65 

1 

■83729 

•81273 

•785  95 

•756  56 

724  43 

•689  85 

6 

2 

•80657 

•78126 

•753  59 

•723  10 

•689  62 

•653  47 

7 

3 

•774  69 

•748  56 

•719  90 

•688  19 

•653  23 

•615  35 

8 

4 

741  44 

•714  41 

•684  68 

•651  65 

•615  07 

■575  31 

9 

65 

•706  76 

•678  75 

•647  84 

•613  36 

"575  02 

•533  19 

70 

6 

•670  50 

•641  41 

•609  22 

•573  15 

■532  87 

•488  79 

1 

7 

■632  49 

■602  23 

•568  63 

•53°  82 

■488  43 

•441  87 

2 

8 

•592  62 

■561  07 

•525  93 

•48622 

■441  50 

■392  24 

3 

9 

•55°  64 

■51768 

•480  86 

•439  06 

•391  82 

■339  61 

4 

70 

I 

-5°6  39 

•471  89 

•433  22 

•389  16 

•339  15 

•283  71 

75 

■459  67 
•41023 

■423  48 

•382  80 

•33625 

•28321 

•22423 

6 

2 

•372  20 

•329  32 

•280  05 

•223  69 

•160  84 

7 

3 
4 

■357  79 

•317  75 

■272  46 

•220  22 

•16024 

•093  16 

8 

•302  14 

•259  89 

•211  96 

•15646 

•092  51 

•020  80 

9 

75 

•242  92 

•198  26 

■147  44 

•088  38 

■020  09 

2-943  32 

80 

464 

QtNM] 
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3£  PER  CENT. 


Age  at 

Years  elapsed  since 

Date  of  Assubanoe 

Age 

Entry 

0 

1 

2 

3 

4 

5  or  more 

Attained 
x  +  5 

»t« 

Ni«j+l 

Ifia+i 

^[X]+8 

N[jC]-M 

$X+t 

20 

1  059  109 

1 008  853 

960  500 

914  053 

869  480 

826  729 

25 

I 

1  008  585 

960  386 

914  014 

869  47I 

826  728 

785  735 

6 

2 

960  129 

913  904 

869  433 

826  719 

785  734 

746431 

7 

3 

913  652 

869  324 

826681 

785  725 

746  43° 

7°8  75o 

8 

4 

869  083 

826577 

785  689 

74642I 

708  749 

672  630 

9 

25 

826  344 

785  588 

746  386 

708  74I 

672  629 

638  010 

30 

6 

785  354 

746283 

708  704 

672  620 

638  009 

604  832 

1 

7 

746  062 

708  608 

672  587 

638  002 

604  832 

573  041 

2 

8 

708  384 

672  486 

637  964 

604  822 

573  040 

542  583 

3 

9 

672  273 

637  869 

604  787 

573  031 

542  582 

5i3  408 

4 

3° 

637  657 

604  691 

572  995 

542  572 

513  4°6 

485  466 

35 

I 

604  483 

572  900 

542  537 

513  397 

485  465 

458  712 

6 

2 

572  696 

542  443 

513  361 

485  455 

458  7" 

433  101 

7 

3 

542  240 

5i3  267 

485  419 

458  7°i 

433  100 

408  590 

8 

4 

513069 

485  326 

458  665 

433  090 

408  589 

385  138 

9 

35 

485  132 

458  573 

433  054 

408  579 

385  137 

362  706 

4° 

6 

458  381 

432  962 

408  542 

385  126 

362  704 

341  256 

1 

7 

432  77° 

408  449 

385  088 

362  693 

341  254 

320  753 

2 

8 

408  258 

384  995 

362  655 

341  243 

320  751 

301  163 

3 

9 

384807 

362  563 

341  206 

320  741 

301  162 

282  453 

4 

4° 

3°2  377 

341  "3 

320  702 

301  150 

282  451 

264  592 

45 

i 

340  926 

320  609 

301  in 

282  439 

264  590 

247  550 

6 

2 

320  422 

301  017 

282  400 

264  579 

247  549 

231  299 

7 

3 

300  829 

282  304 

264  538 

247  536 

231  297 

215  811 

8 

4 

282  119 

264  443 

247  496 

231  285 

215  809 

201  060 

9 

45 

264  255 

247  398 

231 243 

215  797 

201  059 

187022 

50 

6 

247210 

231  144 

215  753 

201  045 

187020 

173672 

1 

7 

230956 

215  654 

201  001 

187  006 

173  670 

160  988 

2 

8 

215  465 

200  901 

186  962 

173  656 

160  986 

148  948 

3 

9 

200  709 

186859 

173  610 

160  971 

148  946 

137532 

4 

5° 

186  665 

173  5°5 

160  924 

148  931 

137  530 

126  719 

55 

I 

173  3" 

160  818 

148  883 

137  5H 

126  717 

116  491 

6 

2 

160  624 

148  777 

137  467 

126  702 

116489-0 

106828-9 

7 

3 

148  578 

137  357 

126  652 

116472-9 

106826-6 

97715-1 

8 

4 

137  158 

126542 

116422-6 

106810-7 

97713-0 

89132-7 

9 

55 

126  340 

116310-0 

106  759-0 

97  696-5 

89  130-5 

81  065-0 

60 

6 

116  104-6 

106  643-8 

97  643-2 

89113-2 

81  062-6 

73  496-o 

1 

7 

106  438-6 

97527-9 

89060-1 

81  045-5 

73  493-7 

66410-2 

2 

8 

97  3!9'9 

88  942-5 

80991-2 

73  476-4 

66408-0 

59  792-2 

3 

9 

88  73I-5 

80871-2 

73  420-4 

66  389-7 

59  789-6 

53  626-8 

4 

6o 

80660-1 

73  3°°-2 

66  333-9 

59  77I,7 

53  624-5 

47  899-4 

65 

I 

73  °87'2 

66211-9 

59714-6 

53  605-9 

47  896-9 

42  595-o 

6 

2 

65  997-1 

59  591-3 

53  548-2 

.  47  878-I 

42  592-4 

37  698-9 

7 

3 

59  377-9 

53  425-5 

47  820-7 

42  573-8 

37  696-4 

33  196-2 

8 

4 

53  210-2 

47  696-5 

42  5I5-5 

37  677-3 

33  193-5 

29071-9 

9 

65 

47482-4 

42  391-9 

37  6I9-4 

33  174-7 

29  069-3 

25310-8 

70 

6 

42  179-3 

37  496-6 

33117-2 

29  050-7 

25  308-3 

21  897-4 

1 

7 

37285-2 

32  994-9 

28  993-3 

25  289-6 

21  894-8 

18815-7 

2 

8 

32  787-4 

28  873-4 

25  233-7 

21  876-9 

18813-4 

16  049-6 

3 

9 

28  668-5 

25115-1 

21  821-4 

18  795-5 

16  047-2 

13582-2 

4 

70 

24914-8 

21  705-6 

18741-5 

16029-9 

13  579-9 

11396-4 

75 

1 

21  510-7 

18  628-9 

15  977-5 

13  563-2 

11  394-2 

9  474-6 

6 

2 

18  440-7 

15868-9 

13512-8 

11  378-2 

9  472-5 

7  798-8 

7 

3 

15  687-6 

13  408-4 

11  329-9 

9  457-2 

7  796-8 

6350-6 

8 

4 

13  235-8 

11  2307 

94"-5 

7  782-4 

6  3487 

5IH-3 

9 

75 

11067-5 

9318-0 

7  739-4 

6  335-2 

5  109-5 

4  062-24 

80 

QINM] 


log  Nw+, 
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3i  PEE  CENT. 


Yeabs  elapsed  since 

Date  of  Assurance 

Age  at 

Age 

Entry 
[X] 

0 

1 

2 

3 

4 

5  or  more 

Attained 
x  +  5 

log  N[W 

log  NM+i 

]ogNra+2 

l°g  Nuti +, 

log  N[M+4 

log  Na+s 

20 

6-024  94 

6-003  83 

5-98250 

5-96o  97 

5-939  26 

5-9I7  36 

25 

1 

•003  71 

5-982  45 

•96095 

•939  25 

•91736 

■895  28 

6 

2 

-  5'982  33 

•960  90 

■939  23 

•917  36 

■895  27 

■872  99 

7 

3 

•960  78 

•939  18 

•917  34 

•895  27 

•872  99 

■850  49 

8 

4 

•939  06 

•91728 

•895  25 

•872  98 

•850  49 

•827  78 

9 

25 

•917  16 

•895  20 

•872  97 

•85049 

•82778 

•804  83 

30 

6 

■895  06 

•872  90 

•850  46 

•827  77 

•804  83 

•781  63 

1 

7 

•872  77 

•850  41 

•827  75 

■804  82 

•781  63 

•758  18 

2 

8 

■85027 

•827  69 

•804  79 

•781  63 

•758  18 

•734  46 

3 

9 

•82754 

■804  73 

•781  60 

■758  18 

734  46 

•71046 

4 

3° 

•804  59 

■78153 

758  15 

•734  46 

•71046 

•686  16 

35 

1 

•781  38 

•758  08 

•734  43 

•71046 

•686  16 

■661  54 

6 

2 

•757  93 

734  35 

•71042 

•686  15 

•661  54 

■63659 

7 

3 

734  J9 

•7i035 

■686  12 

■661  53 

■636  59 

•611  29 

8 

4 

■710  18 

•686  04 

■661  50- 

■63658 

•611  29 

•585  62 

9 

35 

•685  86 

•661  41 

■63654 

•611  28 

•585  62 

•559  56 

4° 

6 

•661  23 

•63645 

•611  23 

■585  61 

•559  55 

■533  08 

1 

7 

•636  26 

•611  14 

•585  56 

•559  54 

•533  08 

•506  17 

2 

8 

•610  94 

•58546 

■559  50 

■533  06 

■506  17 

•478  80 

3 

9 

•585  25 

•559  38 

•533  02 

•506  15 

•478  80 

•450  95 

4 

40 

•559  16 

.532  90 

•506  10 

•478  78 

•450  94 

■422  57 

45 

1 

•532  66 

•505  98 

•478  73 

■450  93 

•422  57 

•393  66 

6 

2 

•505  72 

•478  59 

■450  86 

•422  56 

•393  66 

•364  18 

7 

3 

•478  32 

•450  72 

•422  49 

•393  64 

•364  17 

•334  07 

8 

4 

•450  43 

•422  33 

•393  57 

•364  15 

■334  07 

■303  33 

9 

45 

■422  03 

•393  4° 

•36407 

■334  °4 

•303  33 

■271  89 

50 

6 

•393  °7 

•363  88 

•333  96 

•303  29 

•271  89 

■239  73 

1 

7 

•363  53 

■333  76 

•303  20 

•271  85 

•239  72 

•206  79 

2 

8 

■333  38 

■302  98 

•271  75 

■239  69 

•206  79 

•173  03 

3 

9 

■302  57 

•271  52 

■239  57 

•206  74 

■17303 

•138  41 

4 

5° 

•271  06 

•239  31 

•206  62 

■17298 

•138  40 

•102  85 

55 

1 

■238  82 

•206  33 

•17285 

■138  35 

•102  84 

•066  29 

6 

2 

■205  81 

■17254 

•13820 

•102  79 

•066  29 

•028  69 

7 

3 

•i7I95 

■137  85 

•102  62 

•066  22 

•028  68 

4-989  96 

8 

4 

■13722 

•102  24 

•066  04 

•028  61 

4-989  95 

•950  04 

9 

55 

•101  54 

■065  62 

•028  41 

4-989  88 

•95°  °3 

•908  83 

60 

6 

•064  85 

•027  94 

4-989  64 

•949  94 

■908  82 

•86626 

1 

7 

•027  09 

4-989  13 

•949  68 

•908  73 

•866  25 

■822  23 

2 

8 

4-988  20 

•949  11 

•908  44 

•866  15 

•822  22 

•77664 

3 

9 

■948  08 

•907  79 

•865  81 

•822  10 

•77663 

■729  38 

4 

60 

■906  66 

■865  10 

•821  74 

•77650 

729  37 

■680  33 

65 

1 

■863  84 

•82094 

•776  08 

•729  21 

•68031 

•629  36 

6 

2 

■81952 

•775  18 

•728  74 

•680  14 

•629  33 

•576  33 

7 

3 

•773  63 

•727  75 

•679  62 

•629  14 

•576  3° 

•521  09 

8 

4 

•725  99 

•678  49 

•628  55 

•57608 

•521  06 

•463  47 

9 

65 

•67653 

•627  28 

•575  41 

•52081 

•463  44 

■403  31 

70 

6 

•625  10 

•573  99 

■520  05 

■463  16 

•403  27 

•34°  39 

1 

7 

•571  53 

•518  45 

■462  3° 

•402  94 

■34°  34 

•274  52 

2 

8 

S15  7° 

•460  50 

•401 98 

•339  99 

•27447 

•205  47 

3 

9 

■457  4i 

•399  93 

•338  88 

•274  06 

•205  40 

•132  97 

4 

70 

•39646 

•336  57 

•272  81 

•204  93 

■132  90 

•056  77 

75 

1 

•332  65 

•270  19 

•203  51 

•132  37 

•056  69 

3-976  56 

6 

2 

•265  77 

■200  55 

•13074 

■056  08 

3-97646 

•892  03 

7 

3 

•195  56 

•12738 

•054  23 

3-975  76 

•891  92 

•802  81 

8 

4 

•121  75 

•050  41 

3-973  66 

■891 11 

■802  68 

•708  53 

9 

75 

•044  05 

3'969  32 

•88871 

•801  76 

■708  38 

•608  76 

80 

466 


OINM] 

MM+J 

Z\  PEE  CENT. 

Years  elapsed  since  Date  op 

Assurance 

Age  at 

Age 

Entry 

[SB] 

0 

1 

2 

3 

4 

5  or  more 

Attained 
K  +  5 

MM 

M[x]+1 

M[£]+2 

Mm +3 

M-lxl+i 

Ms+5 

20 

14441-34 

14  237-40 

13  966-70 

13  663-00 

I3  348-99 

13037-13 

25 

I 

14  093-02 

13  895-98 

13  634-43 

13  340-56 

13036-32 

12  733-78 

6 

2 

13  757-35 

13  566-52 

I3  3I2-94 

13  028-16 

12  732-98 

12  439-49 

7 

3 

13432-22 

13  246-09 

I3  00I-09 

12  725-13 

I2  438-35 

12  152-87 

8 

4 

13  116-72 

12936-88 

12698-94 

12431-12 

12152-13 

11  874-46 

9 

25 

12811-91 

12  636-52 

12405-44 

12  144-77 

II  87374 

11  602-97 

30 

6 

I2  5I3-57 

12  342-93 

I2II8-52 

11865-93 

II  602-28 

11338-25 

1 

7 

12  225-25 

12058-85 

II  840-92 

11  59473 

H337-59 

11  079-83 

2 

8 

11943-19 

11780-57 

II568-58 

11328-99 

11078-55 

10  826-61 

3 

9 

11670-45 

"511-55 

II  304-67 

11  070-86 

10825-99 

10579-78 

4 

3° 

11  402-88 

II  247-98 

II  046-10 

10818-27 

10578-58 

10  337-4° 

35 

1 

11  141-43 

IOggO-IO 

10  793-44 

10570-52 

10  336-24 

10099-16 

6 

2 

10  886-64 

10738-18 

I0  545-37 

10  327-88 

10098-04 

9  865-05 

7 

3 

10  636-74 

10490-81 

10  302-72 

10  089-40 

9  863-97 

9  634-80 

8 

4 

10  392-52 

10249-13 

10  064-79 

9855-61 

9  633-75 

9  407-89 

9 

35 

IOI53-39 

10  011-95 

9831-05 

9  625-42 

9  406-88 

9  184-11 

40 

6 

9917-64 

9  778-46 

9  600-43 

9  398-IO 

9182-65 

8  962-53 

1 

7 

9  686-07 

9  548-62 

9  372-95 

9  I73-67 

8  961-12 

8  743 -02 

2 

8 

9  457-39 

9  320-93 

9148-17 

8951-96 

8  741-65 

8  525-46 

3 

9 

9231-35 

9  096-73 

8  926-39 

8  732-58 

8  524-14 

8  309-32 

4 

40 

9  009-33 

8  875-36 

8  706-77 

8  5I4-73 

8  307-83 

8094-11 

45 

1 

8  788-42 

8  655-44 

8  4«8-gi 

8  298-30 

8  093-08 

7  880-22 

6 

2 

8  569-15 

8  437-02 

8  271-72 

8  082-88 

7  878-44 

7  666-22 

7 

3 

8  35I-96 

8  220-12 

8  055-95 

7  868-36 

7  664-88 

7  452-74 

8 

4 

8  136-15 

8  004-52 

7841-38 

7  654-57 

7  451-45 

7  239-44 

9 

45 

7920-71 

7  789-21 

7  626-43 

7  440-38 

7  237-64 

7  025-29 

50 

6 

7706-18 

7  574-36 

7412-28 

7  226-78 

7023-91 

6  810-95 

1 

7 

7  492-35 

7  360-20 

7198-23 

7012-55 

6  809-28 

6  595-50 

2 

8 

7277-80 

7  I45-30 

6  983-44 

6  797-81 

6  593-89 

6  379-26 

3 

9 

7  062-83 

6  929-79 

6  767-86 

6581-99 

6  377-54 

6  161-75 

4 

5° 

6847-87 

6713-80 

6  55i-5o 

6365-13 

6  159-94 

5  943-oo 

55 

1 

6631-81 

6  496-92 

6  334-29 

6  147-20 

5  940-96 

5  722-76 

6 

2 

6  4J5-39 

6279-41 

6  116-04 

5  928-35 

5  72o-79 

5  501-25 

7 

3 

6  196-85 

6060-01 

5  895-98 

5  707-64 

5  499-07 

5278-11 

8 

4 

5  977-81 

5  839-7I 

5  674-97 

5  485-68 

5  276-01 

5  053-59 

9 

55 

5  757-13 

5617-88 

5  452-38 

5  262-29 

5051-43 

4  827-65 

60 

6 

5  534-68 

5  394-23 

5  228-07 

5  037-18 

4825-32 

4  600-39 

1 

7 

5  3II-24 

5  169-69 

5  002-84 

4811-17 

4  598-26 

4  372-29 

2 

8 

5  086-44 

4  943-63 

4  775-95 

4  583-65 

4  37°-l2 

4 143-43 

3 

9 

4  859-72 

4  716-03 

4  547-89 

4  354-98 

4  140-89 

3  9i3-9o 

4 

60 

4  632-27 

4  487-55 

4  3I9-05 

4125-91 

3911-65 

3  684-65 

65 

1 

4  403-77 

4258-14 

4089-38 

3  896-25 

3682-18 

3  455-62 

6 

2 

4  I73-92 

4  027-95 

3859-26 

3666-56 

3  453-12 

3227-74 

7 

3 

3  944-38 

3  798-I5 

3  629-71 

3  437-64 

3  225-43 

3001-69 

8 

4 

3  7I4-27 

3  567-96 

3  400-37 

3  209-71 

2  999-08 

2  777-88 

9 

65 

3  484-78 

3  338-98 

3  172-46 

2983-52 

2  775-45 

2  557-41 

70 

6 

3  256-32 

3  111-26 

2  946-52 

2  759-97 

2  554-98 

2341-18 

1 

7 

3  029-40 

288577 

2  723-16 

2  539-59 

2  338-66 

2  129-83 

2 

8 

2805-17 

2  663-32 

2  503-50 

2323-61 

2  127-55 

1  924-65 

3 

9 

2583-81 

2  444-33 

2  287-92 

2  112-69 

1  922-37 

1  726-49 

4 

70 

2  366-53 

2  230-03 

2077-82 

1  907-87 

1  724-30 

1  536-4° 

75 

1 

2154-36 

2021-47 

1  874-00 

1  710-27 

1  534-27 

1  355-44 

6 

2 

1  948-14 

1  819-50 

1  677-64 

1  520-88 

1353-39 

1 184-49 

7 

3 

1  748-75 

1  625-09 

1  489-55 

1  340-58 

1  182-58 

1  024-52 

8 

4 

1  557-53 

1  439-49 

1  310-87 

1  i70-55 

1  022-74 

876-23 

9 

75 

1  375-24 

1  263-46 

1 142-51 

1  011-44 

874-57 

740-29 

80 

QtNM] 


log  Mlx]+t 
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3£  PER  CENT. 


Years  elapsed  since  Date  of 

ASSTJBANCI 

Age  at 
Entry 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

%  +  5 

!°g  Mw] 

logMwm 

logM[a,]+a 

logMw]+3 

logMw]+1 

log  Ms+5 

20 

4-159  61 

4-I53  43 

4-14509 

4- !  35  55 

4-I25  45 

4-11518 

25 

1 

•14900 

•142  89 

•i3464 

•125  18 

•115  15 

•104  95 

6 

2 

•138  53 

•132  47 

•12428 

•114  88 

•10493 

•094  80 

7 

3 

•128  15 

•12208 

■11398 

•10466 

■094  76 

•084  68 

8 

4 

■117  82 

•in  83 

•10377 

•09451 

•084  65 

•074  61 

9 

25 

■10762 

•101  63 

•093  61 

•084  39 

■°74  59 

•06457 

30 

6 

■097  38 

•091  42 

•083  45 

•074  30 

•064  54 

•054  55 

1 

7 

•087  26 

•081  31 

•°73  39 

•064  26 

•°54  52 

■044  53 

2 

8 

•077  12 

•071  17 

•063  28 

•054  !9 

■044  48 

■034  49 

3 

9 

•067  09 

•061  13 

■053  26 

■044  18 

•°34  47 

■024  48 

4 

3° 

•057  02 

•051  08 

■043  21 

•034  16 

•024  42 

■014  41 

35 

1 

•046  94 

■041  00 

•033  16 

•024  10 

•01436 

•004  29 

6 

2 

•036  90 

•030  93 

•023  06 

•014  01 

•004  24 

3-994  10 

7 

3 

•02681 

•02081 

•01295 

•003  87 

3-994  °5 

•983  84 

8 

4 

•01672 

•010  69 

■002  80 

3-993  68 

•983  80 

•973  49 

9 

35 

•006  61 

•000  52 

3-992  60 

•983  42 

•973  45 

•963  04 

40 

6 

3-996  41 

3-99027 

•982  29 

•973  °4 

•962  97 

•952  43 

1 

7 

■986 15 

•979  94 

■971  88 

•962  54 

•952  36 

■941  66 

2 

8 

•975  77 

•969  46 

•961  34 

•951  92 

•941  60 

•93°  72 

3 

9 

•965  27 

•958  88 

•950  68 

•941  14 

•93°  65 

•919  56 

4 

40       . 

•954  69 

•948  19 

•939  86 

■930  17 

•91949 

■908  17 

45 

1 

•943  9i 

•937  29 

•928  85 

■91899 

•908  11 

•896  54 

6 

2 

•932  94 

•926  19 

•917  59 

•907  57 

•896  44 

•884  58 

7 

3 

•921  79 

■91488 

•906  12 

•895  89 

•88451 

•872  31 

8 

4 

•91042 

■9°3  33 

•894  39 

•883  92 

•87224 

•859  70 

9 

45 

•898  76 

■891  49 

■882  32 

•871  60 

•859  59 

•846  66 

50 

6 

•886  84 

•879  35 

•869  95 

■858  95 

•846  58 

•83321 

1 

7 

■87462 

•86689- 

•85722 

•845  88 

•83310 

•81925 

2 

8 

■862  00 

■85402 

•84407 

•832  37 

•819  14 

■804  77 

3 

9 

•848  98 

■840  72 

■83°45 

•81836 

•804  65 

•789  71 

4 

5° 

•835  56 

■82697 

•81634 

•80381 

•789  57 

•77401 

55 

1 

■821  63 

■812  71 

•801  70 

•788  68 

•773  86 

757  61 

6 

2 

•807  22 

797  92 

•78647 

•772  94 

•757  46 

•74047 

7 

3 

•792  17 

•78247 

•770  56 

•756  45 

•740  29 

■722  48 

8 

4 

•776  54 

■766  39 

•753  97 

739  23 

•722  30 

•703  60 

9 

55 

•760  20 

•749  57 

•73659 

•721 18 

•7°3  4i 

•683  74 

60 

6 

•743  °9 

•731  93 

•718  34 

•702  19 

•683  52 

•662  80 

1 

7 

•725  19 

•713  47 

•69921 

•682  25 

•662  60 

•640  71 

2 

8 

•706  41 

•694  04 

•679  06 

•661  22 

•640  49 

•61736 

3 

9 

•686  61 

•673  57 

•65781 

■638  99 

•61709 

■592  61 

4 

60 

■665  80 

•652  01 

•635  39 

•61552 

■592  36 

•566  40 

65 

1 

•643  83 

•629  22 

•611  66 

•59065 

•566  11 

•538  52 

6 

2 

•620  54 

■605  09 

•58651 

•564  26 

•53821 

•508  90 

7 

3 

•595  98 

•579  58 

•559  87 

•536  26 

•508  59 

■477  37 

8 

4 

•56988 

•552  42 

•53i  53 

•506  46 

•476  99 

•443  72 

9 

65 

■542  18 

•523  62 

•501  40 

•474  73 

■443  34 

•407  80 

70 

6 

•51272 

•492  94 

•469  31 

•440  90 

•407  39 

■369  44 

1 

7 

•481  36 

■460  26 

•435  07 

•404  77 

•368  97 

•328  35 

2 

8 

•44796 

•425  42 

•398  55 

•366 16 

•32788 

•28435 

3 

9 

•412  26 

•388  16 

•359  44 

•324  84 

•283  83 

•23717 

4 

70 

•374" 

•348  31 

•31760 

•280  55 

•236  61 

•18650 

75 

1 

•333  32 

•305  66 

•272  77 

•233  06 

•18590 

•13208 

6 

2 

■289  62 

■259  95 

•224  70 

•18209 

■131  43 

•073  54 

7 

3 

•242  73 

•21088 

■17306 

•12729 

•072  83 

•01052 

8 

4 

•192  44 

•158  21 

•117  56 

■068  39 

•009  77 

2-942  62 

9 

», 

.-roQ   oQ 

■  TflT    c£* 

.ne'7  flft 

•rm  a  c\a 

"'"1T  79 

■869  40 

80 

30—2 
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alrf+t 


3|  PEE  CENT. 


Years  elapsed  sinci 

Date  op 

Assurance 

Age  at 
Entry 

m 

Age 
Attained 

0 

1 

2 

3 

4 

5  or  more 

x  +  5 

alxl 

a[3]+l 

aW]+2 

a[2]+S 

(hxi+t 

%+6 

20 

20-074 

19-865 

I9-679 

I9-507 

19-338 

19-167 

25 

1 

19-926 

I9-7IO 

I9-520 

I9-342 

19-168 

18-991 

6 

2 

19-771 

19-55° 

19-355 

I9-I7I 

18-992 

18-809 

7 

3 

19-611 

I9-386 

19-184 

18-995 

18-810 

18-622 

8 

4 

19-446 

19-215 

19-008 

18-814 

18-623 

18-429 

9 

25 

19-276 

I9-040 

18-827 

18-626 

18-429 

18-230 

30 

6 

19-100 

18-859 

18-640 

18-434 

18-230 

18-025 

1 

7 

18-920 

I8-672 

18-447 

18-234 

18-025 

17-814 

2 

8 

18-734 

18-480 

18-249 

18-030 

17-815 

17-597 

3 

9 

18-540 

I8-28I 

18-045 

17-819 

17-598 

17-374 

4 

3° 

18-343 

18-078 

I7-834 

17-603 

17-375 

I7-I45 

35 

1 

18-140 

17-868 

17-619 

17-380 

17-146 

16-911 

6 

2 

17-930 

17-652 

I7-396 

17-152 

16-911 

16-670 

7 

3 

17715 

I7-43I 

17-168 

16-917 

16-671 

16-423 

8 

4 

I7H94 

I7-204 

16-934 

16-676 

16-423 

16-169 

9 

35 

17-266 

I6-970 

16-694 

16-429 

16-170 

15-910 

40 

6 

I7-033 

I6-730 

16-448 

16-176 

15-911 

15-644 

1 

7 

16-794 

16-484 

16-195 

15-918 

15-646 

15-373 

2 

8 

16-550 

16-233 

15-937 

I5-653 

15-374 

15-097 

3 

9 

16-299 

I5-976 

I5-673 

I5-382 

15-098 

14-814 

4 

40 

16-042 

I5-7I2 

15-402 

15-105 

14-815 

14-526 

45 

1 

15-780 

15-444 

15-127 

14-823 

I4-527 

14-233 

6 

2 

15-512 

I5-I69 

14-846 

I4-536 

I4-234 

13-934 

7 

3 

I5-239 

14-890 

14-560 

I4-243 

13-935 

13-631 

8 

4 

14-960 

14-604 

14-268 

13-945 

13-632 

13-322 

9 

45 

14-677 

I4-3I4 

13-971 

13-643 

13-324 

13-009 

50 

6 

I4-387 

I4-OI8 

13-669 

13-335 

13-011 

12-692 

1 

7 

14-093 

I3-7I8 

13-362 

13-022 

12-694 

12-371 

2 

8 

13-794 

I3-4J3 

13-051 

12-706 

12-373 

12-047 

3 

9 

13492 

13-104 

12-736 

12-386 

12-049 

11-720 

4 

50 

13-184 

12-791 

12-418 

12-063 

11-722 

11-389 

55 

1 

12-873 

12-474 

12-096 

11-736 

11-391 

11-057 

6 

2 

"•558 

12-154 

11-770 

11-406 

11-059 

10-722 

7 

'      3 

12-241 

11-832 

11-442 

11-074 

10-724 

10-386 

8 

4 

11-920 

11-506 

II-II2 

10-740 

10-388 

10-048 

9 

55 

n-597 

11-178 

10-780 

10-405 

10-051 

9-710 

60 

6 

11-272 

10-849 

10-447 

10-069 

97!3 

9-372 

1 

7 

IO-945 

10-517 

IO-II2 

9-732 

9-375 

9-035 

2 

8 

10-617 

10-186 

9-778 

9-395 

9-038 

8-698 

3 

9 

10-288 

9-854 

9-443 

9-059 

8-702 

8-363 

4 

60 

9-959 

9-522 

9-109 

8-724 

8-367 

8-030 

65 

1 

9-631 

9-191 

8-775 

8-390 

8-034 

7-700 

6 

2 

9-303 

8-861 

8-444 

8-058 

7-704 

7-373 

7 

3 

8-976 

8-532 

8-114 

7-729 

7-377 

7-049 

8 

4 

8-651 

8-206 

7-788 

7'4°3 

7-°53 

6-730 

9 

65 

8-328 

7-882 

7-464 

7-081 

6-734 

6-415 

70 

6 

8-007 

7-562 

7-144 

6-763 

6-420 

6-106 

1 

7 

7-691 

7-246 

6-828 

6-449 

6-ni 

5-802 

2 

8 

7-377 

6-933 

6-517 

6-141 

5-807 

5-505 

3 

9 

7-068 

6-625 

6-212 

5-839 

5-5io 

5-214 

4 

70 

6-764 

6-323 

5-912 

5-543 

5-219 

4-930 

75 

1 

6-464 

6-026 

5-6i8 

5-253 

4-936 

4-654 

6 

2 

6-171 

5-735 

5-330 

4-971 

4-660 

4-385 

7 

3 

5-883 

5-451 

5-050 

4-696 

4-391 

4-125 

8 

4 

5-601 

5-173 

4-777 

4-428 

4-I3I 

3-872 

9 

75 

5-326 

4-903 

4-512 

4-169 

3-879 

3-629 

80 

Q[NM] 


ULTIMATE  VALUES 


469 


3 \  PER  CENT. 


Age 

X 

D, 

Nx 

M* 

Age 

X 

logDx 

logNj; 

log  11,. 

81 

724-80 

3  184-59 

617-14 

81 

2-86022 

3-503  05 

2-790  38 

2 

590-20 

2  45979 

507-019 

2 

•771  00 

■390  90 

■705  03 

3 

473-22 

1  869-59 

409-995 

3 

•675  06 

•271  75 

•612  78 

4 

373-0° 

1  396-37 

325-84° 

4 

•571  78 

•145  00 

•51300 

85 

288-72 

1023-31 

254-113 

85 

•460  47 

•010  01 

•4°5  03 

6 

218-97 

734-59 

194-127 

6 

•340  38 

2-86605 

■288  08 

7 

162-43 

515-62 

I44-994 

7 

•21067 

7I233 

•161  35 

8 

117-61 

353-19 

105-671 

8 

■070  46 

•548  01 

•023  95 

9 

82-935 

235-582 

74-970 

9 

1-918  74 

•372  14 

1-87489 

90 

56-812 

152-647 

51-648 

90 

•754  44 

•18369 

•713  05 

1 

37703 

95-835 

34-462 

1 

•57638 

1-98152 

•537  34 

2 

24-169 

58-132 

22-203  2 

2 

•383  26 

•76442 

•346  41 

3 

14-917 

33-963 

I3-768  3 

3 

•173  67 

•531  01 

•13888 

4 

8-8320 

19-045  8 

8-1878 

4 

0-946  06 

•279  80 

0-913  17 

95 

4-997  2 

1012138 

4651  9 

95 

•698  73 

•009  19 

•667  63 

6 

2-690  6 

5-2166 

2-5142 

6 

•429  85 

0-71739 

•400  40 

7 

1-372  1 

2-5260 

1-2866 

7 

■137  37 

•402  43 

•10945 

8 

•659  3 

I-I53  9 

•6203 

8 

1-81909 

■062  15 

I79259 

9 

■2969 

•494  5 

•2802 

9 

•472  57 

1-69420 

•447  41 

100 

•1245 

•1977 

•1178 

100 

•095  18 

•295  94 

■071  17 

1 

■0483 

•0732 

■0458 

1 

2-683  98 

2-864  34 

2-661  04 

2 

■0172 

•0249 

•0164 

2 

■235  84 

•395  64 

•21400 

3 

•0056 

•007  7 

•0053 

3 

3747  26 

3-88402 

3-726  05 

4 

•001  6 

■002  1 

•001  6 

4 

■214  45 

•315  61 

■198  11 

i°5 

•0004 

•0004 

■0004 

105 

4-633  25 

4-633  25 

4-62044 

ffl- — ULTIMATE  VALUES 


Age 

X 

<% 

Age 

X 

<*x 

81 

3-394 

95 

1-044 

2 

3-168 

6 

•939 

3 

2-951 

7 

•841 

4 

2-743 

8 

•750 

«5 

2-544 

9 

■666 

6 

2-355 

100 

•588 

7 

2-174 

1 

■515 

8 

2-003 

2 

•445 

9 

1-841 

3 

•37° 

9° 

1-687 

4 

■262 

1 

1-542 

105 

•000 

2 

i-4°5 

3 

1-277 

4 

i-i57 

The  ultimate  values  for  ages  below  81  are  given  in  the  final  columns  of  the 
corresponding  tables  of  values  for  the  first  five  years  of  assurance. 
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)[nmi    a[xh 

A-U-b  P[a 

] — SELECT  "V 

ALtTES 

3^  pi 

:r  cent 

Age 

[X] 

alx] 

■A-Ml 

PM 

Age 

[X] 

°W] 

-A-wj 

P[M 

20 

20-074 

■287  36 

•01364 

50 

13-184 

•52036 

•036  69 

1 

19-926 

•292  39 

•01397 

1 

12-873 

•530  86 

■038  27 

2 

19-771 

■29761 

■014  33 

2 

12-558 

•541  51 

•039  94 

3 

19-611 

•303  02 

■014  70 

3 

12-241 

•552  24 

■041  71 

4 

19-446 

•308  58 

•015  09 

4 

11-920 

•563  °9 

■043  58 

25 

19-276 

■314  36 

•015  51 

55 

n-597 

•574  OI 

•045  57 

6 

19-100 

■32027 

■01593 

6 

11-272 

•58501 

•047  67 

7 

18-920 

•32641 

•016  39 

7 

io-945 

•596  05 

•049  90 

8 

18-734 

•332  7° 

■01686 

8 

10-617 

■607  16 

•052  27 

9 

18-540 

•339  22 

•017  36 

9 

10-288 

•618  26 

■054  77 

3° 

18-343 

•345  9° 

•01788 

60 

9-959 

■629  40 

•°57  43 

1 

18-140 

•352  77 

■01843 

1 

9-631 

■640  53 

•060  26 

2 

17-930 

•359  86 

•019  01 

2 

9-303 

•651  58 

•063  24 

3 

i77!5 

•367  12 

•019  62 

3 

8-976 

•662  66 

•066  43 

4 

17-494 

•37460 

•020  26 

4 

8-651 

•673  66 

•06981  . 

35 

17-266 

•382  3° 

•020  93 

65 

8-328 

•68457 

•073  39 

6 

i7'°33 

•390  18 

•021  64 

6 

8-007 

■695  38 

•077  20 

7 

16-794 

•398  26 

■022  38 

7 

7-691 

•706  11 

•081  25 

8 

16-550 

•406  54 

•023  17 

8 

7-377 

•71670 

•085  56 

9 

16-299 

•415  00 

•023  99 

9 

7-068 

727  14 

•090  13 

40 

16-042 

■423  69 

•024  86 

7° 

6-764 

■737  43 

•094  98 

1 

15-780 

'432  55 

•025  78 

1 

6-464 

747  57 

•100  15 

2 

15-512 

•441  60 

•026  74 

2 

6-171 

•757  51 

•105  65 

3 

I5-239 

•45°  85 

•027  76 

3 

5-883 

•767  26 

•in  47 

4 

14-960 

•460  29 

•028  84 

4 

5-601 

■776  78 

■117  68 

45 

14-677 

•469  88 

•02997 

75 

5-326 

•78607 

•12426 

6 

I4'387 

•479  67 

•031  17 

7 

14-093 

•489  62 

•032  44 

8 

13-794 

•499  71 

■033  78 

9 

13-492 

•5°9  95 

•°35  19 

Q[NM] 


JOINT  LIFE  ANNUITIES 

Two  Lives 


3i 


471 

PER  CENT 


Select  Values 

Ultimate  Values 

Age 

Age 

Age 

0] 

alxxl 

X 

am: 

X 

^ara 

20 

17-069 

25 

16-075 

65 

5-400 

1 

16-918 

6 

15-896 

6 

5-124 

2 

16-761 

7 

15-710 

7 

4-854 

3 

16-599 

8 

I5-5I9 

8 

4-590 

4 

16-431 

9 

I5-322 

9 

4-333 

25 

16-257 

3° 

15-119 

7° 

4-082 

6 

16-079 

1 

14-909 

1 

3-839 

7 

15-893 

2 

14-694 

2 

3-604 

8 

15704 

3 

14-473 

3 

3-376 

9 

15-506 

4 

14-246 

4 

3-I56 

3° 

15-305 

35 

14-013 

75 

2-945 

1 

15-098 

6 

13-774 

6 

2-742 

2 

14-884 

7 

I3-530 

7 

2-548 

3 

14-666 

8 

13-280 

8 

2-362 

4 

14-440 

9 

13-024 

9 

2-184 

35 

14-209 

40 

12-763 

80 

2-015 

6 

13-973 

1 

12-496 

1 

1-854 

7 

I3-73I 

2 

12-225 

2 

1-702 

8 

13-484 

3 

11-949 

3 

1-558 

9 

13-232 

4 

11-669 

4 

1-422 

40 

12-973 

45 

11-384 

85 

1-294 

1 

12-711 

6 

11-095 

6 

1-174 

2 

12-445 

7 

10-802 

7 

1-062 

3 

12-173 

8 

10-506 

8 

0-956 

4 

11-897 

9 

10-207 

9 

•858 

45 

11-617 

5o 

9-906 

90 

•767 

6 

n-334 

1 

9-602 

1 

•682 

7 

11-046 

2 

9-297 

2 

•604 

8 

10-756 

3 

8-990 

„    3 

•532 

9 

10-464 

4 

8-683 

(fa   ] 

•466 

50 

10-168 

55 

8-376 

95 

•405 

1 

9-872 

6 

8-069 

6 

•350 

2 

9-573 

7 

7-762 

7 

■300 

3 

9-275 

8 

7-457 

8 

•255 

4 

8-975 

9 

7-J53 

9 

•215 

55 

8-675 

60 

6-852 

100 

•179 

6 

8-377 

1 

6-554 

1 

•147 

7 

8-079 

2 

6-259 

2 

•120 

8 

7-782 

3 

5-968 

3 

■095 

9 

7-488 

4 

5-682 

4 

•071 

60 

7-195 

105 

•000 

1 

6-906 

2 

6-620 

3 

6-338 

4 

6-060 

65 

5-787 

6 

5-519 

7 

5-257 

8 

5-000 

9 

4-750 

70 

4-506 

1 

4-268 

2 

4-038 

3 

3-815 

4 

3-598 

75 

3-389 
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PREMIUM  CONVERSION  TABLE 

Single  Premiums  :  Interest  3  per  cent. 


Annuity 

Value 
a 

Single  Premium  [A  =  i  -d  (i  +a)] 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

i 

2 

3 
4 
5 
6 
7 
8 
9 

10 

ii 

12 

13 
14 
15 
16 
17 
18 

19 

20 
21 
22 
23 
24 
25 

•941  75 
•912  62 
•88350 
•854  37 
•825  24 

•796  12 
•766  99 
•737  86 
•708  74 
•67961 
•65049 
•621  36 
■59223 
•563  11 
•533  98 
■504  85 
■475  73 
•446  60 
•417  48 
•38835 
•359  22 
•330  10 
•300  97 
•271  84 
•242  72 

■93883 
•90971 
•88058 
•85146 
•822  33 
■793  20 
•764  08 
•734  95 
•705  83 
•676  70 

■647  57 
•61845 
■58932 
•56019 
•53107 
•501  94 
■472  82 
•443  69 
■414  56 
■385  44 

•356  31 
•32718 
•298  06 
•268  93 
•23981 

•935  92 
•906  80 
•87767 
•848  54 
•81942 
•79029 
•761  17 
•732  04 
•702  91 
•673  79 
•644  66 
•615  53 
•58641 
•557  28 
•52816 
•499  03 
■469  90 
•440  78 
■411  65 
•38252 

•353  40 
•32427 
•295  15 
•26602 
■23689 

•93301 
•903  88 
■874  76 
•845  63 
•81650 

•78738 
•758  25 
•72913 
•700  00 
•670  87 

•641  75 
•612  62 
•58350 
•554  37 
•52524 

•496  12 
•466  99 
•437  86 
■408  74 
■37961 

•350  49 
•321  36 
•292  23 
•263  11 
•23398 

•93010 
■900  97 
■871  84 
•842  72 
•8i3  59 
•784  47 
•755  34 
■726  21 
■697  09 
■667  96 
■63883 
•609  71 
•58058 
■55146 
■52233 

•493  20 
•464  08 

■434  95 
•405  83 
■376  70 

•347  57 
•3i8  45 
•289  32 
■260  19 
•231  07 

■927  18 
•898  06 
•868  93 
•83981 
•81068 

•78i  55 
•752  43 
•723  30 
•694  17 
•665  05 

•635  92 
•606  80 
•577  67 
•548  54 
•519  42 
■49029 
■461  17 
■432  04 
•402  91 
•373  79 
•344  66 
•315  53 
•286  41 
•25728 
•228  16 

•924  27 
■895  15 
•86602 
•83689 
•807  77 
•778  64 
•749  51 
•720  39 
•691  26 
•662  14 
•63301 
•603  88 
•574  76 
■545  63 
•51650 

•487  38 
•458  25 
•429  13 
•400  00 
■37087 

•34i  75 
■312  62 
■28350 
•254  37 
•225  24 

•921  36 
•89223 
•863  11 
•833  98 
•804  85 

■775  73 
•746  60 
•717  48 
•68835 
■65922 
•630  10 
•600  97 
•571  84 
•542  72 
•513  59 
■484  47 
"455  34 
•42621 
•397  09 
•36796 

•33883 
■309  71 
•28058 
•25146 
•222  33 

•91845 
•88932 
•860  19 
■831  07 
•801  94 

•772  82 
•743  69 
•714  56 
■685  44 
■65631 
•627  18 
■598  06 
•56893 
■539  8i 
•51068 

•48155 
•452  43 
•423  30 
•394  17 
•365  05 

■335  92 
•306  80 
•277  67 
•248  54 
•21942 

•915  53 
•88641 
•85728 
•828  16 
•799  03 
■769  90 
•740  78 
•7"  65 
•682  52 
•653  40 
•624  27 
•595  15 
•566  02 
■536  89 
•507  77 
•478  64 
•449  51 
■420  39 
■391  26 
•362  14 
■33301 
•303  88 
•274  76 
•245  63 
•21650 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Proportional  Parts 

29 

58 

87 

116 

146 

175 

204 

233 

262 

Annual  Premiums  :  Interest  3  per  cent. 


Annuity 

Value 

a 

Annual  Premium     P  = d 

L      1+0     J 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

•470  87 

•447  06 

•425  42 

■405  66 

•387  54 

•37o  87 

•355  49 

■34i  24 

•32802 

•315  70 

2 

•30421 

•293  45 

•283  37 

•27390 

■264  99 

■25659 

■248  65 

•241 14 

•23403 

•22728 

3 

•220  87 

■21478 

■208  97 

•20343 

•198  15 

■193  10 

■18827 

•18364 

■179  21 

•17496 

4 

•17087 

■16695 

•163  18 

■159  55 

■15606 

•15269 

•149  45 

•146  31 

•14329 

•140  37 

5 

•13754 

•134  81 

■132 16 

■12960 

■127  12 

■12472 

•122  39 

■120  13 

•117  93 

■115  80 

6 

•113  73 

■in  72 

•109  76 

■10786 

•106  01 

•104  21 

•10245 

•10074 

■099  08 

■09746 

7 

■0Q5  87 

•094  33 

■092  83 

■091  36 

•089  92 

•088  52 

■087  15 

•085  82 

■08451 

■08323 

8 

•081  98 

•080  76 

•079  57 

•078  40 

•077  26 

•076  14 

•075  04 

■07397 

•072  91 

•071  88 

9 

•070  87 

•069  88 

■068  91 

•067  96 

■067  03 

•066  11 

•065  21 

•064  33 

•063  47 

•062  62 

10 

•061  78 

•060  96 

•060  16 

■059  37 

•058  59 

•05783 

■05708 

■056  34 

•055  62 

•054  91 

11 

•054  21 

•053  52 

•052  84 

■052  17 

•05152 

•050  87 

•05024 

■049  61 

•049  00 

■048  39 

12 

•O47  80 

■04721 

•046  63 

•046  06 

•045  50 

•044  95 

•044  40 

■043  87 

•043  34 

•042  82 

13 

■042  30 

•041  80 

•041  30 

•040  80 

■040  32 

•039  84 

•03937 

•038  90 

•038  44 

•037  99 

14 

•037  54 

•037  10 

•036  66 

•03623 

•03581 

■035  39 

•034  98 

•034  57 

•034  16 

•033  77 

15 

•033  37 

■032  99 

•032  60 

■032  22 

•031  85 

•031  48 

•031  n 

■03075 

•030  40 

■03005 

16 

•029  70 

•029  35 

■029  01 

■02868 

•028  35 

•028  02 

•027  69 

•027  37 

■027  05 

•026  74 

17 

■02643 

■026  12 

•025  82 

•025  52 

■025  22 

•02493 

•024  64 

•024  35 

•024  07 

•023  78 

18 

■02351 

•023  23 

■022  96 

■022  69 

■022  42 

•022  16 

■021  89 

•021  64 

•021  38 

•021 13 

19 

•020  87 

•020  63 

•020  38 

•020  13 

•019  89 

■01965 

•019  42 

•019  18 

•01895 

•018  72 

20 

•018  49 

•018  27 

■018  04 

■01782 

•01760 

•01739 

•017  17 

•016  96 

■01675 

•01654 

21 

■016  33 

•016  12 

•015  92 

•015  72 

•01552 

•015  32 

•015  12 

•01493 

•014  73 

■014  54 

22 

•014  35 

■014  16 

•01398 

■01379 

•013  61 

•013  43 

•01325 

•01307 

■012  89 

■012  71 

23 

•01254 

■01237 

■012  20 

■012  03 

•on  86 

•on  69 

•on  52 

•on  36 

■Oil  20 

•on  03 

24 

■01087 

■010  71 

•010  56 

•010  40 

■01024 

■01009 

•009  94 

•009  78 

•009  63 

•009  48 

25 

•009  34 

•009  19 

•009  04 

•008  90 

•008  75 

•008  61 

■00847 

•008  33 

•008  19 

•008  05 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 
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PREMIUM  CONVERSION  TABLE 

Single  Premiums  :  Interest  3£  per  cent. 


Annuity 

Value 

a 

Single  Premium  [A  =  i-<2(i+a)] 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

i 

2 

3 
4 
5 
6 
7 
8 

9 

10 

ii 

12 

13 
14 
15 
16 
17 
18 
19 

20 
21 
22 
23 
24 
25 

•932  37 
•89855 
•864  73 
•83092 
•797  10 

•763  29 
•729  47 
•695  65 
•661  84 
•62802 

•594  20 
•560  39 
•52657 
•492  75 
•458  94 
■425  12 
■391  30 
•357  49 
•323  67 
■289  86 
•256  04 
•222  22 
•188  41 

•154  59 
■12077 

•928  99 
•895  17 
■861  35 
•827  54 
•793  72 

•759  90 
•726  09 
•692  27 
■658  45 
■624  64 

•59082 
•557oo 
■523  19 
•489  37 
•455  56 

•421  74 
•38792 
•354  n 
•320  29 
■28647 

■252  66 
■21884 
•1R5  02 
•151  21 
•117  39 

•925  60 
■891  79 
•857  97 
•824  15 
•79o  34 
•756  52 
•722  71 
•68889 
•655  07 
■621  26 

•587  44 
■553  62 
•519  81 
•485  99 
•452  17 
•41836 
•384  54 
■35072 
•316  91 
•28309 

•249  28 
•21546 
•181  64 
■14783 
•114  01 

•922  22 
■88841 

•854  59 
•S20  77 
•786  96 

•753  14 
•719  32 
•68551 
•651  69 
•61787 
•584  06 
•55024 
•51643 
•482  61 
•448  79 
■41498 
•381 16 
•347  34 
■313  53 
•279  71 

•245  89 
•212  08 
•17826 

•144  44 
■no  63 

■918  84 
•885  02 
•851  21 
•81739 
•783  57 
•74976 
■715  94 
•682  13 
■648  31 
•6i4  49 
•58068 
•546  86 
•51304 
■479  23 
■445  41 

•4ii  59 
■377  78 
■343  96 
•310  14 
•276  33 

•24251 
•208  70 
•17488 
■141  06 
■10725 

•915  46 
■881  64 
•84783 
•814  01 
•780  19 
•746  38 
•71256 
•678  74 
•644  93 
•611  II 

•577  29 
•543  48 
•509  66 
•475  85 
■442  03 

•408  21 
■374  40 
■34058 
■306  76 
■272  95 
•23913 
■205  31 
■171  50 
•137  68 
■103  86 

•912  08 
•87826 
■844  44 
•81063 
•77681 

•743  00 
•709  18 
•675  36 
■641  55 
■607  73 

•573  91 
•540  10 
•506  28 
•472  46 
•438  65 
•404  83 
■371  01 
•337  20 
•303  38 
•269  57 

•235  75 
•201  93 
■168  12 
■13430 
•10048 

•908  70 
•874  88 
•841  06 
•80725 
•773  43 
•739  61 
•705  80 
•671  98 
•63816 
•604  35 

•570  53 
•536  71 
■502  90 
•469  08 
•435  27 
•401  45 
•36763 
■333  82 
■30000 
■266  18 

•232  37 
•19855 
■16473 
•13092 
•097  10 

•905  31 
•871  50 
•837  68 
•803  86 
■770  05 

•736  23 
•702  42 
•668  60 
•634  78 
•600  97 

•56715 
•533  33 
•499  52 
•465  70 
•431  88 
■39807 
■364  25 
•330  43 
•296  62 
•262  80 
■228  99 
•195  17 
■161  35 
•127  54 
•093  72 

■901  93 
■868  12 
•834  30 
•80048 
•766  67 

•732  85 
•699  03 
■665  22 
•631  40 
•597  58 
•563  77 
•529  95 
•496  14 
■462  32 
•428  50 

•394  69 
•36087 
•327  05 
■29324 
■259  42 
•225  66 
■191  79 
•157  97 
•124  15 
•090  34 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Proportional  Parts 

34 

68 

101 

135 

169 

203 

237 

270 

304 

Annual  Premiums  :  Interest  Z\  per  cent. 

Annuity 

Value 

a 

Annual  Premium    P= d 

L       i+a      J 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 
2 
3 
4 
5 
6 

7 
8 

9 
10 

11 
12 
13 
14 
15 
16 

17 
18 

19 
20 

21 
22 
23 
24 
25 

•466  18 
■299  52 
•216  18 
■166  18 
■13285 
•10904 
•091  18 
•077  29 
•066  18 
•057  09 

•049  52 
•043  11 
•03761 
•032  85 
•028  68 
•025  01 
•021  74 
•01882 
•016  18 
•013  80 
•on  64 
•009  66 
■007  85 
•006  18 
•004  65 

•442  37 
•28876 
•210  09 
•162  26 
•130 12 
•10703 
•089  64 
•076  07 
•065 19 
•056  27 
•048  83 
•042  52 
•037 11 
■03241 
■028  30 

•024  66 
•021  43 
•01854 
•015  93 
•01358 

■on  43 
•009  47 
•007  68 
•006  02 
•004  50 

•420  73 
•278  68 
•204  28 
■15849 
•127  47 
■105  07 
•088  13 
■074  88 
■064  22 
•055  47 
•048  15 
•041  94 
•03661 
•031  97 
•02791 
•024  32 
•021  13 
•01827 
■015  69 
•013  35 
•on  23 
■009  29 
■00751 
•005  87 
■004  35 

•400  97 
■269  21 

•19874 
•15486 
■124  91 
•103  17 
•086  67 
•073  71 
•063  27 
•054  68 

■047  48 
•041  37 
•036  11 
•031  54 
•027  53 
•023  99 
■020  83 
•018  00 
•015  44 
•013  13 
■on  03 
•009  10 
•007  34 
•005  71 
•004  21 

•382  85 
■260  30 
•19346 
•151  37 
■122  43 

•101  32 
•08523 
•072  57 
•062  34 
•053  90 

•046  83 
•04081 
■035  63 
•031  12 
•027  16 
•023  65 
■02053 
•01773 
•015  20 
•012  91 
•01083 
•008  92 
•007  17 
•005  55 
•004  06 

•36618 
■251  90 
•188  41 
•148  00 
•12003 
•099  52 
•08383 
•071  45 
•061  42 
•053  14 
•046  18 
•040  26 

•035  15 
•030  70 
•026  79 
■023  33 

•020  24 
■017  47 
•014  96 
•012  70 

•010  63 
•008  74 
•007  00 
•005  40 
•003  92 

•35080 
•243  96 
•183  57 
•14476 
•117  70 
•097  76 
•082  46 
•070  35 
•06052 
•052  39 

■045  55 
•03971 
•034  68 
•030  29 
•026  42 
•023  00 
■019  95 
•01720 
•014  73 
■012  48 
•01043 
•008  56 
•006  83 
■005  25 
•003  78 

■336  55 
•236  45 
•17895 
•141  62 

•115  44 
•096  05 
•081  13 
•o6q  28 
■059  64 
•051  65 

•044  92 
•039  18 
•03421 
■029  88 
•026  06 
•022  68 
■019  66 
•016  94 
•01449 
•012  27 
•01024 
■008  38 
•006  67 
•005  09 
•003  64 

•323  33 
■22934 
■174  52 
•13860 
■113  24 

■094  39 
•079  82 
•068  22 
■05878 
■050  93 

•044  3i 
•038  65 

•033  75 
•029  47 
•025  71 
•022  36 
•01938 
•016  69 
•01426 
•012  06 
•01004 
•008  20 
•00651 
•004  94 
•003  50 

•311  01 
■22259 
•170  27 
•135  68 
■in  11 
■092  77 
•078  54 
•067  19 
■05793 
•05022 

•043  70 
•038  13 
•033  30 
•029  08 
•025  36 

■022  05 
•OI9O9 
•01643 
•014  03 

■on  85 
•009  85 
•008  02 
•006  34 
•004  79 
•003  36 

0 

1 

2 

3 

4 

S 

6 

7 

8 

9 

PREMIUM  CONVERSION  TABLE 

Single  Premiums  :  Interest  4  per  cent. 


Annuity 

Value 

a 

Single  Premium  [A  =  i  -d  (i  +a)] 

0 

1 

2 

3 

4 

5 

6 

7 

S 

9 

i 

2 

3 
4 
5 
6 

7 
8 

9 

10 

ii 

12 

13 
14 
15 
16 
17 
18 

19 

20 
21 
22 
23 

24 

•92308 
•884  62 
•846  15 
•80769 
■769  23 
■730  77 
■692  31 
•65385 
■615  38 
•57692 

•53846 
•500  00 
•461  54 
•423  08 
•384  62 

■346  15 
■30769 
■26923 
■23077 
•192  31 

•153  85 
•"5  38 
•076  92 
•03846 

■91923 
•88077 
•842  31 
•803  85 
■765  38 
■726  92 
•68846 
•65000 
•611  54 
■573  08 
■534  62 
•496  15 
•457  69 
■419  23 
•38077 

•342  31 
■303  85 
•265  38 
•226  92 
•18846 
•15000 
•in  54 
•073  08 
•034  62 

•915  38 
•876  92 
■83846 
•800  00 
■76i  54 
■72308 
■684  62 
•646  15 
■607  69 
■56923 
•530  77 
•492  31 
•453  85 
■415  38 
■376  92 

■338  46 
•300  00 
•26154 
•223  08 
•18462 

■146  15 
•107  69 
•069  23 
•030  77 

•911  54 
■87308 
•83462 
•796  15 
•757  69 
•71923 
•68077 
•642  31 
■60385 
•565  38 
•526  92 
■488  46 
•450  00 
•411  54 
•373  01 

■334  62 
•296  15 
•25769 
■21923 
■18077 
•142  31 
•103  85 
•065  38 
■026  92 

■907  69 
•86923 
•83077 
•79231 
■753  85 

•715  38 
•676  92 
•63846 
•600  00 
•56154 
•52308 
■484  62 
■446  15 
•407  69 
•36923 

•33077 
•292  31 
•25385 
•21538 
■176  92 

•13846 
•100  00 
•061  54 
•023  08 

•903  85 
•865  38 
•826  92 
•788  46 
•75000 

•7il  54 
•67308 
•634  62 
•596  15 
■557  69 
•51923 
•480  77 
•442  31 
•403  85 
•365  38 
•326  92 
•288  46 
•25000 
•211  54 
•173  08 

•13462 
•096  15 
■057  69 
•01923 

•900  00 
•861  54 
•823  08 
•784  62 
■746  15 
•707  69 
•669  23 
•63077 
■592  31 
•553  85 
■515  38 
•476  92 
•438  46 
•400  00 
•36154 
•32308 
•28462 
•246  15 
■207  69 
•16923 
•13077 
•092  31 
•053  85 
•01538 

•89615 
•85769 
•81923 
■780  77 
•742  31 
■703  85 
■665  38 
■62692 
•58846 
•55000 

•5"  54 
•473  08 
•434  62 
•396  15 
•357  69 
•31923 
•280  77 
•24231 
•20385 
•165  38 
•126  92 
•088  46 
•05000 
•on  54 

■892  31 
■853  85 
■81538 
•776  92 
■738  46 
•700  00 
•661  54 
■623  08 
■584  62 
•54615 
•507  69 
■469  23 
•430  77 
•392  31 
•353  85 

•315  38 
■276  92 
•238  46 
■200  00 
•161  54 
•12308 
■084  62 
•046  15 
•007  69 

•888  46 
•850  00 
•811  54 
•773  08 
•734  62 
•696  15 
■657  69 
•61923 
•58077 
•542  31 
•503  85 
•465  38 
•426  92 
•388  46 
■35000 

•311  54 
•273  08 
•234  62 
•196  15 
■157  69 
•119  23 
•080  77 
•042  31 
■003  85 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Proportional  Parts 

39 

77 

116 

154 

193 

231 

270 

308 

347 

Annual  Premiums  :  Interest  4  per  cent. 


Annuity 

Value 

a 

Annual  Premium    P  = d 

L       1+0      J 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 
2 
3 
4 
5 
6 
7 
8 

9 
10 

11 
12 
13 
14 
15 
16 
17 
18 

19 

20 

21 
22 
23 
24 

■461  54 
•29487 
•211  54 
■161  54 
•128  21 

■104  40 
•086  54 
•072  65 
•061  54 
•052  45 

■044  87 
•038  46 
■032  97 
•028  21 
•024  04 
•020  36 
•017  09 
•014  17 
■on  54 
•009  16 

•006  99 
•005  02 
•003  21 
■001  54 

•437  73 
•284  12 
•205  44 
•157  62 
■125  47 
•102  38 
•085  00 
■071  43 
•060  55 
■051  63 
■044  18 
•03787 
■032  46 
•027  76 
•023  65 
•020  02 
•016  79 
•01389 
•on  29 
■008  93 
•006  79 
■004  83 
•003  03 
•001  38 

■41608 
■274  04 
■19963 
•15385 
•122  83 

•10043 
•083  49 
•07023 
•059  58 
•05082 

•043  51 
•037  30 
•031  96 
•027  33 
■02327 
•01968 
•01648 
■013  62 
■on  04 
■008  71 
•006  58 
•004  64 
•002  86 
■001  22 

•39632 
•26457 
•194  10 
•150  22 
•12027 
•09852 
•082  02 
•069  07 
•05863 
•050  03 
•042  84 
•036  73 
•031  47 
•026  90 
•022  89 
•019  34 
■016  18 
•013  35 
•01080 
•008  49 
•006  38 
•004  46 
■002  69 
■001  06 

•37821 
•255  66 
•188  81 
•14672 
•117  79 

■096  67 
•080  59 
•067  92 
•057  69 
■049  26 
•042  18 
■036  17 
•030  98 
•026  47 
•022  51 
•019  01 
■015  89 
•013  08 
•010  56 
•008  27 
•006  18 
•004  27 

•002  52 
■OOOgi 

■361  54 
■247  25 
•18376 
■143  36 
•115  38 

•094  87 
•079  19 
•066  80 
•056  78 
•048  49 

•041  54 
•035  61 
■03050 
•026  05 
■022  14 
■01868 
■015  59 
•012  82 
•010  32 
•008  05 
•005  98 
•004  09 
•002  35 
•000  75 

•346  15 
•239  32 
■17893 
•140  11 
■113  05 
•093  12 
•07782 
•065  71 
•055  88 
■047  75 
•040  90 
•035  07 
•030  03 
•025  64 
•021  78 
•018  36 
■015  30 
■012  56 
•01008 
•007  83 

•005  79 
•003  91 
•002 19 
•000  60 

■331  91 
•231  81 
■17430 
•13698 
•no  79 

•091  41 
•076  48 
■064  63 
•055  00 
•047  01 
•040  28 
•034  53 
■029  57 
•025  23 
•021  42 
•018  04 
•015  01 
•012  30 
■009  85 
•007  62 

•005  59 
•003  73 
•002  02 
•000  45 

•31868 
•224  70 
■16987 

•133  95 
•108  60 

•089  74 
•075  17 
•063  58 
■05413 
•046  28 

•039  66 
•034  00 
•029  11 
•024  83 
•021  06 
•01772 
•01473 
■012  04 
■009  62 
•007  41 
■005  40 
■003  56 
■001  86 
•000  30 

•306  37 
•217  95 
•16562 
■131  03 
•10647 
•088  12 
•073  90 
•062  55 
•053  28 
■045  57 
■039  06 
■033  48 
•028  65 
■024  43 
•02071 

■01740 
•014  45 
•on  79 
■009  39 
■007  20 

•005  21 
•003  38 
•001  70 
•000  15 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

475 


FKEMIUM  CONVERSION  TABLE 

CONTINUOUS  FUNCTIONS 
Single  Premiums  :  Interest  3  per  cent. 


Annuity 

Value 

a 

Single  Premium  [A  =  1  -  So] 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

i 

2 

3 
4 
5 
6 
7 
8 

9 

10 

II 

12 

13 
14 
15 
16 
17 
18 

19 

20 
21 
22 
23 

24 
25 

■970  44 
■940  88 
•911  32 
•881  76 
•85221 
•822  65 
•793  09 
■763  53 
•733  97 
•704  41 

•674  85 
■645  29 
•615  74 
■586  18 
•556  62 
•52706 
•497  50 
•467  94 
•438  38 
•408  82 

•379  27 
•349  71 
•320  15 
•29059 
•261  03 

•96749 
■937  93 
•908  37 
■878  81 
•849  25 
•819  69 
•790  13 
•76057 
•731  01 
■701  46 
•671  90 
•642  34 
•612  78 
•58322 
•553  66 
•52410 
■494  54 
•464  99 
■435  43 
•405  87 
•376  31 
•346  75 
•317  19 
•28763 
•25807 

■964  53 
•934  97 
•905  41 
•875  85 
•846  29 

■81674 
•787  18 
•757  62 
•728  06 
■698  50 
■668  94 
■639  38 
•609  82 
•58027 
■550  71 
■521  15 
•491  59 
•462  03 
•432  47 
•402  91 

•373  35 
•343  79 
•314  24 
•284  68 

■255  12 

•961  57 
•93201 
•902  46 
•872  90 
•843  34 
•81378 
•784  22 
•754  66 
•725  10 
•695  54 
•665  99 

■63643 
•606  87 
•577  31 
■547  75 

■518  19 
•488  63 

•459  °7 
•429  52 
■399  96 
•370  40 
•340  84 
•311  28 
•281  72 
■252  16 

•95862 
•929  06 
■89950 
•869  94 
•840  38 
•81082 
•781 26 
■75i  7i 
■722  15 
■692  59 
■663  03 
•633  47 
•60391 
•574  35 
•544  79 
•515  24 
•485  68 
■45612 
•426  56 
■39700 

•367  44 
■337  88 
•308  32 
•278  77 
■24  921 

•955  66 
•926  10 
•89654 
•866  99 
•837  43 
•80787 
•778  31 
•748  75 
■719  19 
•689  63 

•660  07 
•63051 
■60096 
•57i  40 
•541  84 
•512  28 
■482  72 
■453  16 
•423  60 
•39404 

•364  49 
"334  93 
•305  37 
•275  81 
•24625 

•952  71 
•923 15 
•893  59 
•864  03 

•834  47 
•804  91 
•775  35 
•745  79 
■71624 
■686  68 

■65712 
■62756 
■598  00 
•568  44 
•538  88 
•509  32 

•479  77 
•45021 
■420  65 
•391  09 

•36153 
•33197 
•302  41 
•272  85 
•243  29 

■949  75 
■920  19 
•89063 
•861  07 
■831  5i 
■801  96 
■772  40 
■742  84 
•71328 
■683  72 
•654  16 
•624  60 
•595  04 
•565  49 
•535  93 
•50637 
•476  81 
■447  25 
•41769 
•388  13 

•358  57 
•329  02 
■299  46 
•269  90 
•240  34 

•946  79 
■91724 
■88768 
•858  12 
•828  56 
■799  00 
■769  44 
•739  88 
■71032 
•680  76 
■651  21 
■621  65 
•592  09 
•56253 
•532  97 
•50341 
•473  85 
■444  29 
•414  74 
•385  18 
■355  62 
•326  06 
•296  50 
•266  94 
■23738 

•943  84 
•914  28 
•884  72 
•855  16 
•825  60 

•796  04 
•766  49 

■736  93 
•  707  37 
•67781 
■648  25 
•61869 
•58913 
•559  57 
•53002 

■50046 
•4*090 
•441  34 
■411  78 
•382  22 
•352  66 
■323  10 
•293  54 
•263  99 

•234  43 
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Proportional  Parts 

30 

59 

89 

118 

148 

177 

207 

237 

266 

Annual  Premiums  :  Interest  3  per  cent. 


Annuity 

r(oo)        1      -1 
Annual  Premium          P  = —  5 

Value 
a 

L             a      J 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

i 

•97044 

•879  53 

•803  77 

•739  67 

•684  73 

•637  n 

•595  44 

•558  68 

■526  00 

■496  76 

2 

•470  44 

■446  63 

■424  99 

■405  22 

•387  11 

•370  44 

■355  06 

■34081 

•32758 

•31527 

3 

•303  77 

•293  02 

•282  94 

•273  47 

•264  56 

•256  16 

■248  22 

•240  71 

■233  60 

•22685 

4 

•220  44 

•214  34 

•208  54 

■203  00 

•197  71 

■192  66 

■18783 

■183  21 

•178  77 

•174  52 

5 

•170  44 

•166  52 

•16275 

•159  12 

•15563 

•152  26 

•149  01 

•145  88 

•14285 

•139  93 

6 

•137  11 

•13438 

■131  73 

•129  17 

■126  69 

•124  29 

■121  96 

•119  69 

•117  50 

•115  37 

7 

•113  30 

■in  29 

•10933 

•10743 

•10558 

•103  77 

•102  02 

■100  31 

•098  65 

•097  02 

8 

•095  44 

■093  90 

•092  39 

•090  92 

•089  49 

•088  09 

•086  72 

•085  38 

•084  08 

•082  80 

9 

■081  55 

•080  33 

•079  14 

•077  97 

•076  82 

■075  70 

■074  61 

•073  53 

•072  48 

■07145 

10 

■070  44 

•069  45 

■068  48 

•06753 

■066  60 

•065  68 

•064  78 

•063  90 

•063  03 

■062  18 

II 

•061  35 

•06053 

■059  73 

•058  94 

•058  16 

■05740 

•056  65 

•055  91 

•055  19 

■054  47 

12 

•053  77 

■053  09 

■052  41 

•051  74 

■05109 

•050  44 

■049  81 

•049  18 

•04857 

■047  96 

13 

•047  36 

•046  78 

•O46  20 

•045  63 

•045  07 

•044  52 

•043  97 

•043  43 

•042  90 

•042  38 

14 

•041  87 

•041  36 

•040  86 

•040  37 

•039  89 

•03941 

•038  93 

■03847 

•038  01 

•037  56 

15 

•037  11 

•036  67 

•03623 

•035  80 

•035  38 

•034  96 

•034  54 

•034  14 

•033  73 

•033  33 

16 

•032  94 

•03255 

•032  17 

•031  79 

■031  42 

•031  05 

•03068 

•030  32 

■029  97 

•029  61 

17 

•029  26 

•028  92 

•028  58 

•028  24 

•027  91 

•027  58 

•02726 

■026  94 

•026  62 

•026  31 

18 

•026  00 

•025  69 

•025  39 

•025  09 

•024  79 

•02450 

•024  20 

•023  92 

■023  63 

•023  35 

19 

■023  07 

•022  80 

•022  52 

•022  25 

•021  99 

•021  72 

•021  46 

•021  20 

■020  95 

•020  69 

20 

■020  44 

•020  19 

•OI995 

■019  70 

•01946 

•019  22 

•01898 

■01875 

■018  52 

•Ol8  29 

21 

■018  06 

•01783 

•OI7  6l 

•017  39 

•017  17 

•01695 

■016  74 

■016  52 

•016  31 

■016  10 

22 

■015  90 

•015  69 

•OI5  49 

•015  28 

•015  08 

•014  89 

•014  69 

•014  49 

•01430 

•014  II 

23 

01392 

•013  73 

•013  54 

•01336 

•013  18 

•012  99 

•012  81 

•012  64 

•012  46 

•012  28 

24 

■012  11 

•on  93 

•on  76 

•on  59 

•on  42 

•on  26 

•on  09 

•OIO93 

•010  76 

•010  60 

25 

•01044 

•01028 

■010  12 

•009  97 

•009  81 

•009  66 

•009  50 

•009  35 

•009  20 

•009  05 
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8 
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HM  TABLE  (MAKEHAM  GRADUATION) 

Equal  Ages — Two  Lives  Equal  Ages — Three  Lives 


Table  showing  the  number  of  years  Ifl  to 
be  added  to  the  age  of  the  younger  of  two 
lives,  (x),  (x+h),  to  obtain  the  age  of  the 
two  equivalent  lives  of  equal  ages,  (x+t), 
(x+t). 

cx  +  cx+h  _  2caH-t 

®x  :  x+h  —  ^x+t :  x+t 


Table  showing  the  number  of  years  (t)  to 
be  added  to  the  age  of  the  two  lives,  (x),  (x), 
to  obtain  the  age  of  the  three  lives  of  equal 
ages,  (x+t),  (x+t),  (x+t),  to  be  substituted 
for  the  three  lives,  (x),  (x),  (x+h). 

2cx  +  c*+h  =  3cx+f 

^x'.x'.  x+h  =  ax+t :  x+t :  x+t 


h 

t 

h 

t 

h 

t 

h 

t 

0 

o-oo 

i 

o-5i 

26 

19-38 

1 

o-35 

26 

15-84 

2 

1-05 

27 

20-30 

2 

0-71 

27 

16-69 

3 

i-6o 

28 

21-23 

3 

1-09 

28 

17-55 

4 

2-i8 

29 

22-16 

4 

1-50 

29 

18-42 

5 

2-78 

30 

23-09 

5 

1-93 

30 

19-30 

6 

3-41 

31 

24-04 

6 

2-38 

31 

20-19 

7 

4-05 

32 

24-98 

7 

2-86 

32 

21-09 

8 

4-72 

33 

25-93 

8 

3-36 

33 

22-00 

9 

5-40 

34 

26-89 

9 

3-88 

34 

22-91 

10 

6-io 

35 

27-85 

10 

4-42 

35 

23-83 

ii 

6-83 

36 

28-8l 

11 

4-99 

36 

24-76 

12 

7-57 

37 

29-78 

12 

5-58 

37 

25-69 

13 

8-33 

38 

30-75 

13 

6-19 

38 

26-63 

14 

9-10 

39 

31-72 

14 

6-82 

39 

27-57 

15 

9-89 

40 

32-69 

15 

7-47 

40 

28-52 

16 

10-69 

41 

33-67 

16 

8-14 

41 

29-48 

17 

11-51 

42 

34-64 

17 

8-84 

42 

30-43 

18 

12-34 

43 

35-62 

18 

9-55 

43 

31-39 

19 

13-19 

44 

36-60 

19 

10-28 

44 

32-36 

20 

14-04 

45 

37-59 

20 

11-03 

45 

33-32 

21 

14-91 

46 

38-57 

21 

n-79 

46 

34-29 

22 

15-79 

47 

39-56 

22 

12-57 

47 

35-26 

23 

16-67 

48 

40-55 

23 

13-37 

48 

36-24 

24 

17-57 

49 

41-53 

24 

14-18 

49 

37-22 

25 

18-47 

5o 

42-52 

25 

15-00 

50 

38-19 

OtNM]  TABLE 
Equal  Ages — Two  Lives 

Table  showing  the  number  of  years  (t)  to  be  added  to  the  age  of  the  younger  of  two  lives, 
(x),  (x+h),  to  obtain  the  age  of  the  two  equivalent  lives  of  equal  ages,  (x+t),  (x+t). 

General  Relation:  alx_n]+n:[x_^h]+n=a[x_n+t)+n:ix_n+t]+n 

Select  Values  :  a!x]  [x+h]  =  a[xi  (]  [x+(] 

Ultimate  Values:  ax:x+h=ax+t:  x+t 


h 

t 

h 

t 

h 

t 

h 

t 

0 

o-oo 

15 

9-86 

30 

23-01 

45 

37-48 

1 

0-51 

16 

10-66 

31 

23-95 

46 

38-46 

2 

1-05 

17 

n-47 

32 

24-89 

47 

39-44 

3 

i-6o 

18 

12-30 

33 

25-84 

48 

40-43 

4 

2-18 

19 

13-14 

34 

26-80 

49 

41-42 

5 

2-78 

20 

13-99 

35 

27-75 

50 

42-41 

6 

3-40 

21 

14-85 

36 

28-71 

7 

4-04 

22 

15-73 

37 

29-68 

8 

4-70 

23 

16-61 

38 

30-64 

9 

5-39 

24 

17-50 

39 

31-61 

10 

6-09 

25 

18-40 

40 

32-58 

11 

6-8i 

26 

19-31 

41 

33-56 

12 

7-54 

27 

20-23 

42 

34-54 

13 

8-30 

28 

21-15 

43 

35-51 

• 

14 

9-07 

29 

22-08 

44 

36-50 
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HM  TABLE  (MAKEHAM  GRADUATION) 

Factors  for  Contingent  Assurances— 3  per  cent. 
(For  method  of  employing  this  table  see  pp.  301  and  302) 


X 

logo1 

r 

log  f1(ww) 

fs{ww) 

ogfi{www 

)  fz(www) 

°g  fi(wwww)  fi(vm)ww) 

20 

•793  14 

20 

2-202  98 

•118  37 

2'0I2  70 

■103  96 

3-86649 

•093  16 

21 

•832  79 

21 

•183  16 

•117  00 

3-996  39 

•102  60 

•85403 

•09I  8l 

22 

•872  45 

22 

•162  IO 

•115  66 

•978  07 

•101  29 

■838  68 

•090  54 

23 

•912  11 

23 

•13978 

•114  36 

■958  12 

•100  02 

•82093 

•089  32 

24 

■951  76 

24 

■Il6  87 

■113  05 

•937 15 

•098  76 

•801  67 

•088  14 

25 

•991  42 

25 

■09341 

•in  74 

•915  29 

•09751 

•781  41 

•08696 

26 

1-031  08 

26 

•06957 

•no  41 

•892  99 

•096  24 

■76047 

■085  77 

27 

1-07074 

27 

•045  50 

•10905 

•870  32 

•094  95 

•73902 

■084  56 

28 

1-11039 

28 

•021  32 

•10765 

■847  46 

•093  62 

•717  43 

■08331 

29 

1-15005 

29 

3-99691 

•106  22 

•82423 

•092  27 

•695  36 

■082  04 

3° 

1-18971 

3° 

•972  38 

•104  75 

•800  94 

•090  87 

•673  08 

•080  74 

31 

1-229  36 

31 

■947  77 

•10324 

•777  49 

•089  44 

■65077 

•079  39 

32 

1-269  02 

32 

•922  93 

•101  70 

■753  78 

■08797 

•62806 

■078  01 

33 

1-30868 

33 

•89801 

•100  11 

•72998 

•08646 

•605  19 

•076  59 

34 

I-348  33 

■34 

•872  90 

■098  49 

•705  94 

•08491 

■58206 

•075  14 

35 

1-38799 

35 

•847  66 

•096  83 

■681  61 

•083  34 

•558  66 

•073  66 

36 

1-42765 

36 

•822  23 

•095  14 

■657  11 

•081  73 

•534  96 

■072  15 

37 

I-467  30 

37 

•796  67 

•093  41 

•632  38 

•080  09 

•511  n 

•070  60 

38 

1-50696 

38 

•770  92 

•091  65 

•607  55 

•078  41 

•486  96 

■069  02 

39 

1-54662 

39 

•745  04 

•089  84 

•58236 

•076  70 

•462  62 

■067  41 

40 

1-58627 

40 

■71889 

•088  02 

■556  96 

■074  97 

•437  81 

•065  79 

41 

1-62593 

41 

■692  61 

■086  15 

•53135 

•073  21 

•412  85 

•064  13 

42 

1-665  59 

42 

■666  16 

•084  25 

•505  55 

■071  41 

•387  64 

•062  44 

43 

1-705  24 

43 

■639  47 

•08233 

■479  37 

■069  61 

•362  02 

•060  75 

44 

1-74490 

44 

•612  60 

•08038 

•453  01 

•067  77 

•33612 

•059  04 

45 

1-78456 

45 

•585  47 

■078  41 

•426  37 

•065  92 

•30991 

•057  31 

46 

1-82422 

46 

■55821 

•076  41 

•399  56 

■064  03 

■28346 

•055  56 

47 

1-86387 

47 

•530  70 

•074  39 

•372  39 

■062  15 

•25664 

•05381 

48 

1-90353 

48 

•50296 

•072  35 

■344  91 

•06026 

■229  50 

•052  05 

49 

1-943  19 

49 

•474  96 

•070  30 

•317  17 

•058  36 

•202  07 

•05028 

50 

1-982  84 

50 

•446  73 

•068  24 

•289  19 

•056  44 

•174  31 

■04851 

51 

2-022  50 

51 

•41828 

•066  16 

■26094 

■054  52 

•146  20 

•046  75 

52 

2-062  16 

52 

•389  58 

•064  08 

■232  28 

•052  62 

•11774 

•044  99 

53 

2-I0I  8l 

53 

•36068 

•061  99 

•20341 

•050  71 

•089  03 

•043  23 

54 

2-I4I47 

54 

•33146 

■059  91 

■174  21 

■048  81 

•059  87 

•041  50 

55 

2-181  13 

55 

•301  99 

•057  82 

•144  71 

•046  92 

•030  34 

•039  79 

56 

2-220  78 

56 

•272  25 

■055  75 

•114  88 

•045  05 

•000  56 

•038  08 

57 

2-26044 

57 

■242  26 

•053  68 

•084  78 

•043  19 

4-970  42 

•036  40 

58 

2-300  10 

58 

■212  02 

•051  62 

■054  35 

■041  35 

•93992 

•034  75 

59 

2-339  75 

59 

■181  49 

■049  58 

•023  62 

■039  54 

•909  08 

■033  12 

60 

2-37941 

60 

•15069 

•047  56 

4-992  58 

•037  76 

•877  88 

■03153 

61 

2-41907 

61 

■119  62 

•045  56 

■961  20 

•036  01 

■846  38 

■029  97 

62 

2-45873 

62 

■088  27 

•043  59 

■929  53 

■03429 

■814  55 

■028  44 

63 

2-498  38 

63 

■056  64 

•041  65 

•897  58 

•032  60 

•782  36 

•026  96 

64 

2-53804 

64 

•024  70 

•039  75 

•865  27 

•030  96 

•749  87 

■025  51 

65 

2-57770 

65 

4-992  54 

•03787 

•83267 

•029  36 

•71703 

•024  11 

66 

2-61735 

66 

•960  05 

•036  05 

•799  77 

•027  80 

•68385 

•022  76 

67 

2-65701 

67 

■927  33 

•034  25 

•766  60 

•026  29 

•65038 

■021  45 

68 

2-696  67 

68 

•894  28 

•03251 

•733  08 

•024  83 

•616  61 

•020  19 

69 

2-736  32 

69 

•861  00 

■03081 

•699  33 

•02341 

•58256 

•018  97 

70 

2-775  98 

70 

•827  46 

•029  15 

•665  28 

•022  04 

■54822 

•01780 

71 

2-815  64 

71 

•793  60 

■02756 

•63091 

•020  73 

•513  53 

■016  69 

72 

2-855  29 

72 

•759  52 

•026  01 

■596  33 

■019  47 

•478  60 

•015  63 

73 

2-894  95 

73 

•725  15 

•024  52 

■56145 

•018  26 

•443  43 

•014  61 

74 

2-93461 

74 

•690  56 

■023  07 

•52632 

■017  10 

■407  97 

•013  64 

75 

2-97426 

75 

■655  71 

•021  69 

•490  93 

•016  00 

•372  29 

•012  72 

76 

3-013  92 

76 

•62061 

■020  36 

•455  31 

■01495 

•336  35 

•on  85 

77 

3-053  58 

77 

•585  26 

■019  09 

■41944 

■01395 

•300  16 

•on  03 

78 

3-093  24 

78 

•549  67 

■01788 

•383  36 

•013  00 

■263  78 

•010  25 

79 

3-13289 

79 

■51389 

■016  72 

•347  06 

■012  11 

■227  21 

■00951 

80 

3-172  55 

80 

■477  86 

■015  62 

•310  55 

•on  26 

•I904O 

•008  82 
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